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ConfereTicea 



In 1967, the National Science Foundation, the National Council of 
Teachers of Matheaatics, and the Department of Mathematics Education, 
University of Georgia, cosponeored a conference on needed research in 
mathematics education. The conference was general in nature in that it 
included major papers on needed research in the learning of mathematics, 
in the teaching of mathematics, and in mathematics curriculum. It was 
felt by most of the participants that the conference was weli-conceived 
and Veil-directed for one of the first national conferences on needed 
reseatch in mathematics education. But, from this conference, it was 
^ clear that follow-up efforts aimed at more specific areas of research 
in mathematics education would, be needed— the scope of research in 
mathematics education is too broad to be dealt with adequately at any 
one conference. 

Subsequently, a conference was held on Plagetian cognitive-develop- 
ment research and mathematical education. Thi^ second conference was 
sponsored jointly by the Natipnal Council of ^Teachers [)f Mathematics, 
the Department bf Mathematical Education, Teachers College, Columbia 
University, and the National Science Foundation. The proceedings from 
this conference consisted of lA major papers. These papers were 
successful in identifying the state of the knowledge in the area of 
cognitive development research in mathematics education and in high- 
lighting promising areas for further research. 

It was clear to some of those "participating in the conference, 
however, that the papers were theoretical and experimental in nature 
and did not, to any great extent, deal with mathematics pedagogy and 
Piagetian cognitiv^e-development theory. Consequently, a symposium was 
held on Piagetian cognitive-development research and mathematical 
laboratories at Northwestern University in 1973 as part of the dedication 
ceremonies for their new education building. These papers ranged from 
theoretical expositions of cognitive-development theory 'to practical 
expositions of teacher education programs. 

These two conferences and ^ne symposium, in addition to theoretical 
papers, empirical research, and related projects by mathematics educators ^ 
and psychologists, attest to the exploding interest in the United States 
in the area of application of cognitive-development research in mathe- 
matics education research and development. The papers of these conferences 
and the symposium ^re significant contributions to literature in mathe- 
matics education. However, the concepts and principles contained in the 
papers are far from being universally applied (or acknowledged) in educa- 
tional practice in mathematics education in the schools' and colleges of 
the United States. Such a state of affairs is not necessarily undesirable 
in view of (1) the lack of formal training in cognitive-development, of 
professional educators in mathematics education and (2) the state of the'* 
applied research of cognitive-development to mathematics education.* As 
difficult as it may have been to institute changes in the school mathe- 
matics curriculum in the 1950*8 and 1960*8, the mathematical preparation 
of professional mathematics educators in those two decades far excels 
psychological preparation of mathematics educators in the 1970's. Even so, 
there has been a dramatic Piagetian renaissance in mathematics education * 
in the United States over the past ten years. Much work remains to be - 
done, however, if the children in the schools are to realize the potential 
benefit of recent advances in knowledge derived from cognitive-development 
theory and research. 
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On an Outline of a Program of Research 

K massive amount of theory and data exists which describes the 
development of mathematical and scientific concepts in children from the 
onset of 'the formation of the permanent object through adolescence — much 
of that theory and data was generated by the Genevan school within a 
specific epistcmological framework. This theory and data, while it is 
extremely rich, certainly was not generated by researchers primarily 
interested in the establishment of scientific pedagogy. As such, it 
cannot be indiscriminately applied with the hope that, somehow, ♦such 
application will Improve the state of affairs in mathematics education. 

Generally, mathematics educators are concerned with the child's 
learning aspects of various mathematical systems in school mathematics — 
the natural numbers, the integers, the rational numbers of arithmetic, 
the rational numbers, the real numbers, polynomials, Euclidean geometry, 
transformational geometry, linear spaces, matrix theory, and finite 
systems, to name some. Cognitive-development theory can contribute to 
an understanding of how it is a child acquires knowledge of these mathe- 
matical systems through its description of cognitive operations children 
acquire and the mechanism through which children acquire them, A mathe- 
matics educator cannot stop! there, however, because the cognitive opera- 
tions demanded by mathematical systems may be distinguishable from (but 
include) the cognitive operations described in cognitive-development 
psychology. Mathematics educators do not yet know how to utilize the 
cognitive operations studied in cognitive development psychology in the 
further acquisition of cognitive operations demanded by the mathematical 
systems mentioned. In fact, few attempts have been made toward the, 
identification of relationships between the cognitive operations studied 
in developmental psychology and the cognitive operations demanded by the 
mathematical systems. For example, (1) if a child is or is not in 
possession of cognitive operations normally attributed to the grouping 
structures vis- i-vis Piaget, what does this say about his knowledge or 
acquisition of the integers, of the rational numbers of arithmetic, or 
even the rational number system? Or, (2) if a child does or does not 
possess the proportionality scheme or the INRC Group, what does this say 
about his knowledge or acquisition of measurement, of the rational numbers, 
of finite algebraic systems? 

Not only, then, is it critical to test for possible relationships 
between the cognitive systems of the child and knowledge of the systems 
of mathematics, it is also critical to learn how the mental operations 
normally attributable to the grouping structure!, figurative structures, 
and the formal operational structures are utilized by the child in the 
acquisition of mathcma^t^ical content whose structural properties are not 
necessarily Isomorphic to those genetic structures. All of this informa- 
tion is difficult to acquire, but until the story is told, critical 
'assumptions will have to be made in the application of cognitive-develop- 
ment theory to mathematics education— assumptions which, of course, may 
not be untenable, . . ^ 

Assuming the validity of certain critical assumptions alluded to 
above, applications of cognitive-development can be made to mathematical 
education in which learning-instructional models can be- formulated and 
tested empirically. Such a model may not attain the status of a theory 
but can be used to both describe and prescribe learninR-instructional 
phenomena concerning mathematics until it, proves unusable in terms of the 
desired objectives and/or learning process. 



ERLC 



LSSUE P. STEFTE 
aiARLES D. SMOCK 



On a Model for Learning . 
and Teaching Mathematics 



PiagV (1971, p. 21; 1973a, p. ix) has expressed the convictions 
that (1) experimental pedagogy must remain distinct from psychology but, 
yet, utilize psychological principles, and (2) hypotheses derived from ^ 
psychology must be subjected to empirical verification (or refutation) 
rather than be accep^^d only on the basis of deduction. While It would 
seem unnecessary to restate these two convictions, education has a his- 
tory of embracing a partlcuUr theory or point of view base^^wn overly 
simplistic deductions and then,, when educational practice ha/shown 
the transparency of these deductions, abandoning that theory? Plage tian 
cognitive-development theory may be no exception to this general pattern 
In^educatlon because it is, in the main, the theoretical basis on which 
the mathematical laborator/* is built. 

The mathematical laboratory, according to Smock (1973) has "re- 
mained only loosely or ambiguously defined (p. 1)." If that assertion 
remains true after substantlal^attempts are made at an unambiguous defi- 
nition, then the mathematical laboratory would have to rely on only slo- 
ganese or personal testimony for its justification as an instructional 
approach. Until and unless mathematics educators return to the beginning 
and ask how do children learn?" rather than "how ^o we teach?" the fun- 
damental dimensions of educational and instructional problems facing the 
mathematics educator will remain unidentified. If we confront this basic 
question, it is possible to proceed with the task of characterizing what 
is meant by a "mathematical laboratory." The emphasis, then, is to be 
placed not on methodology and learning activities but, rather, on the 
learning characteristics of the chUd as he acquires particular subject 
matter and content and methodology constructed for that special purpose. 




^Ke preparation of this chapter was supported, in part, by the 
Mathemagenic Activities Program, Follow Through, c. D. Smock, Director 
under Grant No. EG-0-8-522A78-A617 (287), Department of HEW, USOE. 
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The problems of characterizing the mathematical laboratory can best 
be understood in the context of the issues Involved in developing a theory 
of mathematical learning and instruction, Bruner points out (196Ab) that 
most theories of learning and development are descriptive rather than 
prescriptive. While this may be the case, a theory of mathematical in- 
struction for children must be based In the developmental constraints of 
concept learning, a theory of learning relevant to mathematical concepts, 
and in mathematics Itself if the theory is to have validity. Consequently, 
rather than focusing on instruction with little regard for learning or 
on learning with little regard for instruction, analysis of school mathe- 
matics requires that learning and Instruction be considered simultaneously. 
Even then, little progress will be possible if mathematics and cognitive 
development are ignored . 

One of the best examples of an analysis and synthesis of cognitive 
development theory, fundamental mathematical structures, and mathematics • 
Instruction for the early school years has been presented by two Russian 
^ educational psychologists, El'konin and Davydov (197A); Following 
Vygotskll, a child's mental development is viewed as" being ultimately 
determined by the content of the knowledge studied. They feel that re- 
searchers who study the development of mental operations (notably Plaget) 
concentrate only on those processes which are maximally independent of 
specific subject matter, El'konin and Davydov are critical Qf this 
approach because it leads to a view that the sources of mental develop- 
ment lie in the individual independently of tl\e specific historical con- 
ditions of existence and characterize the child's mind in absolutist terms. 
On the other hand, they do not ascribe to Brunet's hypothesis that "any 
subject can be taught effectively in some Intellectually honest form to 
any child at any stage of development, Such an assumption makes reference 
to abstract forms of teaching fundamentals of any dubject to a child of 
Hny age, but forms of Instruction must be fiund tliat are suitable for 
each specific piece of content and given agt level, 

Plaget (1971, p, 21]^, however, cle^jM differentiates experimental 
pedagogy from psychology, Experiraental^^faagogy is concerned less with 
the general and spontaneous characterJ^Kcs of the child than with their 
modification through pedagogic processes. Moreover, in commenting on the 
value of developmental stages Ip educational sciences, Plaget (1971, p, 
171) rejects the notion of Inflexible stages characterized by Invariant 
chronological age limits 4nd fixed thought content. As an interactionlst , 
Plaget (1971, pp, 171-73) advocates that the cognitive structural changes 
that come about through maturation and those that derive from the child's 
individual experience be considered irs separate factors in intellectual 
development. Also, Maget (196Aa) maintains that mathematical structures 
can be learned if the structure of interest can be supported by simpler, 
more elementary structures. Consequently, while the Genevans' work has 
not been in experimental pedagogy but has dealt with the development of 
the child independent of particular subject matter curricula, experi^ntal 
pedagogy does not stand in opposition to cognitive-developmental psychology. 
Rather, experimental pedagogy is complementary to it, with the potential 
of contributing knowledge of the developmental processes, 

Plaget rejects the notion of Inflexible stages chara<:teri2ed by 
Invariable chronological age limits and fixed thought content. Yet, 
El'konin and Davydov make a central issue out of whether to characterize 
a given age level in terms of processes for which a developmental period 
is concluded or in terms of the processes for which that developmental 
period is beginning. The former is rejected because it would lead to 

t 
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presentation of educational exercises that demand only previously forced 
Intellectual processes for solution and to the further assumption that 
intellectual development is inviolable and independent of the content and 
methods of presentation of subject matter. El'konin and Davydov, thus, 
believe that development of psychological processes underlying the learnln| 
of mathematics not only do not precede Instruction in mathematics but are 
formed in the process of learning. 

El'konin and Davydov's point of view Is consistent with the leading 
role ascribed to instruction by. Soviet psychologists (Kilpatrick and 

instructicuwffom the content of what is to be learned nor from the gen- 
eral cognitive d<tvelopment of children. El'konin and Davydov test experi- 
mental curricula based on measurement processes, but their experiments do 
not provide conclusive evidence that the cognitive development of the 

altered. The experiments shed some light on symboll^atlon 
capabilities of concrete operational children in highly structured measure- 
beMe^^^r^'^^' ^^"^^ evidence is presented which would lead one to 
believe tfj^se <oncrete operational children were, as a result of the 
instruction in measurement, in the formal reasoning stage vls-^-vis Piaget. 
Thus, the contribution of school learning to cognitive development (In 
a fiagetian sense) remains to be adequately tested. 

The Important contribution of El'konin and Davydov is the detailed 
analysis of fundamental mathematical structures and the explication of 
hv^ """"fi™e<' hypothesis that cognitive development of children can 
by altered by school instruction in mathematics. Their analysis of the 
fundamental mathematical structures led them to the conclusion that the 
rhr^r«.M """"f ^'5'; "i'h .i" roots in the ordering structures, should be 
the starting place for school mathematics. The task of analyzing the 

T °f the fundamental mathematical (including 

those mentioned by El'konin and Davydov) and genetic structures Is an 
important firs? step (Beth and Piaget. 1966). 

One important difference Is that mathematical structures are the 
^ilf' ^ / mathematician but genetic structures are 

manifested only by the child's behavioral-action strurtMrp« „r„ 
determined by his assimilation of past experiences.""rsecond "X 
t^uHurrK ^''^ ^"T independent of the content In the mathematical 
^n!?!^ % u' structures the form is inaeparcd>le from content. 

A . mathematical structures axioms are the starting point of 

formal deduction whereas in genetic structures the laws are the rules 
which the child's deductions obey. 

Similarities In the structural types are twofold: (l) operations 
in the mathematical structures correspond to operations in the genetic 
structures; and (2) the axioms of the mathematical structures correspond 
to the laws of combination" in genetic structures. It Is these opera- 
tional genetic structures which El'konin and Davydov Identified as being 
maximally independent of specific subject matter." The basic content of 
the genetic structures, however, are classes and relations which. In 
synthesis, form the basis of cardinal and ordinal number In the logical 
domain and of qflantlty and of measurement In the Infraloglcal domain. 
Onthe face of it. then, it seems as If El'konin and Davydov's declaration 
!ni^^!'?f!'/"'T"""' maximally Independent of school mathematics Is 
unjustified. It Is true, however, that profound structural differences 

structures of concern and certain of the -mathematical 
structures which are used as the basis for the content of school curricula — 
These structural differences are a central Issue In the determlnatL^ of 
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the applicability of genetic structures to mathematical ^.earning. Mental 
operations associated with such mathematical structure^ may or may npt be 
accounted for by the mental operations ascribed to tlie genetic structures. 
If the latter case is so, El'konln and Davydov may be e^entially correct 
in asserting that the psychological processes are developed concomitant 
with learning. Piaget (Beth and Piaget, 196Vr^. 189), however, proposes 
that the construction of mathematical entities is an elaboration of the 
elements of natural thought and the constryction of mathematical structures 
is an enlargement of particular mathematical entities. 

The Piagetian hypothesis is, at least, intriguing — it .suggests that 
the individual constructs his own mathematics. The testing of the hypor 
thesis, however, is extraordinarily complex due to the ^tructar<d differ- 
ences alluded to above. So, two programs of research would seem to be 
necessary. On the one hand, the logical and mathematical veracity of^ 
Piaget *s system, concentrating on similarities and differences between^ 
genetic and mathematical structures, requires both logical and empirical 
study. On the other' hand, models (albeit preliminary) for learning and 
instruction of mathematical concepts need to.J>^— defV^Toped where that 
development explicitly includes t^eoretififfT as well aa empirical com- 
ponents. It is this second progra^^^^ research which ^.s of basic concern 
in this monograph. 

Piagetian theory offers several principles which 6an be utilized in 
the construction of such a mode]/ (Piaget, 1971, 1973b; Smdck, 1970, 1973). 
First, equilibration theory proviA^& a theoretical model of, knowledge 
acquisition with specification of\the factors that rej^ulate acquisition, , 
Second, two distinct levels of jcognitive functioning — figurative processes 
and operative processes — ^aie io^^^j^d as necessary for understanding 
learning and development. Third^^^^tive capacities determine the effec- . 
tiveness of training and these cognitive capacities are Influenced by 
four factors that contribute to cogniti^ie^development. Fourth, the 
learning environment must be considered from both the points of view of the 
genetic structures and the mathematical structures. The Implication of some of 
these principles for the development of an instructional model and for 
research relevant ^to that model is presented below. 

General Factors ContribuCing to Cognitive Development 

Piaget (196Aa) has identified the major "factors contributing to 
the developmcftit of cognitive growth of children as Including: (1) matura- 
tion, (2) experience, (3) language, and (A) equili^raMon. 



Maturdction 



l lbrati o 

5» 



The proposition that maturation is a major determinant of cognitive 
growth is not, of course, a novel idea. What is new in Piaget*s analysis 
is the explicit inclusion of a maturatiotS&l component as a modulating 
factor to the experimental and/or experiential contribution to develop- 
ment progress. The constraining role of maturation is supported by, for 
example, the fact that transitive reasoning seldom has been observed in 
children below four years of age. The evidence indicates great difficulty 
in a child's learning transitivity of, for example, " as many as" during 
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the stage of preoperational representation (even when apparently appro- 
priate learning experiences have been encountered). Such evidence cannot 
be taken as proof that maturation is responsible, but it certainly suggests 
that Instrinsic physio-biochemical processes play a prominent part in de- 
velopment of thinking. Subjecting a child to learRing "experience" does 
not appear sufficient to insure he will understand the concept of transi- 
tivity, 

V 

Experience 

Experience in and of itself may not be sufficient to expXaln con- 
ceptual learning of children but no one denies its importance for Ijitel- 
lectual growth. But, if experience, was sufficient, all one would have 
to do to "teach" transitivity would be to give the child sufficient ex- 
posure — and he voulA learn. But, unfortunately, it is not that simple. 



Phyaicat Experience and Mathematical Experience, Piaget (196Aa) 
iias analyzed "experienoe" into two components; physical and logico- 
mathenatical experience. Imagine, for example, that a child matches 
objects of Set A one-to-one with objects of Set B through overt (practi- 
cal) actions; i.e,, he places one object from Set A in, correspondence 
with one object from Set B, etc, until all the objects of one (or both) 
of the sets are exhausted. Then, he takes the objects of Set B and like- 
wise matches them with the objects of another set, C, Does this matching 
constitute a physical experience or a logico-mathematical experience? It 
could be either, depending on the cognitive level of the child. 

One cannbt differentiate between the two types of experiences 
through observation of the child's overt acts of matching. The crucial 
determiner of the type of experience is whether the Sets A and C are 
"related*' by the child by virtue of the comparisons of A and B and then, 
B and C. If the child is not able, through reasoning (mental operations) i 
to determine the^ relation between A and C, then the experience gained 
through overt matching of the objects of A and B and B and C was, by 
definition, physical In nature. The relation between the Sets A and B 
in this case was a function of the physical arrangement of the objects 
and would not exist f or^th^t child in the absence Of perceptual input. 
That is, the relation remains external to the child and thus is destroyed 
upon rearrangejpent of the objects of the sets. When the two sets of 
objects are in a state for physical comparison, the child definitely 
obtains knowledge about the objects— either they match or they don'tr- 
but, for that knowledge to be mathematical in nature, the retatior^ must 
be conserved by the child when the objects are moved to new states and 
the child must be able to engage in reasoning involv^lng the properties 
of the relations that go beyond the perceptually or graphically "givens," 

The distinction between a physical experience and a mathematical ex- 
'perience is essential to the understanding of the growth of mathematical 
concepts. Knowledge based on physical experience alone is knowledge of 
static states of affairs and, if a child is wrong, it is easy to demon- 
strate that to him. However, knowledge derivable from mathematical ex- 
perience is another matter; if a child is wrong, it ±& difficult, if not 
impossible, to convincingly demonstrate, or even to get the child to 
accept verrbal explanation of the correct answer. For example, if a 
child fails to align the two endpoints when comparing length of sticks, 
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it is quite easy to correct the aistake. If, however, he fails to dis- 
play transitive reaaonlng In a task, one or two examples is aot likely 
to teach him the concept. 

Physical knowledge, then, is the construction of the invariants 
relevtot to the properties of objects (i.e., states) and is based on 
"experience** through direct contact with objecta through one or more of 
phe five senses. For example, one may touch soine thing and it is hard, 
cold, hot, soft, supple, etc. Or, one may see something—an object is 
red, a diamond cutting glaas, the shape of a banana, etc. The source 
of mathematiceLl experience, however, is assumed to be the abstractions 
from coordination of actions vis-i-vis object; i.e., transformation of 
the "states'* associated with series of discreet physical experiences. 
The critical difference is that the mathematical knowledge gained demands. 

that a pair (or set) of physical objects not be defined by the temporal- \ . 

spatial (perceptual) similarities, but rather by the invariant relations 
ainong or between objects. Overt (perceptual) actions alone are not 
sufffcient for mathematical experience. As already noted ^ a child may 
match the objects of two equivalent collections and the knowledge gained 
from the actions and perceptual consequencea may be no more' than physical 
knowledge. Often cited as an example of mathematical experience is the 
realization by a child that it makes no difference hoJ you count a col- 
lection of objects — you get the same number. Such knowledge is gained 
only through counting the collection in at least two or more ways; i.e., 
coordination of mental, as well as practical, actiona. ^ 



Linguistic Transmieeiorir^ 

Language, the third factor in the growth of mathematical concepts, 
is considered a part of the experiencV of the child, but deserves special 
conaideration because of its special qu^ity and status within the total 
realm of experience. Information contained in a verbal communication will 
not, necessarily, increase a child's understanding of a mathematical con- 
cept. Bailey (1973), for example, presented a transitivity problem to 
40 first graders, 40 second graders, and 40 third graders who were in the 
top two- thirds of their class according to teachers' judgments. Each 
child was presented a transitivity of length problem. fCho^t children 
who did not solve the problem were told the correct relations between the 
two sticks. For example, if a child took a stick B and first compared it 
with C, and then with A, and found that A and B were the same length and 
B and C were the same length, but could not infer the relation between 
A and C, he was told A snd C were the ame length. After the verbal in- 
atructions, the child was asked to explain why A was as long as C. Of 
24 children who could not infer the correct relation between A and C, 
only five would give a satisfactory explanation of why A and C were of 
the same length after the verbal Instructions. 

It would appear that for children in the atage of preoperational 
representation (or even in the transi&ional stage), any attempt to teach 
mathematics concepts only through verbal or symbolic oteans will be unsuc- 
cessful. But, because worda and symbols are an important part of mathe- 
matics, their specific functions must be clarified. Until then, a care- 
fully arranged interplay between the spoken words which symbolizes a math- 
ematical concept and the seta of actions performed in the process of con- 
structing a tangible representation of the concept should be maintained. 
In short* a mathematical vocabulary should be de^^eloped during the course 
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of activities used to explicate and provide enbodliaent^ for a concept to 
be learned. The particular blend, of course, will be determined by the 
specific activity and characteristics of the child. 



Equilibration and Lecaming 

Of the four factors which contribute to the growth of mathematical 
concepts, Piaget considers equilibration to be most fundamental. Equi- 
libration is a self-regulatory mechanism that balances the invariant 
biological adaptation processes of assimilation and accommodation. As- 
similation refers to the process by which novel events are integrated 
into the existing mental structures. The complementary process of ac- 
commodation concerns the alteration of mental structure under the pres- 
sure of this new informati9n. 

Learning, in this context, refers to the process by which new in- 
^2^r^^ is assimilated into available cognitive structures and to the 
oocMication of those structures (accoomodation) . Mathematical learning, 
then, appears to be more than association of stimulus and response. The 
association of 6 with (2 x 3) is important and no one doubts it can be 
conditioned (or memorized) usin^ appropriate instructional strategies. 
Teaching which assumes a stimulus-response view of learning runs the risk 
of promoting physical knowledge and not mathematical (or operational) 
knowledge. However, -because learning is generally thought to be pro- 
voked by situations external to the learner, it is necessary to analyze 
the levels of learning relevant to particular mathematical concepts or 
structures. 

If our assumption is correct, there should be a differential emphasis 
on assimilation and accommodative activity depending on the level of under- 
standing of a particular concept. ' Afislmilative task structures would 
emphasize ''play" and/or self (child) regulated activities until the child's 
behavior indicates the . essential elements of a concept have been assimilated. 
Tl^en, more task situations (including modeling and verbal ejiplotation) , as 
well as situations designed to utUi^&x^d generalize the relevant concepts 
to new situations, should be introduced.^ The appropriate' balancing and 
sequencing of the assimilative-accommodative activities (practical and 
mental) requires considerable theoretical and observational skills of the 
instructor. At the same time, the basic ideas and associated techniques 
can be identified and used as guidelines for a Piagetian type of learning 
environment. , 



Levels of Mathematical Concepts, Relations, classes and number 
take a relatively long period to develop as operational concepts in the 
child, appearing perhaps as late as nine to ten years of age. The stages 
of cognitive development in Piagetian theory are identified as sensori- 
motor, intuitive preoperational, concrete operational, and formal opera- 
tional with the movement from one stage to the next being clearly marked 
by "transitional'; phase characteristics. Our assumption is that mathe- 
matlxial^^concepts go through similar "stages" (called levels) aa the child 
learns" a concept; e.g., in the case of relations, either children have 
little or no knowledge of relations, or they are able to engage in rea- 
soning involving the properties of the relations, or they are oscillators 
—at times, in restricted situations, they appear as if they are able to 
reason involving relations, but that reasoning is limited and can be 
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extinguished quite easily. Finally, as the assimilation-accotacxJation 
activities are *'balanced,'^the child now "feels" he "understands" and 
insists on the "logical necessity" of the concept. 



Learning-Instructional Phases for Mathematical Concepts 



Phase I: Exploration 




Equilibration, the balancing of asslmilatory and acconimodatory 
activity, is a useful theoretical construct to help determine the cri- 
teria for learning activities In mathematical instruction. Exploratory 
activities have been identified by Piaget as representing a preponderance 
of asslmilatory activity; i.e., modification of the environment to match 
the existing cognitive structures. As such, exploration's conceived as* 
an essential first step in mathematical instruction and learning. This 
fir«t phase^ corresponds to the first level of mathematical contrapts 
identified; i.e., to essentially "no concept" and to the cmergeiice of 
the second level (rudiments of a concept). At these two levels of mathe- 
matical concept development, emphasis is on the constznxctive thinking 
by the child. It is a period of concept formation and not analysis. 
Exploratory activities can vary along two dimensions; the type and struc- 
ture of the material and the degree of direction given to the child. 
However, it is important to keep in mind that the ^htld needs to struc- 
ture (assimilate) the activities but in a direction relevant to the^par- 
ticular concept learning desired. 



Multiple Embodiment Principle. In order to Illustrate the above 
principles using particular concepts, imagine that one-to-one correspon- 
dence is the concept of interest. The "no concept" phase of one-to-one 
correspondence corresponds exactly to the preoperational stage of devel- 
opment. Children who display lack of one-to-one correspondence first 
must be allowed to engage in undirected exploratory activities, uaing 
physical objects that later will be used in more directed activities. For 
example, the child may be given assortments of beads, bird cutouts, blocks, 
discs, animal cutouts, toy animals, toy cowboys, toy soldiers, etc., and 
allowed free play time with these materials. Most children will attempt to * 
place cowboys ancT Indians on horses, dress dolls, stack dishes, stack blocks, 
string beads, categorize animals or bird cutouts, align soldiers in rows 
and give each guns, etc. Further, this type of practical play is extended 
by the child into symbolic play; i.e., such as waging wars, keeping house, 
setting tables, etc. The length of time and number of free play activities 
which should be encouraged is determined hy the frequency of "transitional 
indication" in the chlld^s behavior and two additional principles: (1) 
multiple-embodiment and (2) mathematical variability (Dienes, 1971). 

The first (multiple-embodiment) states simply that in play activities, 
the child should use as many different material sets as appropriate so 
long as each material set is conducive to construction (by the child) of 
the concept. Consider a particular free play activity where the preop- 
erational child places cowboys and Indians on horses. Through this 
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assimllatory activity, the child can gain the physical knowledge that 
indeed the cowboys and Indians fit on the horses. The situation is set 
for an adult to create a disequilibrium for the child by asking the (:hild 
if there are enough cowboys and Indians so each horse wouJLd have a rider. 
To find out, the child has to change his practical activity to answer 
that question. Now if the child correctly achieves that I task, the next 
step is to Introduce new materials but maintain the original goal (one- 
to-one matching); e.g., are there enough dresses so one ch^ld be put on 
each doll? 

If the child does not initiate specified goal-directedWtivities 
following siifegest ions, the adult may then demonstrate that there are 
enough cowboys and Indians so each horj«*?^8 a rider. Such ynitation 
learning (accommodatoty activities) provid^ the conditions/to employ 
the principle of muitiple-esnbodiment for suMi«<juent learning tasks and 
even, at times, imitative behavior across task 8^^uation«% The adult 
must, always, be sensitive to the type of knowledge the child is acquiring 
ini the imitative activities; i.e., knowledge acquisition under imitat 
Condi tiyfs has a high probability of being at the level of "physica/ 
knowledge" if children are in the preoperational stage. By remaining 
sensitive to this, the adult will avoid expecting the child to build an 
understanding of higher-order concepts prior to acquiring the nece| 
prerequisite concepts. 

Mathematiaal Vca^iabitity Principle* It was pointed out above that 
free play activities can, through appropriate intervention, be changed 
into more directed learning activity for cl^ildren. The second dimension 
of task activity that can be modified by the adult involves the applica- 
tion of the mathematical variability principle (Dienes, 1971). In con- 
trast to the multiple embodiment principle Where the mathematical con- 
tent is held constant and the materials varied,- the mathematical vari- 
ability principle varies the mathematical cOntent. For example, in case 
of one-to-oAe correspondence, the relation teing considered can either 
be changed to a new relational category altogether (e.g., length rela- 
tions or family relations) or to a^relationi within the category of 
matching relations (i.e., more than, fewer than, as many as). Both of 
these types of variations can*, if appropriately used, create cognitive 
conflict to be resolved by the child. ^ 

In summary, it h^s been pointed out that "play" can .vary from free 
pl^y to directed play, where the directed p. 
free play. Further, the principles of mult 
variability provide guidelines for setting : 
the level of physical experience to mathema : 
dramatic short-term success in teaching mathematical concepts to pre- 
operational children is not to be expected.! More success can be expected 
with children in the transitional stages (Jhich corresponds here to the 
second level of mathematical concepts), but again, the short-term Success 
will undoubtedly be modest. During the developmental phase of preopera- 
tional representation, it is advocated thai the teaming^ instructional 
phase conditions be held relatively constant, i.e., use the explorations with 
variations based on the mathematical variability and multiple embodiment 
principles. 



ay is a natural extensioiv of 
pie embodiment and mathematical 
he stage for transition from 
ical experience. However, 
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Ffiaae II: Abstraction and Representaticn 

The second learning-instructional phase, that of abstraction and 
representation. Is based in part on the distinction between physical 
experience and loglco-tnathematlcal experience. Abstraction from pro- 
perties of objects (physical experience) are called simple abstractlonsi 
e.g., hardness, sharpness, etc. Reflective abstraction (loglco-mathe- 
matlcal experience) Involves abstraction from the actions performed on 
(or with) objects or representations of those actions. Reflective ab- 
straction is represented by the case of a child counting a string of 
beads from one end, then from the other, and realizing that the number 
of beads is indepeadent of the manner of counting them; i.e., which is 
selected first, which second, which third, etc. The beads are there, 
but the knowledge gained had to do with the actions with the beads apd 
the capability of representing and reviewing the actions. Or a child 
may pair elements from two sets until one is exhausted prior to the othAf ; 
re-pairing the elements in a different way provides the conditions nec- 
essary to make the abstraction that no matter how the pairing is done, 
the one set will always contain more elements than the second set. It 
is clear that a child may be "playing" but still be engaged in reflective 
abstraction. Thus, the teacher need not be restricted to "play" activ- 
ities as long as the child reveals capacity to make the higher level 
abstraction. 

The child may engage in reflective abstraction but npt achieve 
stable representation of newly gained knowledge. Representations may 
be figurative (e.g., images) derived from drawings or perception of a 
collection of symbols, etc., and not available to the child at a later 
time. For example, if a child compares a green stick with a red stick 
and finds the green stick to be shorter than the red stick, any one of 



G< R, G < R, or G R w 

might be used as a static. Immediate representation.- There, ref lect4:<j^e 
abstraction and representation together contribute to a higher level of 
concept formation than expected in the first learning-instructional 
phase in that rudiments of mathematical concepts are present and can be 
utilized in a limited way (2nd level of concept formation). 

Vhaae III: Formalization and* Interpretation s/ 

The learning- instructional phase of formalization and inte^^ta- 
tlon completes the proposed learning cycle for mathematical concepts^ 
The mathematical concept base-ten numeration system will be used to 
Illustrate the three learning- instructional phases, with emphases on 
formalization and interpretation (Phase III). The concept was selected 
because no data are presently available that show the numeration systems 
are part of the natural cognitive development of children. 

We assume the child is at the concrete stage of operations and the 
operational structures related to classification and relations are avajfi- 
able to him. It must be noted that because a child is at this develop- 
mental stage does not mean he knows base ten numeration nor that figura- 
tive representation of the concept has been achieved. What use the child 
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is Able to malce with his knowledge of classes, relations, and number may 
be in the absence of f ortaalization of numeration (concepts. Therefore, the 
only prerequisites required are the completion of a learning cycle concerning 
the ordering of the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, and 9; ability to 
vrite them frcci memory, and ^o do simple addition problems. 

Any natural number can be written In escpanded notation. Consequently » 
the coefficients, the base, and the exponents can all be allowed to vary 
in employing the mathematical variability principle. Usually, the base 
is held constant (base ten is used) and only the exponents and coeffi- ^ 
cients are allowed to vary. 

Imagine that a small group' of children are given a collection of 
various assortments of materials, such aa geometrical shapes, checkers, 
dried beans, etc., and are allowed to engage In free play with the mater- 
^ ials, building whatever they wish — castles, houses, roads, forts, etc. 
The first type of direction which could be given to the children fs to 
find '^ow many piles, with a certain number In each pile, <?an be ma'de ^rom 
^ the objects.*' The mathematical variability principle should be. employed 
by varying the number In each pile or the total number of objects in 
each collection. The. multiple embodiment principle should be used by 
changing the type of objects (thus setting a new problem each time) or 
the type of collection to be formed. The essential aspect is that a 
collection of objects always can be partitioned into 8i4}?cottecHon8 
with the same mmbev In each and one other euhoolleoticn with relatively 
fewev o7>jecta In it; e.g., a collection of twenty-six objects can be 
partitioned Into four suhcollections with six per subcollection and 
two objects^ In the nonequal set. 

One of the first bits of logico-iaathematical knowledge the children 
generally acquire is the sameness of the number of objects In the total 
collection before and after the partitioning process. That is, tl^ child 
discovers, through his actions,, that a pile of objects can always be put 
back the way it was before the partition (reversibility) and that no objects 
were added r --wLi.«iuc^d ; therefore, the number of objects before and after 
piling ''.3 the "same" even though the child does not know how many things 
there are. 

Specifically, if a child starts with Some objects, makes three piles 
with six per pile, and one pile of four, the child should kntw that •the 
total number of objects in the original pile Jts the same as the number of 
objects In .three piles of six and one pile of ''four, without knowing there 

pile of 6 



objects- 



partitioning action ) 



pile of 6 
pile of 6 



pile of 4 

are 22 objects. , The mathematical variability principle (varying the 
number of objects In each pile) should help the ^h/tlcUto the realization 
tha'k no matter how many are in each pile, the tSt^ number in alt the 
piles is equal to the total number of objects. When a child discovers 
this, he has made a transition from the first learning-instructional phase 
(exploration) to the second learning-instructional phase (abstraction and 
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representation} . 

At this point, the operational basis for constructing the concept 
^ of a numeration system has been laid. The goal of the second learning- 
instructional phase is to have the child construct a notational system 
and construct thc_^ace-value concept. Generally, the tvo-digit numerals 
are worked on at dllE^^rent age levels than are the three-digit numerals, 
which in curnAre worfced on at different age levela than are the four- 
digit and higicr-rdigit\ numerals (t{ie generalization of place value). 

After the chlldr^ first enter the second learning-instructional 
phase they are able to Wtition a collection into subcollections and 
know that the number of \hjects in the original collection is the same 
as that in all the subcollections. Capitalizing on this knowledge and 
the ability of the children to engage in rational counting, place-value 
concepts may be developed. However, until the children can represent 
any collection of a tens and h ones (where a and 3 are digits) as "ab," 
they are not ready to learn the number names for the two-digit numbers 
,and order the numbers from 0 to 100., The number names and the order rela- 
tion are included in ^hfe next learning-instructional phase because the 
knowledge gained to this point is to be syatemized by the children. The 
basis for the learning which is to take place has been laid in counting 
out piles of ten. However, the main goal of the formaliz at ion-interpre- 
tation phase is to, again, systemize the whole numbers from 0 to 100 using • 
the number names. Formalization takes place in the sense that a notational 
system is developed and organized by the child. The organization of the 
notational system is ba^d on the abstraction and representation accom- 
plished at the second phasfe and on the new element of an order relation. 
The order relatio^i is an essential part of the third learning-instruc- 
tional phase for the concept of numeration. Without it, the third phase 
would have little meaning. The order relation, however, is based on one- 
to-one correspondence, so that preliminary cycles will have to have been 
completed with regard to one-to-one correspondence and number. 



Some Problems 




The foregoing model for learning and teaching mathematical concepta 
needs critical examination in view of other theoretical constructs in an 
attempt to build the best first approximation* of a model possible. That 
refinements are possible is easily recognized, as a host of theoretical 
constructs exist which have not yet been integrated into the model. Some 
of these constructs are figurations and operations, the concept of decear?.. 
tering, and egoccntrism of the child. Moreover, a great deal of differ- 
ence may exist between the model's applicability to mathematical concepts 
shown to be part of the general development acquisition and those not. 
Further, no attempt has yet been made to apply the model to geometrical 
and spatial concepts. It may well be that a model for learning concepts 
in those areas ia greatly different from a model for learning numerical 
concepts. However, reason does exist that the above taodel is applicable 
to geometrical and spatial concepts as Piaget views the grouping structure 
as a basic structure of mental operations in the Infralogical domain. In 
any caae, it is clear that theoretical refinement of -the posited model is 
necessary and that the model needs to be studied across different mathe- 
matical concept areas fot applicability. Certainly, there are no a priori 
reasons that a single model is suffi cient to acji mretTfor the learning of 
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disparate mathematical concepts. 

The theoretical problems associated with the model should not pre- 
clude empirical study of the validity of certain crucial implications of 
the model. Especially important are such factors as: 

1. Arc the four factors contributing to the development of certain 
mathematical concepts criticeil to the learning of those concepts which have 
not been shown to be part of the natural course of intellectual development? 

2. Can those mathematical concepts not (yet) shown to be develop- 
mental phenomena be ordered along the three levels comparable to the con-* 
cepts known to be part of the. developmental process? 

3. What is the validity of the learning- Instructional strategy 
involving the mathematical variability and the multiple embodiment prin- 
ciple, in the context of sequencing learning conditions according to the 
exploration, abstraction-representation, and formalization-interpretation phases? 

4. What is vedidity of 3,eamlng-instructional phases? Does a 
structural Integration take place only after appropriate overt actions 
are Internalized through reflective abstraction? That is, is the phase 

of formalization and interpretation identifiable distinct (psychologically) 
from the phase of abstraction and representation? Reflective abstraction, 
as a theoretical construct, is appealing, but does it have psychjplogical 
credibility In mathematics learning? 

9 

The experimental studies reported in the following chapters G^fer 
a preliminary test of the notion of reflective abstraction In learning 
of classes and relations by chilo^en who had not yet/ consolidated concrete 
operationed structures. The set of principles inh&cent in the mode^ 
described above together wltL aMdysis of the releMant genetic structures 
and mathematical structures^uft^ used as guides foA the design of the 
learning materials. Nq attempt was made to isolateV)ne or more of the 
underlying factors which may have contributed to resultant learning. 
The preliminary model was applied in its totality in all of the training 
studies so that complex interactions of principles in the model were not 
explored in the learning of selected aspects of classes and relations. 

The learning material utilized in the experimental studies did not 
progress beyond the abstraction and representation phase, except, of 
course, for cases In which children themselves went Into the third phase. 
The initial learning-instructional tasks were intended to operationally 
define the concepts for the children. These learning-instructional tasks 
were written within the constraints qf the learning-instructional phase. 
Exploration. The children were allowed time to engage in free play a<Hivities, 
but direction from the experimenters was included in a highly controlled 
context to insure that each of the children engaged in overt a&tivities 
necessary to operationally define the concepts. It was not expected that 
the children would progress beyond physical knowledge in these initial 
tasks. The multiple embodiment principle and the mathematical variability 
ptinciple wete employed in such a way that each material set of interest 
and each concept of interest were included in these initial tasks. A 
carefully designed schedule for the Introduction of terminology was fol- 
lowed throjighout the learning materials. 

Other learning-instructional tasks were constructed intending to , 
maximize the possibility of children engaging in logical-mathematical 
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experience. These tasks differed from the initial tasks in that they 
included operations on, or properties of, the concepts involved (e.g., 
transitivity, asynmetry, class intersection). Hindsight and foresight 
{anticipation) activities were utilized in the design of these higher- 
order tasks. No atteapts were made to include figural representations 
or written representations of the higher-order tasks. The tasks always 
included manipulatable objects. Internal representations of tasks (images 
or verbal thought) or spoken language were encouraged, but no con- 

trols were included to maximize such representation except in the case* of 
terminology developed to coomunicate the concept elements (e.g., "pair,^' 
"partner," "more than"). The time devoted to the two learning-instruc- 
tional phases was held constant. / 

In the study by Steffe and Carey (Chapter II) the mathematical 
structures of equivalence and order relations were used as»mathematical 
models in the construction of the learning materials. The content of 
the relational structures was length relations defined for open curves 
of finite length. In the experiment, each child was used as his own 
control so that information was available prior to the experiment on 
conservation and transitivity of length relations. fThe relationship of 
relational structures to genetic structures has beeh discussed elsewhere 
(Steffe, 1973)— similarities and differences point^ed ovit earlier in this 
chapter were kept in mind, where the similarities were emphasized owing to 
the status of relations in cognitive development. 

The study by Owens (Chapter III) was also concerned with the reflec- 
tive abstraction and representation of relational structures. Owens, 
however, emp^^^ed two relational categories, matching relations and length 
. relations, where each category included equivalence and order relations. 
Owen's test of whether reflective abstraction took place in the children 
demanded that the children be able to apply learned properties of matching 
relations to length relations, where the length relations were only oper- 
ationally defined. The learning materials, just as in the Steffe and 
\ Carey study, employed the foregoing posited model. Owens not only demanded 
the learned relational properties be transferred to a different relational 
category in a test for possible refl6ctive abstraction, but he alao admin- / 
istered a problem to the children which demanded that transitivity of 
matching relations be employed in its solution. 

In the study conducted by Martin t. Johnson (Chapter IV), rather , 
than attempting to induce properties of equivalence and order relations 
property by property, children were imnersed in total seriation tasks. 
This decision was predicated on the theory that relational properties 
emerge as a result of a total Scheme of classification or seriation rather 
than the other way around. It was felt that reflective abstraction would 
be given the c&xlmal opportunity to operate in a reHxtively short period 
of time (16 instructional days ^ut of 22 consecutive instructional days) 
with content shown to be developmental phenomena. 

Lesh, in the study reported in Chapter V, did not begin with mathe- 
matical structures in his learning program but, rather, conducted a pilot 
investigation using the generic structures as his starting point. On 
the basis of the genetic^tructures, Lesh generated three sequences of 
tasks, one dealing with seriation, one with number, and one with classifi- 
cation. The, tasks were subjected to empirical validation as to their sequen- 
tial nature and difficulty. A transfer of learning experiment was then 
carried out where training was given on seriation and classification and 
transfer to the number tasks tested. The preliminary model presented above 
was utilized in the construction of the learning materials for the transfer 
of learning experiment. 
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A fundamental Issue raised by Lesh^s experiment was mentioned In 
discussion of the El'Konin-Davydov experiment. The mental operations 
Lesh worked with were taken from the genetic structures. Because Lesh 
was dealing with such fundamenteil concepts, it was possible for him to 
proceed as he did. However, Plagetlan theory has less to offer concerning 
possible genetic structures underlying more advanced concepts, and even 
if mathematical structures are considei^ed, mental operations underpinning 
these structures may be different from those underpinning genetic struc- 
tures. In that the results of Lesh's training study are positive, more 
experiments need to be conducted designed to shed light on mental opera- 
tions underlying the child's concept of number. 

The study by David C. Johnson (Chapter VI) was concerned basically 
with educational technology. No attempt was made to experimentally de- 
termine basic mental operations underlying the child's concept of number* 
Rather, it was assumed that Plage tian theory was essentially correct as 
it is concerned with relations and classification. The experimenter was 
explicitly aware of structural differences in mathematical structures and 
genetic structures dealing with classej^ and relations, but he emphasized 
the similarities rather than the diffei^nces. ^ 

Of the experiments reported in this monograph, Davl<f C. Johnson's 
experiment provides the best test of, the construct "reflective abstraction" 
in the case of learning concepts, shown to be developmental phenomena. In 
the 'leaifning material, children were given definite Qpport unities to en- 
gage in mathematical as well as physical experiences. The transfer tests 
all demanded mathematical knowledge for successful completion, whereas 
the achievement measures demanded only physical knowledge. So, a test was 
possible of the amount of mathematical knowledge the learning material 
produced in the children. 

The study cpnducted by Carpenter (Chapter VII) was concerned with 
development of mented operations regarding measurement. The study was 
not experimental in nature but was related to the previous studies in 
the monograph by virtue 'of the content of the tasks, the variables con- 
.trolled, and its developmental nature. In particular. Carpenter tested 
the degree to which young children possess the logical structures nec- 
essary to assimilate and apply information from measurement processes and 
attempted to identify some factors involved in the development of measure- 
ment concepts. The study provides, within a scope limited by the tasks 
and'^'^ac^tors studied, baseline^ data for ^designing experiments relevant to 
specific questions Implied by the model. 
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Elklnd (1967) has categorized Plaget's conservation problems Into 
two categories, conservation of Identity and conservation of equivalence. 

Regctrdless of the- oontent of these prohlems^ they routinely 
involve presenting the subject with a variable (V) and a 
standard (S) stimulus that are initially equivalent in both the 
perceptual and, quantitative sense. The sid>ject is then asked 
to make a judgmerit regarding their quantitative equivalence. 
Once the judgment is made^ the variable stimulus is subjected 
to a transfoTmation^ V ^ V*^ which alters the perceptual but 
not the quantitative equivalence between the variable and 
standard. After completion of the transformation^ the subject 
is asked to judge the quantitative equivalence between the 
standard and the transformed varipble (p. 16). 

In the above conceptualization, a judgment of conservation may be 
relative to conservation of a quantitative relation of ^o the Identity of 
V and v. Even though the possibility of two judgments exists, "It Is prob- 
ably true, nonetheless, that from the point of view of the subject, the 
conservation of Identity Is a necessary condition for the conservation of 
equivalence (Elklnd, 1967, p. 17)." 

Aspects of conservation exist which are not completely clarified by 
Elklnd *s characterization. For example, consider the relation "as many as." 
If ^he elements of a set A are In one-to-one correspondence with the elements 
of a set B, the A has as many elements as B, and vice versa (denoted by A 
-B). In a conservation problem Involving "-*% If the child Is asked to 
make a "quantitative judgment," one must be assured that the child associates 
at least a one-to-one correspondence with the phrase "as many as." That Is, 
one must be assured that a conservation problem Is not a test of terminology. 
The establishment of the Initial comparison Is also basic to conservation 
of length relations between two objects. One may take the point of view. 



This paper is based on Research Paper Number 17 of the Research and 
Development Center for Educational Stimulation. University of Georgia, 
Athens, Georgia (Carey & Steffe, 1968). 
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moreover, that even though a chlid may point to the longer of two sticks, 
he may be basing his judgment on two endpoints only without regard to the 
relative position of the remaining two endpoints. Ln this case, one should 
not be willing to accept that he perceives the initial relation. Clearly, 
a comprehension of relational terms is a prerequisite to problems in con- 
servation of the relation. The phrase "the same length as" has a quite 
different referent than does "as many as." While both are equivalence 're- 
lations they still are different relations. Thus, there seems to be no 
reason to believe ttw^: the ability to conserve one of the tWo relations 
implies the ability conserve the other. Smedslund (1964), in a study of 
concrete reasoning, observed that 31 children failed one of the two con- 
servation problems involving "same as" and "longer than" while 32 failed 
both and 97 passed both, which supports the contention that the ability to 
conserve a particular relation does not imply an ability to conserve 
another. Moreover, in a conservation problem, the initial relation need 
not be an equivalence^j^elition . It may be, in fact, an order relation 
<e.g., "fewer than") . -X^^^^ 

Whether the initiaj^ Judgment In a conservation problem always in- 
volves a judgment of quantitative equivalence is not completely clear. 
For, if A and B are curves of finite length, then A is the same length as 
B if and only if L(A)-L(B), where L(A) is a number denoting the length of 
A, and L(B) is a number denoting the length of B. If T(B) is a trans- 
formation of B which is length preserving, then L(B)«L(T(B) ) implies that 
A is the same length as T(B). If children cannot associate a number with 
A and B, then there is no reason to believe that "the same length as" has 
any quantitative meaning for them. Therefore, under^^hese conditions, 
there would be no reason to expect children to conserve a quantitative 
equivalence between A and B. It is entirely reasonable to expect children 
not to be able to associate a number with a segment but yet be capable of 
estatkidshing a relation not necessarily involving number between two or 
more segments, for Piaget, Inhelder, and Szeminska (1960) make a sharp 
distinction between "qualitative" and "operational" measurement. 

Qualitative meaanring . . . which oonaiete in transitive 
congruence diffevQ from a true metrical system in that 
the latter involves, changes of position among the s^kj^ 
divisions of a middle tem^ in a metrical system . , . . 
whereas in qualitative measuring, one object in its 
entirety is applied to another (p. 60). 

While conservation J and hence qualitative transitivity, 
are achieved at a mean age of 7 measurement in its 
operational form . . , is only achieved at dbout 8 or 
8 1/2 (p. 126). 

t 

Before presenting length relations to children below six years of 
age, it seems necessary, then, to define the relations on a basis that 
does not assume number. Such a definition follows. Let A, B, ^nd C be 
segments. A is the same length as B if, apd only if, when segments (or 
their transforms) lie on a line in such a way that two endpoints coincide 
(left or right), the two remaining endpoints coincide. A ia longer than 
B if, and only if, the remaining endpoint of B coincides with a point 
between the endpoints o^^^,*>— XtBOs. in this case, B is shorter than A. 
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The above definitions are acceptable from a mathematical point 
view as the length of a curve is the least upper bound of the lengths of 
all inscribed polygons* Intuitively , then, one could think of the length 
of a curve as the length of a line segment where, of course, the lengths 
are identical. It is essential to note. that in the definitions given, 
children do not have to assign numbers to segments through measurement 
processes. The definitions are given entirely In terms of a line, the 
endpoints of curves, betweenness for points, and coincident points on a 
line and are consJfstent with Piaget's (1964a) view that "learning is possible 
^a-th£ case of . . . logical-mathematical structures, but on one condition- 
that itf^ the structure you want to teach ... can be supported by simpler, 
more elementary, logical-mathematical structures''(p. 16). The relations 
same length as," "longer than," and ''shorter than," as defined, and their 
properties are more elementary and logically precede measurement. TJie 
definitions given above are the results of an attempt, on the part of the 
Investigators, to define the relations In as simple a manner as possible 
bbt In such a way that they^ are still mathematically acceptable. f 

The relations need not be presented to children by the use of Cords 
alone as they may be defined operationally, i.e., deJElned by physical 
operations with concrete objects. The physical operations eventually need' 
#to be performed by the child^ himself, because central to Piaget's theory is the 
fact that the child is active; he gains knowledge through his own actions. 

^Operationally, then, for a child to find a relation between two "rods," 
say rod A and rod B, ^e must place the rods side by side, -and align two of-the 
endpoints* The relative extension of the two remaining endpoints then 
^determines the relation (s) If rod A is In fact shorter than rod B the 
child, upon' placing A by B, can determine that fact.* ThrougH* an equivalent 
action or the same action the child also can determine that B is longer 
than A. It is through the coordination of these actions that logical- 
mathematical structures evolve for the child as "coordination of actions 
before the stage of operations needs to be supported by concrete material. 
Later,' this coordination of actions leads to the logical^thematical 
structures" (Piaget, 1964a, p, 12). 

If a child establishes a relation between two curves in accordance ^ 
with the operational definition given, then to conserve the relation, the 
child must realize that the relation obtain? regardless of any length-pre- 
serving transformation on one or both of the cu^es. In other iteVms the 
child must realize that, after such a transformation, if the curves arK 
moved back side by side as in, the original sfate, the ends will be stillS ^ _ 
in the same relative positions . Viewed In this manner, the conservation 
of the relation is elBsential for the transitive property. Take the example 
of a child who is pMsented with two fixed line segments, say, of the same 
length but not obviously so, and a third segment the same length as the 
first two and then questioned about the relative lengths of the two fixed 
segm«its (whicK he must not overtly compare). The child must realize that 
once he hae established a relation between the lengths of two segment!^, 
the relation obtains regardless of the proximity of the segments. 

If conservation of identity .is viewed In terms of quantity then 
there ^ little logical reason to expect /'conservation of identity" to be 
involved in conservation of length relations as discussed above. While 
the length of an object is a nymber a88igne4 to the object, it is not 
necessary for a ohild (or an adult) to know the lengths of two segments in 
, order to edtablish a length relation between them, on an operational basis. 
*The only aspect of identity Involved, then, would seem to be that the child 
would have tA affirm that the segment is the same segment no matter how it 
is mov^d around- * * 
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The length relations as operationally defined and math^iaatlcedly 
defined do have certain properties. The relation "the same length as" 
is reflexive, symmetric, and transitive and the relations "longer than" 
and "shorter than" are nonreflexive, asymmetric, an^ transitive. Because 
for any curve A, A is the same length as itself auid not longer or shorter, 
it would seem that, at least In a relational sense, what sometimes passes 
for a test of conservation of identity is no more than a test of the re- 
flexive and nonreflexive properties. Although it is not true for equiva- 
lence relations In general, if it is assumed that for each curve A there 
is a curve B such that A is the same length as B, the reflexive property 
of "the same length as" can be deduced from the symmetric and transitive 
properties. For If "-" denotes "the same length as," A-B and B-A lnQJlies 
A**A for each curve A. This logical interdependency gives little hope for 
conservation of identity to be necessary for transitivity. 

In addition to the properties of the relations, the following state- 
ments are logical consequences of the definitions of the relations given. 

(1) A shorter (longer) than B is equivalent to B longer (shorter) than A; 

(2) if A is the same length as B th«n A is not shorter "(longer) than B; 

(3) if A is shorter (longer) them B then A is not longer (shorter) than B. 

I 



Questions and Hypotheses of the Study 

Few data exist concerning proficiency levels of four-and five-year- 
old children in establishing length r^ations in accordance with the operational 
definition given. For open curves, the operational definiti^n^is ex- 
tended as follows. To establish a length relation between cWT open 
curves A and B, a child must '(1) place each curve on a line in such a 
way that two endpoints (left or right) coincide, (2) compare the relative 
position of the two remaining endpoints, and then (3) on. the basis of (1) 
and (2), determine what relation holds. Given that a child is able to 
establish a length relation between two curves, it is hypothesized that 
he will be able to conserve the relation established. This hypothesis 
is advanced due to the fact that for a child to establish a length rela- 
tion, he must attend to relative positions of the endpoints of the curves ^ 
as well as ensure that the curves are on a line. iEven though the actions 
of establishing length relations between curves are physical actions, 
for a child to carry the physical actions out spontaneously, it would 
seem that the child must be operational in a Piagetian sense. If such 
is the case, a multitude of potential physical actions would be possible, 
which should include use of the properties and logical consequences of 
the relations. A second hypothesis then advanced. If a child is abl-e 
to conserve length relations established, it is then hypothesized that 
he would be able to use properties and logical consequences- of the rela- 
tions. It must be made explicit that it is not hypothesized that use o'f 
the reflexive and nonreflexive properties precedes conservation of length 
relations. Rather, it is hypothesized that conservation of length rela- ^ 
tions necessary for use of the reflexive and nonreflexive properties 
as well as the asynmetric and transitive properties. It is further hypo- ^ 
thesized that use of relational properties and consequences will be con- 
sistent with logical interdependencies of those properties. 

All of the above hypotheses are advanced only for children who have 
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not received formal Instruction on relations. Because any hypothesis 
advanced for children who have received specific Instruction must by 
necessity be at least provisionally instruction-specific, a list of, 
specific questions is presented rather than hypotheses. The first list 
^ is a question asked for four- and five-year-old children who have not been 
engaged in formal instruction on establishing length relations; the second 
list is questions asked for four- and five-year-old children who have, been 
engaged in formal instruction only on establishing length relations; and 
the third list is questions asked for four- and five-year-old children 
who have been engaged in formal instruction on establishing length rela- 
tions, conserving length relations, and using properties and consequences 
of length relations. 

Queation asked for four- five-year-old children with no fomil 
vnstruotzon on length relations. 

1. What is the proficiency level of children when spontaneously 
establishing length relations between two curves? 

Questions asked for four- aM five-year-old children mth fomal 
vnstructzon only on eatabliahing length relations. 

2. What is the proficiency level of children when establishing 
length relations between two curves? 

3. Does formal instruction only on establishing length relations 
improve the proficiency level of children when establishing length relations? 

4. Are children able to conserve length relations when the asymmetric 
property and logical consequences are involved as well as when they are 

not Involved? 

5. Are children able to use the reflexive anS nonreflexive properties? 

6. Are children able to use the transitive property of length relations? 

7. 'Is the ability to use the reflexive and nonreflexive properties 
necessary (or sufficient) for children to conserve relations? / 

8. Is the ability to. use the reflexj^rc and nonr^Q^xixfi^operties 
necessary (or sufficient) for chUdren to ^ the transitive property of 
length relations? 

9. Is the ability to conserve length relations necessary (or 
sufficient) for children to use the transitive property of length relations? 

Questions asked -for four- and five-year-olds with formal instruction 
on eatdbUahing Ungth relations, conserving length relations, and using 
properttes and consequences of length relaticnsr 

Questions (5)-(9) are repeated here as questions (10)- (14). 

15. Does formal instruction on conserving length relations; on the 
reflexive, nonreflexive, and asymmetric properties; and on consequences 
of length relations improve the ability to (1) use the reflexive and non- 
reflexive property, (2) conserve length relations, ahd (3) use the transi- 
tive property of length relations? 



Procedqre ^ 



Subjects 



The subjects were 20 four-year-old and 34 five-year-old children. 
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At the initiation of the study, the range of ages was A 7-57 months for 
the group considered as four-year-olds and 59-69 months for the group 
considered as five-year-olds. The children were in three self-contained 
classrooms with some of both age groups in each room. The verbal 
maturity and intelligence of the children were measured by the Peabody 
Picture Vocabulary Test and Stanford Binet Intelligence Scale, Form L-M 
(Table 1). The mean for the intelligence of the four-year-olds was 
modestly higher than that for the five-year-olds. 



Table 1 

Verbal Maturity and Intelligence 





Verbal Maturity 


Intelligence 


Age Group 


Range Mean 


Range Mean 


4 


83-119 102.6 


98-U5 119.6 


5 


55-120 97.7 


81-130 109 . 1 



According to the Hollingshead Two Factor Index of Social Position, the 
social classes of the children ranged from I (high) to V (Table 2). ^ 
Category III for each age group contained the greatest number of children. 

Table 2 * y 

Social Classes by Age Group 



^"^■^^^ocial Class 












Age Group""*""-*..,.^^^ 


I 


II 


III 


rv 


V 




3 




9 




0 


5 


3 


8 


13 


6 . 


4 



Inattuctional Sequence and Measuring Instruments* 

Instructional sequences. Three instructional sequences were con- 
structed especially for the study. Instrtjctional Sequence I was designed 
to develop the ability of children to establish a length relation between 
two curves;' Instructional Sequence II was designed to develop the ability 
of children to use the reflexive and nonreflexive properties; and In- 
structional Sequence III was designed^ to develop the ability of children 
to conserve length relations and use the asymmetric property and logical 
consequences. The following principles were^ employed in the design of 
the sequences. 

1. Mathematical concepts are not implicit in a set of physical 
materials. A child gains mathematical knowledge from a set of physical 
materials by the actions he performs on or with the materials. 

*S<unple items are given in the Appendix. 

ERIC TiO 
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2. Mathematical concepts should not be presented to young children 
through the use only of the symbols of mathematics or verbalizations- 
Explanations which accompany the child's actions, however, may facilitate 
his acquisition of mathematical concepts.*' 

3. There should be a' continuous Interplay between the spoken words 
which symbolize a mathematlcuil concept and a set of actions a child per- 
forms while constructing something that makes the concept tangible. 

A. In order to teach a concept, It Is necessary to use different 
Assortments of physical materials and different types of activities all 
of which are related to the development, by the child, of the same con- 
<:ept(s). 

5. The principle of reversibility should be employed (I.e., return- 
ing a transformed set of conditions to an original set of conditions). 

6. Situations must be contrived in which the children are led to 
multiple focusing (e.g.. If A Is the same length as B, then B Is also 
the same length as A). 

7. Situations must be contrived which Involve more than dne child 
so that the children may interact. 

8. The principle of equilibration should be employed. 



Measuring inetrumenta. Five Instruments were constructed to measure 
pupil capabilities. The first Instrument, the Length Comparison Test, was 
designed to measure the ability of children to establish a length relation 
between two curves. Six different material sets were used. Three Items, 
one a "longer than," one a "shorter than," and one a "same length as" Item, 
were presented to the child In the case of each material set for a total 
of 18 Items. 

The second Instrument, the Conservation of Length Relations Test, 
consisted of two parts. In the first part of each of the 18 Items, the 
children were asked to compare the lengths of two curves. Since the 
material used In the Items differed from those In either Instructional 
Sequence I or the Length Comparison Test, these 18 first parts were con- 
sidered as an Application Test for Instructional Sequence I (hereafter 
called the Length Comparison Application Test). The second part of each 
Item Involved the ability of the child to conserve the length relation 
he had just established. Nine of the items also Involved the ability 
of the child to use the asymmetric property of "longer than" and "shorter 
than" or logical consequences. These nine Items comprised an instrument 
which will be designated as the Conservation of Length Relations: Level 
II Test. The remaining nine Items comprise an Instrument which will be 
designated as the Conservation of Length Relations: Level I Test. 

"Yes" was^ the cprrect response In the case of the nine Items of the 
Level I Test. "No^^ the correct response for each of the nine Items 
of the Level II Test. The children were required to respond In the 
presence of a perceptual conflict so that If a child based his response 
on visual perception he would give an Incorrect response. Three distinct 
length-J^reservlng transformations were used to produce the perceptual 
conflicts. Also, different material sets were utilized. 

The third Instrument, the Reflexive and Nonreflexlve Test, consisted 
of six items of a diversified nature. Three of the itema involved the 
refleicive property of "the same length as" and three items Involved the 
nonreflexlve property of "longer than" or "ihorter than." Five different 
material »et8 were employed. "Yes" was the correct response to the items 
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involving the reflexive Property, and "No" was the correct response to 
the remaining three items. 

The fourth instrument, the Transitivity Test, consisted of six 
Items where "Yes" was the correct response for three items. For these 
items, each of the relations "longer than," "shorter Chan," and "the same 
length as" was included. "No" was the correct response for the remaining 
three items. Each of the latter three items involved transitivity of 
"the same length as." It was not possible for the child to use a non- 
transitJLve hypothesis to arrive at a correct response because all of the 
perceptual cues were biased against a correct response and the child was 
not allowed to directly compare the two curves under consideration. 



Instvucticnal and Evaluational Sequence^ 

Small group instructional procedures were utilized In each room. 
An instructional group generally consisted of six children with teacher 
aides present to guide the remaining children. After the Length Comparison 
Test was administered. Instructional Sequence I was administered for a 
.sequence of seven sessions of 20-30 minutes per session. Due to small" 
group instructional procedures, the total instructional time spanned more 
than seven ^days for any one class. However, any one child was involved 
in only seven instructional sessions. The Length Comparison Test, the 
Length Comparison Application Test, the Conservation' of Length Relations 
Test, the Reflexive and Nonreflexive Test, and the Transitivity Test 
were administered during the days immediately following the last instruc- 
tional session. The Length Comparison Test was not administered a second 
time to one class because that class earned a high mean score on the first 
administration of the test. The material in Instructional Sequence I was 
administered 1^ that- class, however, to support the interpretation of the 
remaining tests. ^ 

Ijistructional Sequence II and III began immediately after the 
testing period following Instructional Sequence I. Instructional Sequence 
II was administered in three sessions of 20-30 minutes per session and 
Instructional Sequence III was administered in five sessions of 20-30 
minutes per session. The second administration of the Length Compaivison 
Application Test, the Conservation of Length Relations Test, the Reflexive 
and Nonreflexive Test, and' the Transitive Test began one day after the 
last instructional sequence. 



Testing Procedures 

The children were tested on a one-to-one basis. The items were 
assigned at random by test to each child so that each had a different 
sequence of the same items. All'-tests were administered by specially 
trained evaluators. 

The Length Comparison Test was scored on a basis of the number of 
correct comparisons a child was able to perform. The Conservation of 
Length Relations Test was administered at one sitting so that a child 
would be forced to respond "Yes" or "No" in a random sequence. If a 
child established a relation, iregardless of whether he establlshfid a 
"correct" or "incorrect" relation, he was tested on his ability to con- 



serve that relation. In the case of the Transitivity leafK unless a child 



established two correct comparisons, no measure was obtained on his 
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ability to use the transitive property of that relation. 



Design • 

Length Ccrrpcsriaon feet. An analysis of variance technique waa used 
to study the profiles of four- and fiVe-y ear-old children with regard to 
the Length Cooparison Teat on the. first and second adxiinistration (Green- 
Bouse and Gcisser, 1959). In particular, the design allows for testing 
of the hypothesis that the profile of mean scores on the first and second 
adsilnlstration does not differ for the four*- and five-year-olds as well 
as, providing a test for possible differences in the mean scores on the 
first and second administration across age. An item analysis was also 
conducted. 



Coneexvation of Length Relations Test, The Conservation of Length 
Relations Test consisted of nine items for which a response of '*Yes" was 
correct and nine items for which a response of "No" was correct. One may 
think of each student's response set sts being an ordered 18-tuple where 
each element is either **Yes" or "No." If each response set is considered 
to be a random sample from 2^® such response sets, it has probability of 
2"1* of occurring (Feller, 1957, p. 29). If a child guessed during the 
test, then one may consider his responses as being nothing more than an 
18-tuple of '*Tes»s" or '*No's" for elements, where "Yes" or "No" for any 
one entry each had probability of 1/2 of occurring. In this case, his 
response set may be considered as a random sample, and the probability 
he obtained at least six correct '*Yes" responses and «ix correct "No" 
responses is not greater than .06. 

For a child to be classified as being able to conserve length relations 
and conserve length relations involving the asyianetric property and logical 
conse^iuences , he then must have at least six of the nine items which were 
written to exemplify Level I and six of the nine items which were written 
to exemplify Level II correct. In such case> the child is s«U.d to meet 
criterion for Level I and II. 

If one considers the nine items written at either Level I or Level 
It regardless of the nine items written at the other level, a probability 
of only approximately .02 exists that a child responded correctly to 
eight or nine items at that Level if he guessed. Thus, if a child does 
not meet criterion for Level I and II one may consider his responses to 
pne of the two items sets written at Level I or Level II. Clearly, a 
high probability exists that those children who scored at least eight 
or nine correct for a particular item set may have responded to those 
items on a basis other than guessing. Such children may be candidates 
for being classified at just Level I or Levei II. One cannot, however, 
with any degree of confidence, assert that in fact such children did not 
possess a response bias unless the remaining nine items are considered. 
For example, if a child was able to score an eight or nine on Level I 
items and responded on a basis of guessing on Level II items, then a 
probability of only .02 occurs that the child had at most one correct "No" 
response. If this unlikely event occurred, whether a response bias existed 
or whether the child responded on the basis of the perceptual cues is an 
open question. For a child to meet criterion for just Level I or Level II 
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then, he oust r^pond correctly to eight orpine iteok of the Level in 
question and no less than two and no more thatr^^ive iiema of the other 
level. It must be pointed out that the criterion^fco^i conservation one 
since it is known that children do respond on the basrs^of perceptual 
cues (Steffe, 1966). /I 

A principal component analysis was conducted j^BinJ all 18 items to 
aid in the interpretation of the above criteria, yftem ySifficolties were 
determined as well as Internal consistency reli^ilitles, both of which- 
also can be used in Interpretation of thefcritjcria eacablished. In order 
to check the hypothecs ^hjLP the distribution pf total scores did not 
differ from a theoret£b«l^j^tr ibution baked ciora^om responses, a 
"goodness of fit" test was employed (S^gel, 195^ pp. A2-46) . 

In order to detect any significant changes in the number of children 
meeting criterion on the conservation of length relations test for" Level I 
and II from the first to second administration, the McNemar test for 
significance of changes was used. (Seigel, 1956, pp. 63-67). Thus, those 
children meeting criterioh were given a "1" and those not meeting criterion 
were given a "0," so only nominal scale of measurement was employed. 
According to Seigel, the "McNemar test for the significance of changes is 
particularly applicable to those 'before and after' designs in which each 
person Is used as his own control in which measurement is in the strength 
of either a nominal or ordinal scale .(p. 63)." Explicitly, the null hypo- 
thesis is: Hq*a For those children who change, the probability that 
any child will change from C (criterion) to -C (noncriterion) is equal 
to the probability ?2 that he will* change from 'C to C. The alternative 
hypothesis is: : ?i < ?2' 

Refleodve and Nonreflexive Teat. The «et (Yes, No) represents 
possible responses for the six items of the Reflexive and Nonreflexive 
Test. Otl)er responses were possible, but they occurred with zero prob- 
ability in the testing sessions. Because there are 2^ different sex- 
tuples with "Yes" or "No" as elements, if a child guessed, the probability 
that any one of the 2 ^-tuples occurred is 2"^. Under these conditions, 
the probability of a child obtaining at least five or six correct responses 
is approximately .11. It must be pointed out, however, that children do 
respond on the basis of perceptual cues, so that the actual probability 
that a child who does not possess the ability to conserve length could 
obtain five or six may be much lower than .11- 

If a child responded on the basis of a bias (always s^ys "Yes" or 
"No"), then he would not obtain a five or six. Moreover, if a child 
possesses only the ability to use either the reflexive or nonreflexive 
property, he also would not achieve a five or six. Hence, the performance 
criterion of a total score of five or six was established. A "goodness of 
fit" test was employed to test the hypothesis that the distribution of^ 
total' scores does not differ from a distribution based on random responses 
In order to detect any significant changes in the number of children meet- 
ing criterion from the first to second administration, the McNeii\ar test , 
for significance of changes was used. Explicitly, the null hypothesis 
is Hq: For those children who change, the probability Pj that any child 
will change from C to 'C is equal to the probability ?2 ^^^^ will 
change from to C. The alterxiative 'hypothesis is: Hi: Pi < P2« 



4 



34 



Steffe and Carey / Learning Relations by Four^ and Flve^Year^OldM 29 



Tvanaitivity Teat. Based on the average item difficulty of the 
Length Relations Application Test, a parameter was established (average 
Item difficulty) which may be^rcgarded as an efficiency level of the 
child's ability to establish length relations between curves. Using this 
parameter, r, the probability that a child could establish a correct 
relation In each of the two necessary overt comparisons on any Item 
(comparisons between A and B and between B and C, where ARB and BRC and 
R Is the relation) In the Transitivity Test was r^. The calculation 
assumes that the comparisons are performed Independently. 

If a child responded on a random basis to a relatlo ^ 3 l *^estlon 
concerning A and C (such as, "Is A longer than C?"), tiyf^robablllty p 
of a correct response on any Item Is r^/2. Using this value of p, a 
performance criterion was established and a "goodness of fit" test 
performe<^ on the distribution of total scores to the theoretical distri- 
bution of total scores based on guessing. 

To establish whether the ability to conserve length relations Is 
necessary (sufficient) to enable children to use the transitive property, 
an Inspection was made of those children who met criterion on each test 
Instrument. If the ability to conserve length relations -Is necessary 
for the ability to use the transitive property, then each child who 
attains criterion on the Transitivity Test must also .meet criterion on 
the Conservation of Length Relations Test. If the ability to conserve 
length relations Is sufficient for the ability to use the transitive 
property, then each child who meets criterion on the Conservation of 
length Relations Test must also meet criterion on the Transitivity Test. 
Other Interdependencles were Investigated In the same way. 



Results of the Study 

/ 

The results of the study are partitioned as follows: Length Com- 
parison Test; Length Comparison Application Test; Conservation of Length 
Relations Test; Reflexive and Nonreflexlve Test; Transitivity Test; and 
Conservation and Transitivity Relationships ^r^t 



Length Carrparison Test 

The results of an Internal-consistency reliability study (Table 3) 
revealed that the reliabilities associated with the total test scores 
were quite substantial and support analyses of the data. In the case 
of the first administration, the reliabilities for the subsets were also 
substantial. For the second administration, however, the reliability 
^ for the six Items which were designed to measure the ability of children 
to establlsk the relation "shorter than" was low. Various reasons may be 
given, tffe^ most apparent of which Is the high merfn and relatively small 
standard deviation (Table 4>. It Is known that easy tests may be unreli- 
able. 

No differences were statistically discernible for th^ variable Age 
using the total scores as the dependent measure (Table 5) although the 
mean score for the second adioinlstratlon was significantly greater than 
the mean score for the first administration. No Interaction of Age and 
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Table ^ 

Reliabilities of Length Comparison Test: First and Second Administration 

(Kuder-Richardson #20) 



Reliability 



Test 


First Administration 


Second 


Administration 


Total 


.91 






Longer Than 


.82 




■1 / 


Shorter Than 


.87 




.43 / 


Same Length As 


.77 




.73 




Table 4 






Mean and Standard Deviations 


of Length 




Comparison Test: First and Second 


Administration 










First Administration 


Second Administration 


Test 


X S.D. 


X 


S.D. 


Total 


10.68 5.35 


14.55 


3.53 


Longer Than 


4.38 1.91 


4.94 


1.43 


Shorter Than 


3.29 2.32 


5.12 


1.07 


Same Length As 


3.00 2.02 


4.49 


1.70 



Table 5 
AHOVA Summary 
Length Comparison Application Test 



Source of Variation by Test 



Total Scores 
A (Age) 
B (Tests: 
AB 

Longer Than 
A (Age) 
B (Tests) 
AB 

Shorter Than 
A (Age) 
B (Tests) 
AB 

Same Length As 
A (Age) 
B (Tests) 
AB 



First vs. Second Administration) 



2.65 
22.45** 

< 1 



< 1 
2, 

< 1 



85 



3.42 
26.35** 

< 1 

2.04 
14.18** 
2.80 



er|c 



**p < .01 
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Tests occurred that indicate that the difference between the means 
for each group on the second administration was not significantly differ- 
ent than the differences between the means for each group on the first 
adiolnistration. 

On the subtest "longer than," the children started with relatively 
high mean scores (68 ,and 75 percent for the four- and five-year-olds, 
respectively) and ended with mean scores 78 and 86 percent, a nonsig- 
nificant gain, statistically. In the case of the subtest "shorter than," 
a large gain was not^ for both the four- and five-year-olds (from A3 to 
76 percent for a^ fobjc and from 62 to 91 percent for age five). Again, 
Age was not sigd^ficanc. In the case of the subtest "same length as," 
a substantial increase was again present (A8 to 57 percent for age four 
and 46 to 80 percent for age five). Age was again nonsignificant as 
was the interaction of Age and Tests. On the basis of the test scores 
alone, one may hypothesize that an interaction occurred. The nonsignifi- 
cant interaction may be due to the power of the statistical test involved. 

All the correlations computed between test scores on the first 
and second administration with the variables Verbal Maturity, I.Q., Age, 
and Social Class were low, although some differed signifi^^tly from a 
zero correlation. Age correlated significantly (Total test — .42, Shorter 
Than — .41, Same Length As — .42; p < .02) with scores on the soiiond ad- 
mint«itration except for the subtest "longer than." The correlation co- 
efficient between Social Class and the subtest "same length as" on the 
first administration was also statistially significant (-.41, p < .02) 
but negative. 



Length Comgavison Appliaaticm Teat 

In order to ascertain whether the ability of children to compare 
lengths of curves was restricted to six specific material sets, the 
Length Comparison Application Test waa administered and a correlation 
study conducted using scores of eight tests (the total tests and subtests 
thereof for the second administration of Length Comparison Test and for 
the first administration of Length Comparison Application Test). The 
correlation of .81 between total scores (Table 6) along with the signifi- 
cant pair-wise correlation of the respective subtests indicates a hizh 
degree of relationship. 

Table 6 
Correlation Matrix 
Length Comparison Test (Second Administration) and 
Length Comparison Application Teat (First Administration) 



Test 1 


2 


3 


4 


5 


6 


7 


8 


LCT 














f 


1. Total 1.00 


.82** 


.79** 


.88** 


.81** 


.71** 


.78** 


.65** 


2. Longer 


1.00 


.52** 


.53** 


.77** 


.71** 


.77** 


.58** 


3. Shorter 




1.00 


.57** 


.69** 


.60** 


.65** 


.59** 


4. Same As 






1.00 


.58** 


.50** 


.56** 


.48** 


LCAT 
















5. Total 








1.00 


.83** 


.93** 


.89** 


6. Longer 










1.00 


.79** 


.60** 


7. Shorter 












1.00 


.72** 



8. Same As 1.00 



**Signif icantly different from zero correlations; p < .01 
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The L^gth Comparison Application Test was administered twice, once 
before the completion of Instructional Sequences II and III and once after. 
The pupil performances on the second administration are of interest because 
Instructional Sequence III contained additional exercises on length com- 
parisons. However, no apparent changes in the mean scores were observable 
across administrations (Table 7). All the reliabilities on the first ad- 
ministration were substantial (Table 8). On the second administration, the 

Table 7 

Means and Standard Deviations of ^Length Comparison 
Application Tee<|s 



First Administration Second Administration 



Test .^X S.D. X S.D. 



Total ^fA.lO 3789 14.44 3.14 

Longer Than , 5.02 1.39 ' 5.16 1.22 

Shorter Than 4.34 1.81 4.86 1.03 

Same Length As 4.74 1.50 4.42 1.58 



reliability of the subtest "shorter than" was very low. A high mean score 
and small standard deviation may contribute to this reliability. 



Table 8 

f Reliabilities of Length Comparison Application Tests 

(Kuder-Richardson #20) 







Reliability 




Test 


First Administration Second 


Administration 


Total 


.85 


.76 


Longer Than 


.71 


.63 


Shorter Than 


.77 


.18 


Same Length As 


.68 


.65 



The correlation of the variables Verbal Maturity, I.Q. , Age, and^ # 
Social Class with the total test scores and subtest thereof on the first 
and second administration were low (-.12 to .39). All but one of the sig- 
nificant correlations involved Age. This is consistent with the correla- 
tions reported earlier for the Length Comparison Test. 



Conservation of Length Relations Test 

An internal consistency reliability study was conducted for each 
test administration. The range of the reliabilities wa^ .81 to .88. The 
item difficulties (Table 9) and means (Table 10) for the Conservation of 
Length Relations Tests indicated that performance of children on Level I 
and Level II items was similar for the first test administration. There 
was a majpr difference, however, for the second administration in that Level 
I items were considerably less difficult that Level II items, items which 
remained at about the same difficulty level for both test administrations. 
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A principal component analysis was conducted (Table ll)t Factor 
1 of the first test administration was abipolar factor where the items 
at Level I loaded negatively and the items at Level II loaded positively. 
Four of the five positive loadings which exceeded .5 were items Involving 
the asymmetrical property of "longer than" or "shorter than." The remaining 



' Table 9 . ^ • ' 

Item Difficulty of Conservation of Length Relations Tests 









Difficulty 






Item 


First Administration Sedond 


Administration 




1 


.59 




.83 


4 


^ 2 


.39 




.69 






.55 




.85 




A 
*» 


.49 






Level I 


5 


.51 




.83 / 




6 


.51 




.77 




7 


.37 




.73 




8 


.49 




.85 




9 


.39 




.73 




1 


.47 , 




.46 




2 


.43 




.58 




3 


.49 




.44 


Level II 


4 


.59 




.58 




5 






.44 




6 


i .43 




.52 




7 


.57 




.56 




8 


.43 




.46 




9 


.4? ^ 




.58 






Table 10 








Means and 


Standard Deviations of 


Conservation of Length 






Relations Test: Level 


I and Level 


II 








First 




Second 






Administration 


Administration 


Level 




X 


S.D. 


X S.D. 


Level I 




4.29 


3.17 


7.13. 2.56 


Level II 




4.33 


2.80 


4.62' 2.92 



poslti-ve loading which exceeded .5 involved the statement, "If A is the 
same length as B, then A is not longer than B." The six items which had 
loadings greater than .5 for Factor 2 of the first test administration in- 
cluded four items which involved logical consequences of the relations, 
" one of which involved the asymmetrical property of "shorter than" and one 
of which tested conservation of "the same length as." 

Of the two identifiable factors of the second test administration, 
the items which had loadings greater than .5 were all Level II items for 
Factor I and Level I Items for Factor 2. Moreover, each Level II item 
had A loading greater than .5 on Factor 1. These factors clearly may be 
result of the item difficulties for\the second test administration. 
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Table 11 

Principal Component Analysis of Conservation of Length Relations Tests 





Item Level 




First Administration 


Second 


Administration 


I 


0 


1 


2 


Level I 




• « 










1 


-.5179 


.4928 


-.1938 


.6206 


Longer Than 


2 


-.8139 


.3029 


.0778 


.7(!)65 


A 


3 


-.7534 


.1310 


.3150 


.4925 




4 


-.6982 


.3444 


-.2794 


.5122 


Shorter Than 


5 


-.6776 


.4312 


-.2651 


.4185 




6 


-.7831 


-.0674 


-.1996 


.7985 




7 


-.6903 


.5853 


-.3807 


.8069 


Same Length Ab 


8 


-.7261 


.2393 


-.3466 


.3631 




'9 


-.8440 


* .4050 


-.4118 


.7599 


Level II 














1 


.5748 


.4854 


.5134 


.3771 


Longer Than 


2 


.3730 


.5885 


.7704 


• .2654 




3 


.6523 


.0404 


.8291 


.2600 




4 


.8592 


.25-77 


.5999 


.1304 


Shorter Than 


5 


.7244 , 


.5162 


.7887 


.2206 




6 


.4528 


.5671 


.5580 


.0838 




7 


.5512 


.6195 


.7462 


.2527 


Same Length As 


8 


.3729 


.2845 


.6475 


.2374 




9 


.3865 


.7055 


.7429 


.1681 ^ 


Percent Communal ity 




45.5k 


21.61 


41.67 


3^0 



These principal component analyses jus^Kled id;ent^fying two levels of 
items in the Conservation of Length Relati^*»«sJCe^. 

Level I criterion was met by one four-year-old and three five-year- 
old's for the first test administration. Of these four children, only 
one five-year-old met criterion for Level I and II on the second test 
administration, and the four-year-old met criterion for Level I. The 
remaining two children did not meet any criterion on the second test 
administration. A total of four four-year-olds and six five-year-olds 
met criterion for Level I on the second test administration. 

In case of the first test administration, seven children scored 
eight or nine on Level II items but at most five on Level I items. Of 
these seven, five had only a zero or one on Level I items. One of the 
remaining two children met criterion for Level 1 and II on the second 
test administration. The other child did not meet any criterion on the 
second test Administration. No child met criterion for Lev^el II only on 
the second administration. 
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After Instructional Sequence I, three four-year-olds and three five- 
year-olds met the criterion for Level I and IP. Five four-year-olds and 
fourteen f ive-yea^'-olds met the same criterion after Instructional Sequence 
II and III. According to the McNemar Test, the change for tfie five-year- 
olds W significant (x^ - 6.67; p < .01), but the change for the four-year- 
olds VB8 not. 

If chtldr^p do, in fact, respond "Yes" or '^o" in a random fashion 
to it^ presented^ then the distribution of total scores should not 'depart 
f rom^ a binomial frequency distribution based on random responses, except 
for chance fluctuations. The actual frequency distribution of scores for 
each group by Conscrvatiqn Level did statistically depart from a theore- 
tical distribution at the .01 level (Table 12). 

A \ ' Table 12 

Comparison of Theoretical and Actual Frequency Distribution 
Conservation of Length Relations 



Test By Age 




Four-Year-Olds 




Level I, F;lrst Administration 


744.5** 


Level I, Second Administration 


1712.8** 


Level II, First Administration 


140.8** 


Level II, Second Administration 


69.6** 


Five-Year-Olds 




Level 'I, Firsct Administration 


351.3** 


Level I, Second Administration 


2071.5** 


Level II, First Administration 


267.0** 


Level II, Second Administration 


495.9** 



**p <J.01 



The correlation between the I^vel I and Level II total scores with 
Verbal M&turity, Age, and Social Class was not significantly different 
fxomoAexo correlation except |or the correlation between I.Q. and the 
Level II total scores on the second test administration. This correlation 
of, .34 was low. 

Reflexive and Hanreflexive Test^ 

■ * V . 

The rcliabilitiey for the Reflexive and Nonreflexive Test werfe .43 
for the first test, administra^ioA and .53 for jthe second'test administra- 
tion. A contribution to the low test reliabilities was the existence of 
more than one factor .in the test, (Table 13). In case of each test admini- 
stratiot^^'^the items loaded on two factors. Factor 1, in case of the first , 
test administration, was a combination of the reflexive property and the 
t3n?e^of transformation and Factor 2 was a combination of conservation in- 
volving the non'reflexive property and the type of transformation. It is 
noted that for both factors, two of the items involving the same property 
loaded with a highfer value than the third. The third item always involved 
a different transformation ftom^fhe two others, which involved the same 
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transfonaatlon. These factors clearly justify the criterion established 
because for a child to know that a curve Is the same length\s itself, he 
must also know it is not longer or shorter than itself. 

Table 13 

Principal Component Analysis for the Reflexive and Nonr^flexive Test 





Item 


F-ivet Adminietration 


S^zacmd Adntinietraticn 


' 1 


2 


1 


U 


Nonreflexive 










1 


.1971 


.6889 


.7808 


,0553 


• 2 ' 


-.1639 


.6452 


.8748 


.0444 


3 1 


.1975 


.3252 


.5354 


-.0007 


Reflexive 










4 


-.9071 


-.0168 


-.0819 


.7808 


5 


-.9341 


.1090 


-.0586 


.8334 


6 


-.4188 


.0184 


.0940 


.3311 


Percent ComDmnality 


52.63 


^ 26.88 

<jf 


. 42.45 


35.84 



The item difficulties for the first test administrat^on^iAnged 
from .24 to .51 with foui; item difficulties below .40. The Lt^difficul- 
tles for the second test administration ranged from .37 to/;88\ith only 
one difficulty below .40. All of the item difficulties inc;reased from the 
first to second administration with the greatest increase for the items 
involving the reflexive property. A change from 2.12 to 3.75 in the means 
for the first and second administration reflected the modest increase in 
item difficulty. 

One four- and one five-year-old earned a score of five or six on 
the first test administration. The number of four- and five-year-olds 
meeting the criterion on the second test adnvinistration increased to six 
^nd nine, respectively. #rhe two children who met the criterion on the 
firart test administration did not meet the required level of performance 
on the second administration. However, the number of students who changed 
from noncriterion to criterion was greater than the number of children who 
changed from criterion to noncriterion (x^ 8.50/ p < .01). There was ^Iso 
an incfrease in the number of children that responded correctly to all the 
reflexive items_ but did not meet the criterion, '^he chaiWe was from seven 
to twenty-one from the first to the second test ailministrition. 

When the distribution of to&0^ scores by the four4year-olds was 
considered,, it was found that the f^^uency distribution zor both the first 
(x^ - 32.8) and second, (x^'^ « 50.7) test administration departed statistically 
at the .01 level from a binomial distributioit. The theoretical and actual 
frequency distributions of scores, earned by tn& five-year-olds on the first 
(x^ - 37.7) and second (x^- " 31.3) l;est administration also departed statisti- 
cally at the .01 level. 

All correlations of the total scores wi'th^'Xhe variables Verbal 
Maturity, I.Q., Age, and Social Class were low. Howler, the correlations 
between total scores and So|Jial Class were sigfilficantV different from, 
zero. 
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TranHHinty' 

The reliabilities for both test adninistrations for^the Transitivity 
Test (.50 and .45) were low. This nay be expected because the principal 
component analysis (Table 14) revealed the existence of jaore than one 
factor in the test. For the first test tdnlnistration, two itecis (one 
involving transitivity of "shorter than" and one "longer than'^ loaded 
greater than .5 on Factor 1. Factor 2, first administration, is a com- 
bination of transitivity of "longer than" and "same length as." For the 
second test administration. Factor 1 involved transitivity of "same length 
as," and Factor 2 involved transitivity of "shorter than" and "longer than," 
a clear dichotomy. 

Table 14 

Principal Component Analysis for the Transitivity Test 





Item 


Relation 


First Administration 
1 2 


Second Administration 



1 Same Length .4362 

2 Same Length .2940 

3 Shorter than . -6970 
^ Longer than .5621 

5 Same Length .3424 

6 Same Length .4241 
Percent Communality 44.44 



.4998 .8001 -.0065 

.4637 .5762 .3157 

-.1967 .1468 -.4648 

-.5222 .1204 -.5562 

.2903 .4260 -.0658 

-.0345 .7806 -.1921 

27,90 61.50 11.11 



The mean scores for the first and second administration were 2.00 
and 2.67, respectively, an increase which reflected the increase in item 
difficulty for each item. Only one item on any administration had a 
difficulty that exceeded .5. Four four-year-olds and five five-year-olds met 
the criterion (a total score of five or si5d for transitivity on the first 
test administration. A* total of fifteen students met the criterion on the 
second administration of which five were four-year-olds and ten were five- 
year-olds. Five students that met the criterion on the first test admini- 
stration did not meet the criterion on the second administration. Three 
of these students were unable to make the necessary length comparisons 
upon which to base the transitive property. Therefore, only two students 
may have lost transitivity. The level of performance of one of these two 
students may involve a chance fluctuation since transilTivity was exhibited 
three out of five times on the second test administration. 

The actual frequency distributions of scores earned by the four- 
year-olds on the first (x^ " 6.5) and on the second (x^ - 9.1) test administra- 
tions did not depart statistically at the .05 level from a binomial distri- 
bution based on random responses. Since the actual frequency distributions 
for the four-year-olds did not depart from the theoretical distribution, 
no four-year-olds were considered to have the ability to use the transi- 
tive property of the length relations involved. In the calculation .of 
the theoretical binomial distribution based on guesses, a probability p 
for correct responses was .30. This value is based on an efficiency level 
of .78 as calculated from the Length Comparison Application Test, first 
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test adniulstratlon. 

The actual frequency distribution of scores earned by the five-year- 
olds on the first (x^ - 17,2) and second test administration (x^ - 74,9) 
did depart statistically from a bincaial distribution at the ,01 level. 
The main departure for the' first adnijiistration scores vas in the number 
of 0 and 1 scores. An increase in frequency of total scores in the range 
of 3 to 6 was noted in the results of the second test administration. 

An investigation of characteristics of children not meeting the 
criterion and those meeting the criterion revealed little difference 
between the mean age for the two levels of performance of any one group. 
There was a small difference between the mean Verbal Maturity scores and 
for the mean I,Q. scores. Correlation between the variables Verbal 
Maturity, I.Q., Age, and Social Class and the levels of performance were 
not statistically significant. 

i?5^att^ts^tp8 AmoTxg the Variables 



On the first test administration, two children met criterion on the 
Reflexive and Nonreflexive Test. Neither of these children met criterion 
on the Transitivity Test or criterion on Conservation of Length Relations: 
Level I and II Test. One child met criterion only in the case of the 
Conservation of Length Relations: Level I Test. On the second test 
administration, only one child out of the 14 who met criterion on the 
Reflexive and Nonreflexive Test met criterion on the Transitivity Test. 
This child did not meet the criterion on. the Conservation of Length 
Relations: Level I Test or on the Conservation of Length Relations: 
Level I and II Test. However, seven of the 14 children who met criterion 
on the Reflexive and Nonreflexive Test met criterion on the Conservation 
of Length Relations: Level I and II Test, and three children met criterion 
in the case of Conservation of Length Relations: Level I Test. 

Four children met criterion of Length Relations: Level I Test but 
not on the Level II Test for the first test vadministration. Two of these 
children met criterion on the Transitivity Test and one met criterion on 
the Reflexive and Nonreflexive Test. The two children meeting criterion 
on the Transitivity Test did not mjeet criterion on the Reflexive and Non- 
reflexive Test. Only four out of the ten children Who met criterion on 
the Conservation of Length Relations: Level I Test but not the Level II 
Test on the second test administration met criterion on the Reflexive and 
Nonreflexive Test. None of the ten met criterion on the Transitivity Test. 

On the first test adzoinistration, only one out of the six children 
who met criterion on the tonservation of Length Relations; Level i and 
II Test met criterion on the Transitivity Test. None of trfese six child- 
ren met the criterion on the Reflexive and Nonreflexive ifest. On the 
second test administration, seven of th^ 19 children who met criterion 
on the Conservation of Length Relations: Level I and II Test met criterion 
on the Reflexive and Nonreflexive Test. Seven different children met 
criterion on the Transitivity Test. Five children did not meefl criterion 
on the Reflexive and Nonreflexive Test or on the Transitivity 'Test. ' 

On the first test administration, only two of five children who met 
criterion on the Transitivity Test met criterion on the Conservation of 
Length Relations: Level I Teat. One of these five children aAt criterion 
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on the Reflexive and Nonreflexive Teat. On the second teat administration, 
seven of the ten students \rfu> met criterion on the Transitivity Teat also 
Bet criterion on the enervation of Length Relations: Level I and II 
Test, but only one cttild met crlo^i^n on the Reflexive and Nonreflexive 
Test, • / 




luaions, DiscuasionSj and Implicaticna 



Length CorrrpoHaon Teat 



Before or after Instructional Sequence I on length comparison, the 
performance of four-^ear-old children In establishing a relation between 
two curves Is not different from that of five-year-olds. It appears that 
Cour- and f Ive-ycar-old children easily learn the relation "longer than" 
through informal experiences or testing facUltatea learning of this rela- 
tion. Bellen and Franklin (1962) did find that testing facilitates first- 
grade children's acquisition of measurement tasks which. In addition to 
the fact that testing was conducted, for all three relations, leads to the 
conclusion that children acquire "longer than" through informal experience 
to a greater extent than "shorter than" or "the same length as." 

Instruction on establishing length comparisons does significantly 
Improve the ability of both four- and five-year-old children to establish 
length comparisons. The instructional experiences utilized In this study 
Involved a continuous interplay between language and manipulation of objects 
as Bruner and Kenney (1966) recommend. This Interplay was an endeavor to 
eliminate experiences dependent solely upon language and not real practical 
action, which Adler (1964) considers a failure of formal education and 
which should have aided the children In not responding on a perceptual 
basis when establishing length relations as suggested by Wohlwlll (1960). 

The ability of four- and five-year-old children to make length com- 
parisons involving the relations "longer than," "shorter than," and "same 
length as" Is not limited to situations in which they learned to establish 
these relations — as the children had the ability to use the relations in 
novel length comparison situations. The formal expediences with concrete 
materials was sufficient for a majority of the children to reach an overt 
operational level with length comparisons, a level of performance which 
was retained over the several months this study was in progress. 

There appears to be little. If any, relation between the variables 
of Verbal Maturity, I.Q., Age, and Social Class and the ability of four- 
and five-year-old children to make length comparisons involving "longer 
than," "fhorter than," and "same length as." This la similar to Bellen 
and Franklin's (1962) findings that I.Q. was not a factor in first-grade 
children's learning to measure length. 

Coneervatim of Length Relationa 

The definitions given for length relations and conservation of 
these relations (I.e., that the relation obtains regardless of the prox- 
imity of the curves) seem to have been supported by the results of t\\<^ 
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study. On the Length Coaparlflon Application Test, first adnlniatration* 
the mean score was 78 percent CXA.IO out of 18 itesis) with a st^dard 

deviation of only 3.89. At this- point in tlae, the children in the. 

study were able to aasociate a relational term with an overt comparison 
of curves in such a way that they vere able to discriminate among the 
comparisons denoted by "longer than," "shorter than," and "the same length 
as." The particular relation a child established on the first administra- 
tion of the applicati x test through overt comparison was a fiinction of 
the proximity of the orves involved. This is supported by the fact that 
at most two children ^ould be classified at only Level I and at most four 
children could be classified as meeting criterion on the Conservation of 
Length Relations: Level I and II Test (those four who met criterion on 
both the first and second administration of the Conservation of Length 
Relations Test). With the exception of these last four children and 
possibly the former two, there is no evidence that at the time of the 
first administration of the Length Comparison Application Test an overt 
comparison constituted a logical-mathematical experience for the child 
making the comparison. The overt! comparison was certainly not sufficient 
for the child (using Piaget's terms) to disengage the structure 
of the relation he established. It certainly may be the case that the 
relation for the child not only was a function of the proximity of the 
curves but was a function of the external physical situation so that the 
child did not think aboyt the relation in the absence of the external 
situation. In Bruner and Kenny's (1964) terms, the child had not inter- 
nalized the relation; or in Lovell's (1966a) terms, the child was not aware 
of the significance of his actions in the overt comparison of the curves. 

The definitions of Level I and Level II were well supported by the 
principal components analysis on the first administration. This analysis 
shows that the items written at Level I and Level II involve differential 
abilities. In particular, for the ptetest, the items written at Level II 
which involved the asymnJetrical property of "longer than" or "shorter 
than" loaded on Factor 2 as well as an item involving a logical conse- 
quence of "the same length as." On the second test administration, the 
items written at Level I were much leds difficult than those written at 
Level II, which certainly contributed to the factors present in the prin<* 
cipal component analysis. 

Level I items were constructed to measure the extent to which the a 
children realize that the length relation they established between two 
curves is independent of the proximity of the curves. As noted, before 
the administration of Instructional Sequences II and III, only about 12 
percent of the children could be categorized at Level I. After the ad- 
ministration of Instructional Sequences II and III, however, the evidence 
indicated that about 57 percent of the children could be categorized at 
that Level. At the same two points 'in time, the per cents were 8 and 37 
with regard to Level I and II, which was a statistically significant 
change. It must be emphasized that the childrei\ in this 37 percent not 
only were able to establish a relation between two curves and retain the 
relation regardless of the proximity of the curves but were able to use 
the asyimnetric property and logical consequences of the relation under 
consideration. It is certainly true that the exper^-encfis ^contained in 
Instructional Sequences II and III did not readily increase the children's 
ability to use logical consequences of the relations they were able to 
establish. 
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The data suggest that the mean I.Q. for the five-year-old children 
who met criterion for Level I and II was greater than the mean I.Q* for 
those who did not meet criterion. The correlation of total scqres for 
Level I and II with the variables of Verbal Maturity, I.Q., Age, and 
Social Class were not significant with the possible exception of a low 
correlation between I.Q. and Level II posttest scores. 



Reflexive and Honreflesrive Properties 

Very few four- and five-year-old children were able to use the reflex- 
ive and nonreflexlve properties on the first administration of the Reflex- 
ive and Nonreflexlve Test. Elklnd (1967) apparently would Identify the 
ability tjL^use the reflexive property as conservation of Identity even 
though hfe did not subdivide conservation of Identity with regard to the 
reflexi^le and nonreflexlve properties. An effort Is- made here not to 
confuse conservation of Identity \d.th the ability to use the reflexive 
and noni^^flgxlve properties nor to confuse conservation of length with 
conservation of length relations. 

Some four- and f Ive^year-ald children have the ability to use the 
J reflexive property but not the nonreflexlve property. Instructional 
\ experience on , length comparisons appear to be sufficient for such children 
\to exhibit the reflexive property, as 14 percent of the sample were able 
\^o use the reflexive propertj^on the first test administration as compared 
to four percent who were able to use both properties. 

Instructional Sequences II and III significantly Increased the ability 
of four- and five-year-old children to use both properties. Cm the second 
test administration 41 percent of the sample were able to use only the 
reflexive property and 30 percent of the sample were able to use both. 
Only 29 percent of the sample did not display ^ ability to use the 
reflexive or nonreflexlve properties. These conclusions substantiate 
Plaget's theory that experience Is a necessary but not a sufficient 
condition for the development o£ logical thought processes because ail 
the children received the same selected experiences. Certainly the data 
substantiate that the ability to use the reflexive property Is different 
from and precedes the ability to use the nonreflexlve property. 

There appears to be little, ff any, relation between the student 
variables Verbal Maturity, I. 9,, Age, and Social Class and scores .earned 
by four- and f Ivc-year-old children on the Reflexive and Nonreflexlve Test. 
Only correlations Involving Social Class were significantly different -from 
zero, but these correlations were low. 



Transitivity * * 

Few five-year-old children were able to use the transitive property 
after only Instructional experience In establishing length relations. At 
this point In time, only 16 percent of the five-year-olds used the transi- 
tive property. At the same point In time, the distribution of total scores 
for the four-year-olds did not statistically depart from a binomial dls* 
trlbutlon based on random responses, so no four-year-old was considered 
able to use the transitive property of length relations. Sqioa children 
performed poorly because of their Inability to establish the two Initial 
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comparisons, an inability Snedslund (1963b) considers as a reason for 
failure of some young children to use th^ transitive property. 

Instructional Sequences II and III did increase the ability of 
^ flve-year-^lds to use the transitive property, since the percent of five- 
year-olds able to use the transitive property increased to 31. These 
same experiences did not increase the ability of four-year-old children 
to use the transitive property because again the distribution of total 
scores for the four-year-olds did not statistically depart from a binomial 
distribution based on guessing.. The number of five-year-olds that used 
transitivity of length relations is below that found by Braine (1959) but 
above that found by Smedslund (1964). It appears that these experiences 
were not logical -mathematical experiences that readily increase children's 
ability to use the transitive property. All the children may not have 
had a mental structure sufficient to allow assimilation of the information." 

The mean Verbal Maturity and I.Q. of five-year-old children who were 
able to use the transitive property appeared to be slightly higher than 
for those who do not use this property. However, the correlations between 
these two variables and transitivity scores earned by the total sample was 
—-^not statistically different from ze^t. Also, there appears to be little, 
^if any, relationship between the variables Age and Social Class and the 
ability of four- and five-year-old children to use the transitive property. 



Relationshipa Among the Variables 

The relationships of reflexive and nonreflexive properties, conser- ' 
vation of length relations, and transitivity of length relations will be 
discussed on each of the first and second test administrations < 

On the firsU test administration only two children met criterion on 
the Reflexive and Nonreflexive Test so that a discussion of relationships 
is not appropriate. However, on the second administration, 30 percent of 
the children met criterion. Of this 30 percent, only one child met cri- 
terion on the Transitivity Test. Because there were lO children who met 
criterion on the Transitivity Test, it is quite apparent that the ability 
to use the reflexive and nonreflexive properties as measured here is not 
a necessary or a sufficient condition for the ability to use transitivity 
of length relations. - This observation is quite consistent with the fact 
that the reflexive property of "the same length as" does not Imply the 
transitive property of "the same length as" nor does the nonreflexive 
property of "longer than" or "shorter than" imply the transitive property 
of these two relations, on a logical basis* ..Conversely, the transitive 
property of "longer than" or "shorter than" does not Imply the nonreflexive 
property of these two relations. Because on a logical basis the reflexive 
property of "the same length as" is (under restricted conditions) a con- 
sequence of the symmetric and transitive properties of "the same length as," 
and because some children could use the reflexive property but not the 
transitive property, there may be factors which enable children to use 
the reflexive property before. they are able to use transitivity (e.g., 
spatial Imagery or the definition of "the same length as"). ]^ fact, the 
results indicate that the reflexive property may be necessary for transiti- 
vity. This observation may be due to the possibility that use of the 
reflexive property in this study was more of a "learned response" than a 
logical-mathematical process. 
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It also appears that use of the reflexive and nonreflexlve properties 
Is not a necessary or sufficient condition for being able to conserve 
length relations. Of the 30 percent who met criterion on the Reflexive 
and Nonreflexlve Test, only seven children met criterion for the Conser- 
vation of Length Relations: Level I and II Test. This observation Is con- 
sistent with the logical relationships of the properties of the relations. 
However, the data do not contradict the fact that being able to use only 
the reflexive property may precede an ability to conserve length relations 
at Level I and, therefore. Level II. The data of this study support the 
contention that conservation of Identity Is not unitary In nature. Certainly, 
If a child judges that a stick Is the same length as Itself, he must also 
judge that It Is not longer or shorter than Itself, or a contradiction 
would be present. On a logical basis and on a psychological basis, when 
one considers "conservation" problems, it Is necessary to consider the 
properties of the relations which may be involved. 

For those nineteen children who met criterion on the Conservation 
of Length Relations: Level I and II Test, seven met criterion on the 
Transitivity Test. Since only ten children met criterion on the Transi- 
tivity Test, It seems that conservation of length relations: Level I and 
II Is necessary for transitivity. The fact that two of three children who 
met criterion on the Transitivity Test but not for conservation length 
relations: Level I and II, did not meet criterion for conservation of 
length relations: Level I or for reflexlvlty and nonreflexlvlty. Indicates 
an Inaccurate assessment. The above data are consistent with Smedslund's 
(1963b) observation that what he calls conservation of length Is a necessary 
condition for whag he calls transitivity. 

The study Involves Implications for further research and development. 
Among these Implications, the following are relevant. (1) With the exception 
of the transitive property. It may be Important to first introduce the pro- 
perties, relationships, and consequences of the relations involved at the 
point In time In which the children are first able to associate a relational 
term with an overt comparison and before perceptual conflict Is Introduced. 
The children could then observe, with perceptual support, the properties, 
etc.. Involved. Tf the children were thus able to learn that the relation(s) 
they establish Is (are) not a function of the proximity of the curves 
Involved, they may be ablfc to use the properties, etc., in the ab^sence of 
perceptual support, and indeed, even In the presence of perceptual conflict. 
(2) The relations "as many as," "more than," and "fewer than," and their 
properties are baslc^ In the development of the cardinal numbers. For this 
reason, an analogous study as suggested In (1) above is Important. (3) 
If children are able to leam particular equivalence or order relations 
and their properties, relationships, and consequences, are they able to 
transfer this knowledge to other such relations given knowledge of that 
relation? (4) On a logical basis, the relations Involved in this study 
are basic to measurement. Moreover, the relation of "more than," "fewer 
than," and "as many as " are basic to cardinal numbers. Are the relations 
basic also on a psychological basis? 
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Appendix 

Sample Items of Measuring Instruments 
Length CompariBon Teat 

Material Set I 

Materials: 

One green stick; 3 pieces of white string, one being longer than, one 
shorter than, and one the sane length as the gre^en stick 

Directions: 

Item 1» Using these pieces of string, find a piece longer than this 
green stick. 

Item 7, Using these pieces of string, find a piece shorter than this 
green stick. 

Item 14, Using these pieces of string, find a piece the same length 
as this stick. 

Conaervation of Length Relatione Teat 

Level I — Longer Than 

Materials: 

One green straw; 3 red straws, one being longer than, one shorter than, 
and one the same length as the green straw 

Statement: 

Using these red straws, find a straw longer than this green straw. 
Transformation: 

green 

^red (move the red straw) 

Question: 

"Is this red straw still longer than this green stra;>?** 
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Oae green straw; 3 white pipe cleaners, one being longer than» one 
shorter than, and one the same length as the green straw 

Statement: 

Using these pipe cleaners » find a pipe cleaner longer than this 
green straw. 

Transformation: 



Question: ''Now Is the green straw longer than the pipe cleaner?" 

Reflexive and Nonreftexive Teat 

Haterials: 

1 cardboard with H^L Diagram. 1 6- In. flannel strip 
Statement: 

Look at the length of this strip. 
Transformation: 

Look at the strip heret <rrr=z-=:> 
Look at the strip here. > . =3< 

Question: 

"Now, i« the strip longer?'* 



Level II — Longer Than 



Materials: 




green straw 



pipe cleaner 

(move the green straw) 



er|c 



■51 



46 Re$emrch on MmthimuHcal Thinking of Young Children 



TrcxnHHvity feet 



Materials: 



A red stick and a greea stick of the same length attached to a' 
cardboard as follows: 



red stick 
green stick 



A white stick the saoie length as the red and green sticks for the 
child 8 use. 

Question: 

(a) "Is the red stick the same length as your stick?" 

(b) "Jt^ the green stick the same length as your stick?" 

(c) "Ig the green stick shorter than the red stick?" 
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Learning of Equivalence and Order 
Relations by Disadvantaged 
Five- and Six-Year-Old Children 



Hllgard (1964, pp. 405-4fb) has suggested that there is a continuum 
of research studies along the dimension froca pure research on learning 
to applied research on classroom practice. He specified six steps along 
this continuum: (1) learning research without regard for educational 
relevance, e.g., animal studies; (2) learning research using human sub- 
jects, but without concern for educational practice; (3) research on 
learning which is relevant to school learning, because school children 
and content are studied; (4) studies conducted in special laboratory 
classrooms on the feasibility of some educational practice; (5) tryout 
ia a normal classroom; (6) developmental steps. In the first three of 
these steps the investigator is not primarily concerned with Immediate 
application of his results to the classroom* In the second triad of . 
steps, the researcher is expressly interested In classroom practice. 

An analogous argument can be made for the existence of a continuum 
of types of research ranging. ^^:om basic research on cognitive development 
to eventual classroom practices based upon cognitive development theory. 
From the Genevan studies it appears that Plage t and hid colleagues are 
interested in the nature of cognitive development without |>articular coor 
cem for educational practice. Similarly, in many of the training studies 
which have been reported (Beilin, 1971), the experimenter is not primarily 
interested in developing curriculum for schools. The present study may 
be categorized at a level analogous to step (4) above. The investigator's 
goal i& to make application of cognitive development thetry to curriculum 
use4 in the classroom. ' 



The experiment reported in this chapter is based on a doctoral 
dissertation in the Department of Kathematics Education at the University 
of Georgia (Owens, 1972). 
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The Problem 



The purposes of this study were fourfold: (1) to determine the 
effectiveness of a set of activities designed to teach .conservation and 
the transitive property of the matching relations "as many as," "more 
than," and i^£«ver than" to a group of economically disadvantaged five- 
and slx-y^i^J^ children; (2) to determine the effect of the learning 
activities on t* ability of the children to use properties of matching 
relations other l^n the specific properties u^on which instruction waa. 
given; (3) to detraaiM^^e effect of the learning activities on the. 
ability of the chilorai to conserve and use relational properties of 
length relations "as long as," "longer than,"/3nd "shorter than"; (4) to 
determine relationships among matching and lelngrh relations. 



An operation, a concept (Central' to Piaget*s developmental theory 
(1970, pp. 21-23), has four properties. First, an operation is an 
action which can be carried out in thought as well as executed physically, 
The second characteristic of an operation is that it is reversible; the 
action can be carried out in one direction and in the opposite direction. 
Third, an operation always assumes some invariant (conservation). The 
fourth property is that every operation is related to a system of oper~ 
ation called a structure. 

Plaget (Beth & Piaget, 1966, p. 172) believes that mental structures 
of the stage of concrete operations (from age 7 or 8 to age 12, approxi- 
mately) may be reduced to a single model called "groupings." Piaget has 
postulated eight major groupings and a ninth preliminary grouping of 
equalities (Flavell, 1963, p. 195). If x and y represent grouping ele- 
ments and "+" and "-" represent grouping operations, then each grouping 
has the following five properties (Plaget, 1964c, p, 42): 

1. Comblnativity, x + x' " y; ' \ 

2. Reversibility, y - x - x' ; ^ ^ 

3. Associativity, (x + x' ) + y' - x + (x' + y* ) ; 

4. General operation of identity,' x - x • 0; 

5. Special identities, x + x " x. 

In Grouping I, Primary Addition of Classes, the elements are classes 
which are ordered in a chain of inclusions ACBCC, etc. Addition, "+," 
is interpreted as the union of classes and "-" as set difference relative 
to a supraordinate class. Thus A + A' - B where A* « B - A, since ACB, 
and "0" represents the null class (Flavell, 1963, pp. 173-74). 

In Grouping V, Addition of Asymmetrical Relations, consider -^the 
seriation 0<, A<B<C<D, etc. If 0 < A, 0 B, 0 < C, etc., are 
denoted by a, b, c, etc., and A < B, B < C, C < etc., are denoted by 



interpreted* as transitivity of the relation when wrirten as given (Beth 
& Piaget, 1966, p, 177). 



Operation and Structures 
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In an additive system of relations, such as Grouping V, reversibility 
takes the form of what Piaget calls reciprocity (Beth & Pia^et, 1966). 
Reciprocity consists of cither permuting the terms of the relation (denoted 
by R), reversing the relation (R'), or both (R"). Thus, R(A < B) - B < A, 
R'(A < B) - A > B, and R" (A ^ B) " (B > A) . Concerning reciprocity Beth 
and Pij^et (1966) stated: / 

If combine additively the relaticn^A < B) with its R* » 
cmd i?"^ we have: ^ ^ 

& (B < A) « (A ^ B) which is true in the case 
•hA^ relation is 




B) + (A > B) ^ (A ' B) id, 

(3/ (A < B) + (B > A) (A < B). 

Thus^ in all three cases there is no anullment, but the product 
is either an equivalence or the relation with which we started 
, unchanged»[p, 177'} 

*^ 

Piaget indicated that statements (1) and U> hold for partial order 
relations, such as ^'less than or equal to." Apparently (1) should be 
interpreted as, if A £ B and 3 < k then A ■ B. This is precisely the anti- 
symaetric property of a partial order relation. Moreover, if "< is an 
order relation such as "less than*' for example, then A < B and B < A 
contradict 'the asynmietric property and cannot hold simultaneously. In 
(3) A < B and B*^ > A are logical equivalents and can hold simultaneously 
for order relations as well as for partial orderings. Thus, R" (A < B) ■ 
B > A is evidently the form of reciprocity characteristic of Grouping V 
since the R and R* cannot be combined with the original asymmetrical 
relation. 

Jhe general identity is not the absence of a relation, as in the 
case of the null class, but an equivalence relatiqn. A special identity 
takes the form of (A < B) + (A < B) « (A < B), and associativity is 
limited to the cas€^ in which no special identity is involved (Beth & 
Piaget, 1966, p, ly^). 

Development of the Concept of Measurement 

Number 

) From, Piaget *s (1970, pp. 37-38) analysis of children's mental pro- 
/ cefises, he has concluded that the development of the concept of number is 
j a iflynthesis of operations of class inclusion and opera^tions of order. So 
I long as the elementsof a class have their qualities. Grouping I and" 
A Grouping V cannot be^pblied to the same elements simultaneously, but 
\. the basis of the notion ^f ny mber" £3 t^t the elements are stripped of 
>J:heir qualities, such that each element becomes a unit. As soon as the 
\ qualities of the elements are abstracted! Grouping I and Gro^uping V can 
no longer function separately but mu»t nfecc^sarily merge into a single 
new structure (Beth & Piaget, 1966, i!p./259-67) . "Class inclusion is^ 
irfvolved in the sense that two is incWded in three, three is included 
in four, etc." (Piaget, 1970, p. 38). Since the elements are considered 
to be equivalent the only way to tell the elements apart is to introduce 
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some order. The elements are errangedone after another spatially^ tem- 
porally or in the counting sequence (Piaget, 1970, p. 38), 

Van Engen (1971) disagrees with Piaget's notion of number. 

The difficulty with this conception of number ia that it 
does not dietingidsh between the elemente of a set and 
the relation that exiete between tiy? or more elemente of 
the set. The study of the order of whole numbers is the 
study of a relation that exists between pj)o menders and 
haa the usual properties of an order relation. Ip, 40] 

Van Engen (1971, pp, 37-39) suggests that, from a matheiaatical 
point of view, the cardinal numbers are standard sets of a particular 
kind. For example, 5 - {0, l, 2 3, 4). To determine the cardinality 
of any set S, it is necessary to^find jone of the standard sets to which 
S is equivalent. This is accomplished by constructing a one-to-one 
correspondence or by counting. "Prom the point of view of mathematics, 
the relations »as nany as,' 'more than,* and 'fewer than* are basic to 
the develbpment of number"(Van Engen, 1968, p, iii) , On the basis of 
theae relations, the cardinal numbers can be ordered, and the counting 
set can be formed. 

These matching relatione may be operationally defined between twq 
sets A and B of physical pbjects aa follows. Place an a beside a b 
until all the a*s or 2?*8 are esihausted. if both sets are exhausted 
simultaneously, then there are as many a's as 2?*s. If set ^ is exhausted 
and set A is not exhausted, there are more a*8 than i?*s and fewer Zj's 
than a*s. 

The relation "as many as*' is thus another way of expressing set 
equivalence and is an equivalence relation. If "there are as many a's 
as b s" is indicated by "Assb" for equivalent sets A and B, then "sj " 
la reflexive (Ac; A); syiaaetric (If A^B then B=:fA); and transitive (If • 
A»B and Bs^C then A=?C). The relations "more than" and "fewer than" 
are order relations, for if A > B indicates "there are more (or fewer) 
a 8 than b's," then ">" is nonreflexlve {K i K)\ asymnetric (If A > B 
then B A); and transitive (If A > B and B > C then A > C) , The relatione 
more than" and '*fewer than*' are examples of asymmetrical transitive re- 
lations of which Piaget wrote. They also exhibit the reversibility pro- 
perty. For if there are more a*s than 2?*s, then there are fewer 2?*s 
than a*s , and conversely. Thus, from the mathematical point of view of 
Van Engen and from 'the psychological perspective of Piaget, the matching 
relations are involved in the development of the number concept. 



Measurement 



4|§Iea»urement has been described as *'a process whereby a number is 
assigned to some object"{steffe , 1971, p. 335). From this definition 
it follows logically that number is a prerequisite* of length. Sinclair 
(1971) has stated that the ^ 

first meaeurement concept (length) is achieved rather later 
, than that of number;. . . There ^is an even greater time 
lag..\between acquisition of the corresponding conservation 
of length concept and the simple nionerical conservations. 
Although the psychological construction is parallel, dealing 
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idth aontinuoue elements ie very much more difficult than 
dealing with diecontimioua unite • [p. 253] 

Sinclair (1971) has preacntcd empirical evidence which is consis- 
tent with the logical conclusion that nuober precedes length in develop- 
ment. However, the explanation given is that length is achieved later 
than nuiaber because it is more difficult to deal with continuous elements 
than with discrete objects. Relations also provide a basis for the 
development of measurement in elementary school children. The relations 
"as long as," "longer than," and "shorter than" are comparisons of the 
relative lengths of segments, but for children they can be defined on 
objects such as sticks or straws. In the present study, a concept of 
nuober was not required in establishment of either the matching relations 
or length relations. However, the materials for the length relations 
were continuous objects, and the materials for the matching relations 
were discrete. Thus, Sinclair's (l97l) hypothesis raises the question 
of whether the ability to use the matching relations precedes the ability 
to use length relatione in the tasks of conservation and transitivity. 

For an operational definition of the length relations, consider 
two segments A and B. A is as long as B if whenever A and B 

. . . (or their tranefoime) lie on a line in such a way 
that two end points coincide (right or left), the two 
remaining end points coincide, A is longer than B 
if and only if the remaining end point of B coincides 
wii^ a point between the end points of A. Also, in 
this case, B is shorter than A. [Carey and Steffe, 2968, 
p. 31] 

The relation "as long as" thus defined is an equivalence relation ^uid 
has the reflexive, symmetric, and transitive properties as does the 
matching relation, "as many as." The relations "longer than" and 
"shorter than" are order relations and possess the nonreflexive, 
asynmctric, and transitive properties analogous to the relation 'Vore 
than." 



Conservation and Transitivity 

In Piaget's (1952) classical conservation of number tasks, a child 
liT asked to establish that there are as many objects in a set A as in 
k€t B. Then one of the collections, say A, is taken through a physical 
transformation. Then the child is asked, "Are there as many a'i as 2?'s, 
or does one have more?" Van Engen (1971, p. 43) has argued that this 
task may be measuring whether or not the child conserves the one-to-one 
correspondence rather than conservation of number. In this study a task 
similar to the above example is considered to be a measure of conservation 
of the relation "as many as." It is not necessary that conservation be 
limited to cases of equivalence. For example,, in a fcask given by SmedeXund 
(1963b) a child was asked to establish that one stick was longer than a 
second stick and to maintain that the one stick was longer aftep a, .con- 
flic ting cue was introduced. While Smedslund called the task "conservation 
of length," a similar task in the present study is called "conservation 
of the relation 'longer than.'" Thud, order relation conservation is . 
also included. 
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Cooservatlon Is studied from the relational point of view and 
transitivity is necessarily a relational property. Thus, the relation- 
ship between the development of conservation and attainment of transi* 
tivity is approached from the standpoint of relations. In his earlier 
vriting» Piaget (1952 » p. 205) reported that as soon as children can 
establish a lasting equivalence (that is, conserve the equivalence), they 
can at once use the transitive property. '*The explanation is simple: 
the composition of two equivalences (transitivity]* is already implied 
in the construction of a single lasting equivalence between two sets, 
since the different successive forms of the two sets seem to the child 
to be different sets" (Piaget, 1952, p. 208). 

Similarly, Northman and Griien (1970) argue that transitivity is 
involved in equivalence conservation. Suppose the subject establishes 
A equivalent to B (A « B) . When an equivalence-preserving transformation 
T is performed, the subject establishes (covertly) A - T(A), Then, tran- 
sitivity is used in order to deduct T(A) ■ B or to conserve the equiva- 
lence of A and B. 

. Smedslund (1904) has argxied that from a logical point of view, con- 
servation precedes transitivity in the child's development. Consider 
three quantities which are related by a transitive relation @. Assume 
that a child established A9B. B (or A) must undergo some transformation, 
T, before B ia^cj^pared with C; otherwise, A and C can be compared per- 
ceptually. Hence T(B) (or A ■ T(A)) must hold from one comparison 
to the other. 

In a later discussion of training research Piaget (Beth tt Piaget, 
1966, p. 192) also alluded to an ordering in the attainment of conserva- 
tion and transitivity. He reported that Stziedslund easily induced conser- 
vation of weight by repeatedly changing the shape of a small clay ball 
and checking the weight on a scale. Smedslund was not successful in 
obtaining Immediate learning of the transitive property. 



Basic Questions of the Study 



Among equivalence and order relations in the primary school cur- 
ricula are set relations, based on matching finite sets of objects, and 
length relations, determined by comparing relative lengths of objects. 
It appears from Piaget' s theory of grouping structures that if a child 
has, for example. Grouping V: Addition of Asymmetrical Relations in his 
cognitive structure, he can use logical properties of any .such relations. 
In this study, an attempt was made to: (1) provide experiences for five- 
and six- year-old children in which the transitive property of the rela- 
tions "as many as," "more than," and "fewer than** could be observed 
empirically by the children, and in which conservation of these relations 
could be observed through reversing a transformation; and (2) determine 
the effectiveness of the treatment in inducing the logical-mathematical 
properties of these relations and of the length relations "as long as," 
"longer than," and "shorter than." 

Specifically, the following questions are baii^ to the study where 
most, but not all, arise from Piaget 's theory. 



Added by the Author. 



ERLC 



0 



OwetXM I Lemming ReUtion* by DUadvmtagednve^ and Six'Year^ 53 



1« What i« the effect of selected experiences on the ability of 
children to establish* conserve, and use properties of equivalence and 
order relations? 

2. What Is the effect of age on the ability of children to 
establish, conserve, and use properties of equivalence and order relations? 

3. To vhat extent does an experimentally induced capability to 
conserve and use transitivity of inatchln$ relations transfer across 
relational categories to conservation and transitivity of length relations? 

A. To what extent does an experioentally induced capability to 
conserve and use transitivity of matching relations transfer to remaining 
^ properties of matching relations? 

5. What Is the effect of a pretest on the ability of children to 
establish, conserve, and use properties of relations with or without 
selected experiences? 

6. Is the ability to conserve maCchlng relations related to the 
ability to use the transitive property of matching relations? 

7. Is the ability to conserve length relations related to the 
ability to use the transitive property of the length relations? 

8. Is the ability to conserve matching relations related to the 
ability to conserve length relations? 

9. Is the ability to use transitivity of matching relations related 
to" the ability to use transitivity of length relations? 

f- 

10. Is the ability to solve a problem involving transitivity of a 
matching relation related to performance on a test of conservation or 
transitivity of matching relations which utilizes a standardized inter- 
view technique? 

11, What are the intercorr.elatlons among the variables of the study? 



The subjects of the^ study were 23 kindergarten and 24 first-grade 
children of the William Fountain Elementary School, Atlanta, Georgia. 
Kindergarten children were randomly selected from 35 children of two 
classes whose ages were in the range (5:1)^ to (5:10) at the outset of 
the study. Grade one children were randomly chosen from 48 children of 
three classes with ages between (6:1) and (6:10) at the outset. The 
school was chiefly composed of Negro children from low income families. 
With one exception, the children in the sample were Negro. 



5 years, 1 month. 
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TeeU 

The thirteen tests deacribed below were consitructed to measure the 
abilities of the children to establiah relations, conserve relations, and 
use relational properties* 

The Matching Relations (MR) Test was designed to measure the ability 
of a child to establish matching relations and the Conaervaticn of Matching 
Relations (CMR) Test was designed to measure the ability of « child to 
conserve a matching relation, provided that he could establish the rela- 
tion. These two testsi^vere administered slmulttneotisly. In the example 
presented in Figure 1, a child was given five blue discs glued on a piece 
of cardboard and six red discs (1) • He was instructed to pair the red 
discs and the blue discs. After the pairing (Figiire 1 — 11), the examiner 
asked two questions, "Are there as many red discs as blue discs?" and 
'*Are there more red discs than blue discs?" After the second response 
the examiner rearranged the red discs (Figure 1-iii) and repeated the 
same two questions* In each case the correct answer to one question was 
"yes" and to the other '*no." In each item, the rearrangement was percep- 
tually biased in favor of the incorrect conclusion. The first two ques- 
tions comprised an item of the MR Test. All four questions were considered 
in the CMR Test. 

tigure 1 
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The Length Relatiprvs (LR) Test was designed to measure the child's 
ability to establish length relations. The Conaervation of Lenoth Rela- 
tions (CIK) Teat was designed to measure the ability of a child to con- 
serve length relations. These two tests were given together in the same 
way as the MR and CMR Tests. In each item the child was asked to estab- 
lish a length relation between two sticks (or straws) by answering two 
question^ Thexl the rfticks were rearranged to produce a perceptual bias 
against the correct conclusion, and the questions were repeated. 

The purpose of the Transitivity of Matching Relations (TMR) Test 
was to measure a child's ability to use the transitive property of 
matching relation^. On a TMR item a child was presented three collections 
A, B, C, of physical materials, arranged in clusters. Suppose, for 
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example, that there were fever a's than 2>*8 and fewer b' e than o*b. The 
child was instructed to pair the a's an(? i's and was then asked, "Are 
there fewer a's than b^B%'' The examiner then put the a' 8 into a cup 
which sat nearby and said "Pair the b's and c's." After the pairing the 
examiner asked, '*Are there fever 2>'s than c's?" The examiner then placed 
the a's in another cup and asked, "Are there fewer a's than a's?" and 
"Are there acre a's than c's?" (or "Are there as many a's as c?*s?") 
Note that the sets A and C were not "paired" and that the objects were 
screened at t}ie time of the transitive inference. 

The Tranaitivity of Length Relations (TLR) Test was designed to 
measure the ability of a child to use the transitive property of the 
length relations. On each item, as in the TMR tesr, a child was asked 
to establish the relation between two sticks, A and B.. Stick A was 
placed in a box and stick B was compared with anotaer stick C such that 
the same relation held between B and C as between A and B. Then stick 
C was placed in a box and two questions, relative to A and C, were asked. 

The purpose of the Syrmetric Property of the Matching Relations 
(SMR) Test was to determine the child's ability to use symmetry of the 
relation "as many as." For an item of SMR test the child was presented 
two collections A and B of objects and instructed to pair the objects. 
After the pairing the examiner asked two questions: "Are there as many 
a's as Z>*s?" (Response), "Are there more (or fewer) a's than 2>'s?" 
(Response). Then the examiner put the two collections into two cups and 
asked, "Are there as many b^e as a's?" (Response), and "Are there more 
(or fewer) a's than b^sV\ 

The Symetric Property of the Length Relations (SLR) Test was 
designed to measure the ability of a child to use symmetry of the rela- 
tion "as long as." In this case the child- was asked to compare two 
sticks (straws) to determine that stick A was as long as stick B and 
that an order relation did not hold. Then the examiner placed the two 
sticks into two boxes and asked, "Is stick B as long as stick A?" and 
the previous question involving an order relation. 

The Test of the Asymetric Property of the Matching Relations (AMR) 
was designed to measure the ability of a child to use the asymmetric pro- 
perty of the relations "more than " and "fewer than." The child was 
presented twb collections, for example, with more a's than 2>'s and 
instructed to pair them. After the pairing the examiner asked, "Are there 
more a's than 2>'s?" After the response the examiner placed the two 
collections into two cups and asked, "Arc there more 2>'s than a's?" and 
"Arc there more a's than Z)'s?" 

The purpose of the Test of the Asyrmetrio Property of the Length 
Relations (ALR) was to measure the child's ability to use the asymmetric 
property of "longer than" and "shorter than." On an item of this test 
the child compared two sticks related by an order relation. Suppose a 
child established correctly that stick A was shorter than stick B. The 
exa min er then placed each stick into a box and asked, for example, "Is 
stick B shorter than stick A?" and "Is stick A shorter than stick B?" 

the Reversibility of Matching Relations (RM^i) Test was designed 
to measure the child's ability to use the following property: if there 
are. more (fewer) a's than 2v's, then there are fewer (more) 3's than a's. 
On a given item, the child was presented with two collections A and B of 
objects such that an order relation held. After the child had paired the 
objects, the examiner asked, "Are there more (fewer) a*s than 2>'s7" The 
examiner then put the objects into two cups and asked, "Are there fewer 
(more) Z>'s than a's?*' and "Are there as many b*s as a's?" 



ERIC 




56 ReMentch on Mathematical Thinking of Young Children 



The Reverstbility of Length Relations (BLR) Test was designed to 
measure the ability of a child to use the following reversibility pro- 
perty: if segment A is longer (shorter) than segment B, then segment B 
is shorter (longer) than segment A. After the child compared two sticks, 
the examiner asked, "Is stick A longer (shorter) than stick B?" Then, 
the examiner placed the sticks into two boxes and asked, "Is stick B 
shorter (longer) than stick A?" and "Is stick B as long as stick A?" 

On each of the MR, LR, CMR, CXR, THR, and TLR Tests *there were two 
items which in fact exhibited each relation. Thus there were six items 
on each of these tests. The SMR and SLR Tests contained three items 
each. The AMR, ALR, RMR^ and R^ Tests had two items for each of two 
order relations, or four items per test. The total number of items was 
58. The relations (MR, LR) Tests involved situations under which the 
stimuli were arranged to aid the child in establishing the relation. 
The questions of the conservation (CMR, CLR) Tests were administered 
under conditions of perceptual conflict. All other items were administered 
under screened stimuli conditions. The child was not asked to give 
reasons for his answers on any of the structured items. 

The Transitivity Problem (TP) was designed to measure the ability 
of a child to solve a problem which involved transitivity of a matching 
relation with m-fnlnuffn guidance from the examiner. The situation involved 
a cardboard box from which the front and top were removed* The box was 
divided into halves by a partition as shown in Figure 2. Ten checkers 
were attached to the bottom Inside one half of the box and ten tiles 
yere attached in the other side. Twelve buttons lay on the table in front 
of the box. After the objects were identified, the examiner said, "Find 
out if there are as many checkers as tiles. You may use the buttons to 
*hell^ you find out." In general the examiner gave as little guidance as 
:va> possible, but if the child failed to respond at some point, the 
examiner directed the next step toward solution. When a response was 
given, the examiner asked for an explanation. 

Figure 2 
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Scoring Teats 

An Itea was scored "pass" provided that a child answered correctly 
all the questions contained In the Item and "fall" otherwise. The 
number of items scored "pass" by a child on each test was considered to 
be his score on the test. For the purpose of comparing these data with 
other studies It was desirable to distinguish children for which evidence 
existed that they could use a property from those for which no such 
evidence existed. This wa^ accomplished by setting a criterion score 
based on a random model. It was assumed that a child could use a rela- 
tional property If and only If he met the criterion on a particular test. 
Four of the six items was the criterion set on each of the CMR, CLR, TMR, 
and TLR Tests, The probability of reaching this criterion by guessing 
was at most ,038. 

For the Transitivity Problem, the following four levels of ability 
to apply the transitive property were identified: 1— the child neither 
consistently established relations nor used the transitive property; 
2 — the child established relations but did not use the transitive pro- 
perty; 3— the child both established relations and used the transitive 
property without adequate justification; A— the child established rela- 
tions, used transitivity, and gave adequate justification for his con- 
clusion. The consensus of two of three judges* ratings, based on tran- 
scripts of audio tapes, was taken as the child's rating on the Transi- 
tivity Problem, 



Inetniational Activities 

All of the Instructional activities were designed for use in small 
Instructional groups and involved manipulative materials. In some activ- 
ities each child had his own set of materials. Other activities involved 
one set of materials for the entire group, in the latter cases, the 
Instructor &r one child performed the manipulations, but all of the 
children entered Into discussion. Materials for instruction varied f^fnT* 
materials such as small toys to neutral material such as checkers, tiles, 
or colored wooden discs. Colored sticks, straws, etc, represented 
segments for length comparison. 

The purpose of Unit X, Matching Relations^ was to develop the 
ability of the children to establish matching relations. The relations 
were introduced by having children pair the objects from two finite 
sets. It was noted that the sets may or may not be in one-to-one cor- 
respondence. When the sets A and B were equivalent, the phraseology 
"there are as many a*s as i>'s" was used. "More than"Awa8 introduced 
second, and "fewer than" was Introduced as the reverse/of '*more than," 
It was emphasized that If a relation holds between twf sets (in a fixed 
order) then no other relation holds, / 

Unit XX, Length Relations^ was designed to da^elop the ability of 
children to establish length relations. The relations were Introduced by 
placing the ends of two sticks together, observing the remaining ends, 
and associating the name of the appropriate relation. After "longer than" 
was discussed, "shorter than" was introduced as the reverse. The equiv- 
alence relation "as long as" was the third length relation considered. 

The purpose of Unit XXX, Conservaticn of Matching Relations, was 
to develop the ability of children to maintain relations between sets 
when the physical matching of the objects is destroyed. The principle 
of reversibility of a transformation was emphasized by having the children 
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return the objects, following a trans format Ion, to the position In 
which the relation was establlshecr. Combinations of perceptual screening, 
perceptual conflict, child transformations of his own materials, and 
Instructor transformations In a group situation were used In Unit III 
and Unit IV, Transitivity of Matching Relations, Unit IV was designed , 
to develop the ability of children to use the transitive property of the 
matching relations. The chief m^tl^Q^ of the transitivity training was 
what has been teraed fixed practice with empirical control (Smedslund, 
1963a), The Instructor gave explicit Instructions for comparing sets 
A and B, then B and CX Sets A and C were compared after the child made 
a prediction of the relation between them. 



Design 

Age (flve-and six-year-olds) was used as a categorization variable 
because of Its Importance In cognitive development. Treatment wa^ a 
second major factor of which two levels existed, a "Full Treatment and a 
Partial Treatment. The Full Treatment consisted of all four units 
described earlier and the Partial Treatment consisted of Units I and II. 
Transfer shall be Inferred from a significant difference In favor of the 
full treatment group in performance on some property for which no 
Instruction was given, provided that there is a significance In the same 
direction on a related property for which Instruction was given. 

In most of the learning research based on cognitive development 
theory, and In many other educational research studies, pretests are 
given to all subjects. However, due to the large time requirement of 
instructing and testing, a strictly pretest-posttest design was not 
considered feasible In the present study. However, it was desirable to 
obtain premeasurer^oli^ some subjects, so a Solomon four group design was 
selected. Use of thiS design requires that part of the Full Tr^eatment 
group and part of the Partial Treatment group be selected at random 
to have the pretest. Schematically, the Solomon four group design may ^ 
be represented as follows: 

Randomized G. Pretest: Full Treatment Posttest 

assignment 

to groups Pretest: Partial Treatment Posttest 

G^ Full .Treatment Posttest 

G/ Partial Treatment Posttest 

Campbell and Stanley (1963) note that the results of an experiment using 
this design are more generalizable than those from a pretest-posttest 
design, because the effects of testing and the Interaction of testing 
with the treatment are determinable, and randomization controls for 
Initial biases between groups. They also suggest that experience with 
the Solomon four group design In a particular research area gives infor- 
mation about the general likelihood of the effects of pretesting in 
that area of research. It is desirable that this general Information 
be obtained for learning research based on cognitive development theory. 

Campbell and Stanley (1963) suggest that to analyze the data 
obtained from the Solomon four group design, the pretests may be dis- 
regarded except as another treatment, and only the posttest scores 
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analyzed by analysis of variance. If there Is no effect due to pretesting 
or no interaction of pretesting and treatment, then the pretest data may 
be used'^m^a covariate in performing analysis of covar lance on the data 
from the protest groups, tin the present study the first of these sug- 
gestions was followed, buJ the analysis of covariance was not performed 
due to the toall pretest iroup size. Moreover, the pretest data were 
considered to be somewhatf invalid because the examiners strictly adhered 
to the relational terminotogy preferred by the investigator. A more 
flexible testing procedure, adaptable to the child's language pattern, 
was used fof^ the postte)»£s. 



Procedure I 

Children in the Ku and Partial Treatment groups first had expe- 
rience in establishing relacioa* (Units I and II). Ten lesions on 
matching relations from Unit I and- seven lessons from Unit on length 
relations were given. Then the tests on relations (MR, LR ) , >wnservatlon 
(CMR, CLR), and transitivity (TMR, TLR) of each relational category 
were administered as pretests to the pretest group while the no-pretest 
group had only the relations tests. Following the pretests, the Full 
Treatment group had four lessons on conservation of matching relations 
(Unit III) and five lessons on the transitive property (Unit IV). Near 
the end of this instructional period the Partial Tre^rtment group had 
two additional lessons on matching relations, but the remainder of the 
treatment period was spent in normal classroom activities. 

Each lesson was of 20-30 minutes duration. There were four to 
six children in an instructional group. The investigator and two 
teachers* aides served as instructors and testers. Instructional groups 
were rotated among Instructors each day. During testing the Full and 
Partial Treatment groups were balanced among testers in five untimed 
interviews per child, except that the Transitivity Problem session (sixth 
interview) was held entirely by the investigator. The test items given 
during? a test session were randomly ordered for each child, Independently 
of other children, and each pair of test questions of an item were ran- 
domly ordered for each item and each child**-- 

Near the end of the study it was aooarent that the full treatment 
had not extensively changed the language patterns of the children with 
regard .to relational terminology. The investigator felt that strict 
adherence to predetermined terminology could make the tests invalid in 
terms of the concepts measured. Approximations to desired terminology, 
for example, "the same" for "as many as,'* was accepted in the posttests. 
Further, if a child were giving a "no^-no'* or a "yes— yes" response set 
to an item, the question was repeated using an alternate terminology. 
This -was the only way in which the postests differed from those tests 
which were given as pretests, but tki^ was considered to be sufficient 
to make the pretest data invalid per se. Thus, Pretest was retained as 
a factor but the data were disregarded. 

Statistical Analyses 

The data for the analysis of variance were vectors of 12 posttest 
scores for each individual. Multivariate analysis of variance was an 
appropriate statistical design. The design is represented dlagramatlcali^ 
in Table 1. Three factors were considered at two levels each: Age— 
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five- and slx-ycar-olds; Trea'tment— f ull treAtment and partial treatment; 
and Pretest— pretest and no-fretest. The Age X Treatment Interaction and 
the Treatment X Pretest Interaction were of particular Interest to the 
investigator, but the three-way Age X Treatment X Pretest interaction 
was not considered as one of the questions in the study. Thus, three 
separate multivariate analyses of variance were performed in which two 
factors and their two-way interaction were considered. Data for all 
cells of each factor were combined for the 2 X 2 factorial multivariate 
analyses. It was of particular interest to the investigator to determine 
the effects of the treatment, the pretest, and age upon each of the 
variables and to determine if two-way Interactions existed. Thus^ a 
univariate analysis for each of the 12 response variables was performed. 
In this regard Table 1 may be Interpreted as- 12 univariate designs in 
which the three main effects- and pairwlse interactions were of interest. 
Again the analyses were handled by consideration of three 2X2 factorial 
univariate analyses for each of the 12 variables and combining all cells 
within a factor under consideration. 

* Table 1 

Diagram of the Design 



Factors and Levels ^ Twelve Response Variables 



Treatment Age MR CMR IMR SMR AMR RMR LR CLR TLR SLR ALR RLR 



Full 



Five 



Treatment 

Six 



Partial ^^^^ 
Treatment 

Six 



Treatment Pretest 



Full Pretest 
Treatment 



No Pretest 



Partia/ Pretest 
Treatment 



No Pretest 



ERIC 



Otoens I learning Relation* by OUadvantQ$edrit}«' and SiX'Year-'Old* 



Calculations for aU of the MANOVA's and ANOVA's were performed by 
computer with the use of the computer program MUDAID (Applebaum and 
Bargmann, 1967), MUDAID provides multivariate and univariate analyses^ of 
variance for pairs of factors and palrwlse Interactions, Also, each 
multivariate pass provides matrices of Intercorrelatlons among the re- 
sponse variables, ^ 

Each covariance matrix in a multivariate analysis contains estimates 
of the variances of the variables on the main diagonal ani estimates of 
the covariances for pairs of variables in the off-diagonal positions. 
Each covariance matrix has an associated matrix of sums of squares and 
cross products. The sum of squares of error and sxims of products of 
error are the residuals after the effects of the factors and interactions 
have been removed by subtraction of their sums of squares and sums of 
products from the respective totals. The correlations reported In this 
study were calculated from the covariance matrix derived from the matrix 
of sums of squares and products of error in the Treatment X Age analysis, 

Chl-square tests for Independence (Perguson, 1966, pp, 192-208) 
were used to determine whether a relationship existed between levels of 
performance on the Transitivity Problem and Age, Chl-square tests were 
also made to determine relationships between conservation and transitivity 
within a relational category and to determine relationships across rela- 
tional categories within corresponding measures, Chl-squares were calcu- 
lated on the 2 X 2 or 2 X 3 tables where the frequencies were the number 
of children achieving a criterion or level of performance. 



Multivariate Analyses 

None of the F ratios for any factor or two-way Interaction were 
significant at the ,05 level of significance In the oulAvariate tests. 
However, the F statistic for the main effect of Age was 1,95 In phe 
Treatment versus Age multivariate analysis with 12 and 32 df. The 
critical value (p < .05) of F with 12 and 32 df Is 2,07, Thus the factor 
Age approached significance, but no interpretation was made. 



Univariate Analyses 

Analyses of Variance for which F ratios were significant In the 
Treatment versus Age analyses are reported in Table 2, Table 3 contains 
analyses of variance for the cases of significance In the Treatment versus 
Pretest analyses. Any factor which was statistically significant In a 
Pretest yt Age analysis was significant In the corresponding Treatment 
X Pretest or Age X Pretest analyslS4 Thus, analysis of variance tables 
are not presented for Pretest versus Age. Group means, as percents, for 
treatment and age groups are presented In Table A, Age was the only 
significant (p < ,01) effect for the variables matching relations (MR) 
and conservation of matching relations (CMR) , In the first case, the 
mean for the six-year-olds was 87% and for the five-year-olds was 59Z. 
On conservation the six-year-old group performed at a mean of 62% and 
the five-year-old group at a mean of 36%, It was not anticipated that 
Treatment would be significant for MR since all children had recelvS 
Instruction In matching relations. 



Results 



ERIC 





62 Reuareh on Mathematical Thinking of Young Childnn 

\ 

. N . ' Table 2 

Treatment Versus Age Analyses of 
Variance With Significant Effects 



Response Variable 



Source 
of 

Variatioii 



Conservation Transitivity 



Relations 
H.s. 



Mi 

F 



Of MR 
M.S. 



(CMR) 
F 



Of MR TtMR) 
M.S.'^ ' F 



Symmetric 
Property 
Of MR (SMR) 
M.S. F 



Treatment 
Age (A) 
T X A 
Error 



(T) .44 
31.53 
.15 
2.67 



.16 2.19 
11.79** 28.88 
.06 1.49 
3.53 



.62 
8.18** 
.42 



19.90 
2.36 
.16 
2.38 



8.34** 
.99 
.07 



^.32 2.69 

11.10 12.89** 
.15 .18 
.86 



Asjnanetric Property 
of MR (AMR) 

M.S. F 
Treatment 7.69 3.98/ 
Age 10.39 5.37 

T X A .14 .07 • 

Error , 1.93 



Reversibility 

of MR (RMR) 

M.S. F 

2.60 1.97 

8.74 4.79* 

.47 .26 
1.83 



Leng^th 

Relations (LR) 

M.S. F 

1.00 1.01 

5.87 5.89* 

.53 .53 
1.00 



✓"(p < .10), *(p .05), **(p < .01) ~ 

• Note: Each factor and interaction had 1 df\ error 43 <i/. 

Table 3 

Treatment versus Pretest Analyses of 
* Variance with Significant Effects 



Transitivity Asymmetric Symmetric .Reversibility 

Property Property 

of MR (TOR) of >IR (AMR) of LR (SLR) of LR (RLR) 

M'S; F M.S. F M.S. F • mTs^ F~ 



Treatment (T) 20.41 8.45** Ot Oo* TH TTs TTti 1 21 

Pretest (P) 1.19 ..49 5.39 2.64 4.71 4.09* 3!53 2!31 

*00 '00 .39 .19 4.92 4.29 9.54 6.26* 

Error 2.42 2.04 1.15 1.52 

*p < .05 **p < .01 ; 

Note:^ Each factor and interaction had 1 df\ error 43 df. 
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TAblfe 4 

Group And Total Keana, as Fercenta, for Each -of, 12 Variables 



Variable 



Treatment Groups 
Full Partial 



Age Groups 
Six Five 



Totals 



MR 


75 


71 


87 


59* 


7i 


CMR 


53 


45 


62 


36* • 


49* 


TMR 


58 


36* 


' 51 


43 


47 


SMR 


. 81 


48 


81 


48* 


^ 65 


AMR 


73 


52* 


74 


50* 


62 


BMR 


68 


54 


72 


50* 


61 


LR 


90 


85 


93 


81* 


87 


CLR 


62 


52 


63 


51 


57 


TLR 


47 


51 


50 


48 


49t 


SLR 


62 


58 


67 


54 


. 60| 


ALR 


64 


57 


68 


53 


61 > 


RLR 


72 


- 62 


65 


70 


67 



*Thi8 pair of means was significantly different in a univariate analysis. 

h 

Treatment was a significant ip < ,01) main effect tor transi- 
tivity of matching relations (TMR) , The full treatijent group mean was 
isX and the partial treatment group mean was 36%, Treatment was also a 
significant (p < .05) factor for the variable AHR in the Treatment versus 
Pretest analysis, and was close to significance at the ,05 level in the 
Treatment versus Age analysis. In this case the means were 73Z and 52Z 
for the full treatment and partial treatment groups, respectively. Age 
was also a significant (p < ,05) main effect for AMR as it was for SMR 
. (p < ,01) and RMR (p < ,05). In each o'f these cases the six-year-olds 
performed at a higher lev^than the five-year-olds, , 

The F statistic* for the 'jfff^r Age and for the variable Length 
Relations (LR) was significant, Hbwever, in Bartlett's test (Ostle, 
1963, pp, 136-137.) the hW thesis of homogeneity of variances was 
rejected. Thus, no Ijimpretation of the ANOVA was mAde. 

There were no significant Interactions in the Treatment versus 
Age analyses. There were, however, two Pretest X Treatment interactions 
(p < ,05) for the variables in SLR and RLR, Pretest was not a significant 
main effect in the absence of interaction in any analysis. The cell 
means f<^X the significant interactions are presented in Table 5, In ,^ 
each case the greatest mean was that of the full treatment group which 
had no pretest, and the least mean was that of full treatment group 
which had pretestSr One possible interpretation of this interaction is 
that the pretests interfered with the effect of the treatment. However, 
this may be a misinterpretation since instruction was not given on the ^ 
symmetric and reversibility properties of either category of relations, 
nor was there any Indication of transfer to the properties 6f length 
relations from the instruction which was given. The interpretation which 
is accepted here is that the pretests had essentially no effect on th^ 
subjects' performance on the posttests.^ 
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Table 5 

Cell Means as Percents: Treat?aent X Test interactions 









SLR 






RLR 






Pretest 


No Pretest 


Total 


Pretest 


No Pretest 


Total 


Full 














Treatment 
Partial 


42 


85 


62 


54 


91 


72 


Treatment 


58 


58 


58 


67 


58 


63 


Votal 


50 


71 


60* 


60 


74 


67 



Age was the most general effect In the study, but the surprising 
result was that Age was not significant for any length relational 
variable. In comparing means for length relational variables with means 
for matching relational variables, it may be noted that a grand mean of 
87Z*for the variable Length Relations was equal to the mean for the six- 
year-old- group on MR, which was significantly greater than the mean for 
the five-year-old group on MR. The grand mean of 57Z for CLR was between 
the means of 62Z for the six-year-old group and 36Z for the five-year- 
old group on CMR. For TLR the mean of 49Z was Jjet^een the significantly 
different means for the full and partial treatment groups for TMR. The 
means of 60Z, 6U, and 67Z for SLR, ALR, and RLR, respectively, were 
between the respective matching relational means for the two ages, which 
were different because of an age effect in each case. Also, In each 
case the mean for the five-year-old group was greater for length than 
,for the corresponding matching relations variable. Thus, while no 
factors were significant for the length relations variables, overall 
performance in each case was not decidedly different from performance 
on the corresponding matching relations variable. No formal statistical 
tests were made between variables across relational categories, 

Traneitivity Problem Results 

In order to test the relationship between performance on the 
Transitivity Problem and the factors Treatment and Age, chi-square 
tests for independence were performed on contingency tables. The fre- 
quencies' of Transitivity Problem ratings versus Treatment groupi are 
presented in Table 6, and ratings by age frequencies are found in Table 
7. Two children counted and no ratings were possible. While it is of 
interest to see the number of children at each of the four levels on the 
Transitivity Problem, categories 3 and 4 were combined into a single 
category, 3 or 4 (the child used transitivity), for the ^chi-square testa. 
This was necessary to Increase the expected frequency for some cells. 
Frequencies are presented both ways but the chi-square tests were 
performed on the 2 X 3 tables. 
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Table 6 

Contingency Table: TransJCtlvlty Problem 
Elatlngs Versus Treatment Group 



r y 


S 

Treatment Group ^ 




y Rating 






1 




3 or^ 


3 


A 


Full Treatment A 
Partial Treatment V 


\ 




6 
A 


A 
1 


Con ting fts 


Visible 7 
acy Table: Transitivity l^roblem 
^tings Versus Age J^flvel - -t; 






1 ' 


Age Level 




Rating 






1 


2 


3 or A 


3 


A 


Six 3 • 
Five 8 


7 
12 


12 

. 3 


8 
2 


A 
1 



The chi-squAre calculated for Table 6 was 3,62 with 2 df, not 
significant at the .05 level. «Thus while there appeared to be a tendency 
for more children in the full treatment group to get a rating of 3 or 
A and more children in the partial treatment group to get a rating of 
1 or a rating of 2, the hypothesis of independence was not rejected. The 
chi-square calculated for Table 7 (2X3) was 8.97 with 2 df which is 
significant at the .02 level. Thus^ the null hyuothesis of indepen- 
dence was rejected, and the existence of a relationship between age and 
the level oi^ performance on the Transitivity Problem was accepted. 
There was a tendency fpr six- year-old children to have the higher rating 
of 3 or A, and for the five-year-old children to have the lower ratings 
of 1 and 2. , 

While the treatment was effective in Improving the abilities of 
the children to pet form the transitivity tasks of I^IR, the treatment 
was not related to level of performance on the Transitivity Problem^ On 
the other hand, there was no significant difference between ages in performance 
on TMR, but age level was related to 3*rrel of performance on the Transi- 
tivity Problem. These results raise a question about the relationship 
between performance on the Ttansitivity Problem and the more structured 
tests. 



BetaticTtehipa Among the Variablee 

Chi-square tests were used to test for a relationship between 
leva^ of performance on the Transitivity Problem and criterion perfor- 
mance on Ml and CMR. The frequencies of the ratings on the Transiti^^^ty 
Problem versus jaeeting the criterion on IMR and CMR are presented in 
Table 8* and Table ,9 respectively. Chi-squa^e tests were run on the 2x3 tables. 



Retennh on MathemaOeal Thinking of Young Children 



Table 8 

Contingency Table: Ratings on Transitivity Probleo Versus 
Criterion on Transitivity of Matching Relations 



■ TMR Criterion 
Level 



Rating 



3 or 4 



Cr 1 ter ion J 7 
Not Criterion 10 12 7 



8 5 ~ 



5 2 



^able 9 

Contingency Table: Ratings on Transitivity Problem Versus 
Criterion on Conservation of Matching Relations 



CKR Criterion 



Level I 2 rsTT 



Criterion ^ ' 0 ' 5 I3 a T" 

Not Criterion 11 U 2 2 0 




The chl-square calculated for Table 8 was 5.45. The critical value 

0 chl,square with 2 df is 5.99 (p < .05). Thus, the chl-sq^re for level 
of performance on the Transitivity Problem versus Transitivity as 
measured by TMR test. „&s near significance at the .05 level, but indepen- 

1 r om/"^'"'- -^hi-square calculated for Table 9 wis 22.43 ' 
<|P < .uui;. There was a strong relationship between ratings on the 
Transitivity Problem and achieving the criterion £ the CHR test 

product moment correlations in the present study were calcu- - 
^c^ tt: T ™l"-«iate analysis by using the errpr covarlance^trix 
from the Treatment versus Age Analysis. The reason for using this error 
Tfl^ calculate the correlations is that essentially all signific^t 
ef ect,' from the matrix and only nonsignif fcan 

effects remain. That is. the effects of Treatment and Age were statisti- 
cal y removed by subtraction, and only the (nonsignificant) effect^ of 
Pretest remain. The , correlations are presented in Table 10. Since 

the analyses of variance was 43. there are 42 df associated 
with each correlation of Table 10. The critical values for correlations 
significantly different from zero are .30 (p < .05) and .39 (p < oi) 

sienlfln^^M^^^.f ^° ''^^ °^ " correlations were 

iJfl ^ different from ^ero and all were positive. Only two corre- 

lations were greater than .60 and 16 others were greater than .50. Of . 
the 19 nonsignificant .correlations. 13 were with or between LR and TLR. 
^ ^°'"«»""8 that the only length vsriible with which LR was-^or^e- 

itefoT^he^; t'"'"'; ""^ °' was.aiependerupT- 

item of the LR Test. It appears that there is little relationship be^weeiT^ 
each o LR «,d TLR and the remaining variables. In addition to S|l. t^ 

or^^tr^°Lrp7f f """^ "°n«i8n"lcant correlation^ 

of SMR with RMR Mid RLR indicate a lack of relationship between the 
syanetric property of "as many as" and the reversibility property of 
either relational category. The additional nonsignificant correlation 
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Table 10 

Intercorrelatlons Among the 12 Variables 





CMR TMR 


SMR 


AMR 


RMR 


LR 


CLR 


TLR 


SLR 


ALR 


RLR 


MR 


73** 57** 


32* 


59** 


59** 


22. 


35* 


16 


49** 


55** 


40** 


CMR 


51** 


37* 


59** 


68** 


30* 


41** 


^0** 


56** 


48** 


39** 


TMR 




44** 


28 


47** 


07 


24 


28 


51** 


59** 


32* 


SMR 






46** 


27 


43** 


41** 


36* 


55** 


51** 


17 


AMR 








45** 


43** 


40** 


26 


54** 


52** 


41** 


RMR 










07 


27 


25 


54** 


46** 


50** 


LR 












46** 


15 


27 


24 


20 


CLR 














11 


53** 


25 


39** 


.TLR 
















47** 


33* 


23 


SLR 


















64** 


57** 


ALR 




















40** 



*p < .05, **p < .01 

Note: Decimal points are omitted. 



was between TMR and AMR. The remaining correlations with each matching* 
relational variable were significant. It is interesting to note that 
CMR was correlated with each variable across both relational categories. 

Whether or not a child in the present study attained the criterion . 
on a particular test is a measure of the child's ability to use the rela- 
tional property of the test. In order to ejcanine the hypothesis that 
conservation ability precedes the ability to use the transitive property 
within A category of relations, 2x2 frequency tabl^, of those who did 
and did not use conservation and transitivity, were prepared. Chi-square 
tests for independence were then made on the contingency tables. The 
frequencies xfi children meeting criterion on CMR versus meeting criterion 
on TMR are presented in Table 11. Table 12 contains the frequencies of 
children in the sample who met the criterion on conservation versus those 
who met the criterion on transitivity of length relations. The calculated 
chi-squares with 1 (i/ were 1.73 for Table 11 and .57 for Table 12. These 
nonsignificant chi-squares indicate independence between the ability to 
use consjervation and the ability to use transitivity within the respective 
relational categories. These results are not completely consistent with 
the significant product moment correlation of .51 between CMR and TMR for, 
the matching relations. However, ^n the cas^ of length relations, the 
result is consistent with the nonsignificant correlation between conser- 
vation and transitivity. 

•Table 11 - 

Contingency Table: Criterion on CMR Versus Criterion on TMR 



Conservation of Matching Transitivity of Matching Relations (TMR) 

Relations (CMR) • Criterion Not Criterion 



Criterion 9 , 10 

Not Criterion '8 20 



o 73 
uc 
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Table 12 

Contingency Table: Criterion on CLR Versus Criterion on TLR 



Conservation of Length Transitivity of Length RalatlonA r rr.R^ 

Relations (CLR) Criterion Not Criterion 



Criterion 9 
Not Criterion 9 



15 
14 



Examination of Table 11 revealed that there were 8 children in the 
study who met criterion for transitivity but not conservation of matching 
relations. Prom Table 12 it nay be observed that 9 children met criterion 
for transitivity but not for conservation of length relations. In each 
ca^e, about one-half of the children who could use the transitive property 
within a relational category failed to conserve Che relations of the 
same category. Thus, no evidence is provided by these data that, for the 
chlldrei> in this study, the ability to conserve relations precedes the 
abUity to use the transitive property. The case is different, however. 
In the case of the Transitivity^Problem. 

For consideration of whether the ability to conserve matching relations 
precedes the ability to conserve length relations, frequencies of children 
who achieved the criteria for CLR and CMR are presented in Table 13. 
Table 14 contains frequencies with which children in the study met the 
criteria for TLR and TMR as an indication of whether matching precedes 
length in development of the transitive property of relations. The cal-- 
culated chi-.squares were 6.33 for Table 13 and .87 for Table 14, each with 
1 df. The value for conservation was significant (p < .05), and thus a 
relationship between meeting criterion on CMR and meeting criterion on 
CLR is indicated. These results dre consistent with the significant corre- 
lation of .41 between CMR and CLR and the nonsignificant correlation 
between TMR and TLR. 

Table 13 ' ^ 

Contingency Table: Criterion on CLR Versus Criterion on CMR 



I Conservation of Length 
1 Relations (CLR) 


Conservation of Matching Relations (CMR) 
Criterion Not Criterion 


, CW^ferlon 
Not Criterion 


13 . ip 
5 19 


Contingency Table: 


Table 14 

Criterion on TLR Versus Criterion on TMR 


Transitivity of Length 
Relations (TLR) 


Transitivity of Matching Relations (TMR) 
Criterion Not Criterion 


Criterion 
Not Criterion 


» 10 
9 20 
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The data of Table 13 gave no indication that conservation of natching 
relations precedes conservation of length relations for the children in 
this study. In fact, 10 children who met the criterion on CLR failed to 
achieve the criterion on CMR. On the other hand, there were 5 children 
who met criterion on CMR but failed to meet criterion on CLR. This evidence 
is in opposition to the suggestion that the ability to conserve Hatching rela- 
tions precedes the ability to conserve length relations. 

From Table *14 it may be observed that 9 chiljiren used (as defined 
by the criterion) the transitive property of matching relations but not 
length relations. On the other hand, 10 children used the transitive pro- 
perty of length relations but not of matching relations. These data gave 
no indication that, for the subjects of this study, the ability to use the 
transitive property in one relational category consistently preceded the 
ability to use the transitive property in the other relational category. 

Presumably, a solution of the Transitivity Problem required use of the 
transitive property of the relation "as many as." However, other abili- 
ties were necessary for a solution. Thus, the fact that some children 
achieved the criterion on TMR but did not reach a solution in tlie Transi- 
tivity Problem is consistent with the logical conclusion. 

What appears inconsistent with the logical conclusion is that seven 
children solved the Transitivity Problem but failed to reach the criterion 
on the transitivity (TMR) test (see Table 8). Of these seven, however, 
four made a score of three on the TMR test and thus gave evidence of some 
facility in transitivity. Th^ failure of the other three children may be 
attributed to inaccuracy of measurement. 

Another discrepancy between the data and the logical conclusion is 
the fact that 8 children used the transitive property (as defined by the 
criterion on TMR), but did not conserve matching relations. It is interes- 
ting to note that 5 oi these 8 children were in the full treatment group. 
It is also of interest to observe that in the entire study, 13 children 
who had full treatment achieved the criterion on TMR while only 4 children 
in the partial treatment did so. 



Discussion and Conclusions v 

The Effectiveness of the Treatment 

The mean performance of the children in rtie full treatment group was 
significantly greater than the mean performance of the children in the 
partial treatment group on the Transitivity of Matching Relations Test. 
This was an indication that the treatment was effective in improving the 
ability of the children in usin§ the transitive property of these relations. 
However, the results from the Transitivity Problem indicated no relation- 
ship between a student's membership .in a treatment group and his level 
.of performance on the Transitivity Problem. ^This apparent discrepancy 
may be interpreted by an examination of the tasks and the instructional 
activities. In the instructional setting the children were instructed 
to establish the relation between two sets, say A and B, and between B 
and a third set, C. The sfets- were constructed in such a way that the 
same relation existed between B and C as between A and B., The children 
were then asked to-^redict the relation between A and C and were given 
an opportunity to verify their prediction. Each item of the structured 
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^l^V^V:"^^^ ^^^^ followed this same procedure except that on the test the 
child did not have the opportunity to verify his conclusion. Also, in the 
testing situation the objects were screened at the time of the transitive 
inference, whereas this was not always the case in instruction. In the 
Transitivity Problem, the child was required to compare sets A and B, and 
sets A and C where A contained two more objects than B or C. He then was 
required to remove (either physically or mentally) two objects from the 
set A to form a new set which was equivalent to B and C before applying 
tl?e transitive property of "as many as," and to conclude that B was equi- 

u.w.^' reasonable conclusion then, is that the treatment improved 

the ability of the children to perform tasks very much like the treatment 
activities, but this improvement did not generalize to the Transitivity 
Problem, a higher order t^k. ^ 
These results are consistent with previous transitivity training 
/iQA^^?'r / ^^""^^ "^^^ seven-year-Old children, Smedslund 

U963c; found that none of the children acquired transitivity of weight 
due to practice. In another study he (Smedslund, 1963c) found that about 
30Z of 4 group of eight-year-old children acquired transitivity of weight 
by practice, while only 12. 5Z of a control group acquired transitivity? 
Thus, behavior indicative of transitivity has been obtained in some train- 
ing studies, Ibut it appears to be difficult to induce transitivity by 
practice. *A . ^ 

It app^rs from Piaget's theory that if a child's cognitive structure 
contains t^e grouping of addition of asymmetrical, transitive relations 
he can u^ the transitive property of any such relations, regardless of' 
the concifete embodiment. Piaget (1952, p. 20A) has indicated, on the con- 
trary, thbt a formal structure of transitivity is not acquired all at once, 
but it mu4t be reacquired every time a new embodiment is encountered. 
Sinclair (^^71) has further suggested that properties of the concrete 
embddimentsVsuch as discrete or continuous) will affect the attainment ' 
of psychologically parallel concepts. 

In the prt^ent study, experiences in length relations were given to 
introduce an embodiment of the transitive relations in addition to the 
matching relatio^is, but no instruction was given in transitivity of the 
length relational. The results indicate that while the treatment improved 
the ability to /ise transitivity of the matching relations, there was no 
corresponding/improvement in the ability for the children to use transi- 
tivity of lefigth relations. Thus, the conclusion was reached that the 
treatment yas rather task specific and no generalized scheme of transiti- 
,^ty was induced. 

^^.j^^^s conclusion is consistent with Piaget's conjectute, and with the 
results of training studies in conservation. For example, Beilin's (1965) 
•subjects improved in conservation of number and length when experiences 
were given. However, the training was not sufficient to foster generali- 
zation to conservation of area. 

The results of the Asymmetric Property of the Matching Relations 
Test indicate that the treatment was effective in improving the ability 
of the 'children in the full treatment group in using the asymmetric pro- 
perty of the matching (order) relations. This may be interpreted not as 
a transfer of training, but as a direct consequence* of the instructional 
activities. In each activity, the instructors stressed the relations 
which did not hold as well as the relation which did hold. Consider, for 
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example, an activity in the differential treatment in which there were 
aorc a*8 than b's. After the transitive inference or conservation question, 
"Are there more a's than fc's?" the instructor also asked "Are there as many 
a*8 as i>*s?" and "Are there fewer a*s than h*s?" If a child failed to 
answer "no" to each of these latter two questions, the instructor corrected 
the child by using the materials. The statement that there are not fewer 
a* 8 than 2>'s is equivalent to the statement that there are not more b 
than <2*s. This logical equivalent (that there are not more b*8 than a's) 
is precisely the asymmetrical inference from the relation which does hold: 
there are more a*s than b^a. This situation may have been interpreted in 
this way by the children, so that the treatment effect was obtained for 
the asymmetric property. 

The differential treatment contained four lessons on conservation 
of matching relations and five lessons on transitivity of matching rela- 
tions. The conservation portion of the treatment was not successful in 
improving the conservation ability of the children in the treatment group. 
Many of the conservation training studies previously. reported have indicated 
that conservation ability has been improved (Beflin, 1971). The conserva- 
tion treatment in the present study was apparently either too short, or 
the activities were inappropriate for the subjects of the study. Another 
possible factor was that the transitivity instruction intervened between 
the conservation instruction %nd the testing period. This delayed the 
testing on conservation for one more week after instruction than the test- 
ing on transitivity. There remains the possibility that the conservation 
lessons were instrumentail in fostering the improvement of performance of 
the treatment group in the transitive and asymmetric properties. 



Matching and Length Relational Properties 

The mean performance of the six-year-old group was higher than the 
mean performance of the five-year-old group on all matching relations tests 
except transitivity. It is not surprising that these cognitive abilities 
ixnprdved between the ages of five and six. The amazing result. life that 
age had no significant effect on the abilities of the children in using 
any of the length relational properties. Consideration of the means indi- 
cated that performance on length relational properties was at about the 
same level as performance on matching relational properties. Consideration 
of criteria levels showed that more children attained conservation and 
transitivity of length relations than the corresponding properties of 
matching relations. Thus, from the point of view of relations rather than 
number and length, Sinclair's (1971) hypothesis is not confirmed for the 
children in this study. 



Coneervation and Transitivity Attainment 

The result that about one-half of the children who used the transi- 
tive property in each relational category failed to use conservation of 
that respective category is at variance with results of previous studies. 
Smcdslund (196A) found only A of 160 subjects who passed the test on 
transitivity and failed on conservation of discontinuous quantities, and 
only 1 subject was in the corresponding cell for length. Owens and Steffc 
(1972) observed only A of 126 instances (among 42 subjects) in which 
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transitivity of a matching relation preceded conservation of that relation. 
Divers (1970) found that in 87Z of the cases where transitivity of a 
length relation was attained, the relation was also conserved. In the 
studies cited, the results consistently indi<ia&d that attainment of con- 
servation preceded attainment of the transitivity property. None of the 
studies involved instruction or practice, and the present results may be 
Interpreted in terms of the treatment effect. The treatment was effective 
in improving performance on the test of the transitive p^roperty while the 
treatment had no effect on conservation performance for matching relations. 
Thus, some children in the treatment group met the criterion on the tran- 
sitivity test who might otherwise not have attained transitivity. Only 
two children who used transitivity on the Transitivity Problem failed to 
exh'ibit conservation. This explanation applies, however, only to the match- 
ing relational category, because the treatment was not effective in im- 
proving the performance on transitivity of length relations. 

Perhaps an interpretation can be made in terms of the characteristics i 
the children in the sample. Skypek (1966) conducted a study which" involved 
both middle and lower socio-economic Status children. It was found that 
among the low status children, the development pattern of cardinal number 
conservation was erratic. While the present study included no middle class 
group for comparison, it appears that the pattern of attainment of conser- 
vation and relational properties was irregular for these low economic status 
subjects. 




MAXm L. lOWVSON 



Learning of Classification and 
Seriation by Young Children 



The acts of classifying and ordering objects may be analyzed both 
psychologically and mathematically. Beth and Piaget (1966) have attempted 
to explain these acts psychologically by postulated models of cognition 
called "groupings." Two of the Groupings, Grouping I and Grouping V, deal 
with classes and asymmetric relations i respectively. These two groupings 
provide models for the cognitive acts of combining individuals in classes 
and assembling the asymmetrical relations which express differences in 
the individuals, or more specifically, models 'for classification and seri-- 
ation. 

The elements of Grouping I are cl^asses which are hierarchically 
arranged. Somewhere between late preoperational and early or middle con- 
crete operational stages the child can readily ascend such a hierarchy 
of classes by successively combining elementary classes into supraordinate 
classjes (A + A*- B; B + B'- C, etc.) (Flavell, 1963). Furthermore, the 
child can just as easily descend the hierarchy, beginning with a supraordi- 
nate class and decomposing it into its subordinate classes, (C - B « B, 
etc.). In addition, the child can destroy one classification system in 
order to impose a new and different one* on the same data (Inhelder and 
Piaget, 196A). 

Beth and Piaget (1966) point out that seriation behavior can be 
found in children from the sensory-motor stage onward, with operational 
seriation coming only after the child begins to anticipate the series 
and coordinate the relations involved in forming the series. An example 
is whwre a child is given elements A, B, C, D, E, F, G, etc., and is 
asked to arrange them according to some asymmetrical transitive relation. 
If the child finds a systematic method — puts down the "sniallest" of the 
elements (A) aiter carrying out pairwise comparisons, the "smallest" (B) 



The experiment reported in this chapter is based on a doctoral 
dissertation in the Department of Mathematics Education at the University 
of Georgia (Johnson, M. L. ► 1971). 
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of the remainder (again after comparing in pairs), then again the "smallest 
(C) of the remainder, etc. — he understands in advance that any element 
E will be at the same time "larger" than any element already put dovm 
(A, B, C, D) and 'smaller" than the remaining elements (F, G, etc ) 
Grouping V provides a model for the cognitive actions present in such an 
act of seriating objects. 

Mathematically, classification and seriation can, be irtterpreted as 
being logically dependent on equivalence and order relations. It is well 
knowiv in mathematics that each equivalence relation serves as the basis 
for a classification of objects (Herstein, 1964) and conversely that every 
exhaustive classification of objects into distinct classes defines an 
equivalence relation, where objects are considered as being equivalent if 
(a7 T.y.^^t^^^.^^^'^ together. For example, given a set of linear objects 
(A), with the instructions to "put all objects having the same length 
together, the set can be partitioned into disjoint subsets by using the 
mathematical properties of "same length as." On the other hand, nonre- 
flexive, asymmetrical, transitive relations can serve as a basis for 
ordering a collection of objects, or for the act of seriation. ; 

Classlficatory behavior of young children has been the subject </£ 
a substantial amount of research in recent years. Inhelder and Piaget 
(1964) were among the first to systematically study the behavior of chil- 
dren as they attempted to form classes. These authors report behavior 
related to classlficatory acts ranging from "graphic collections" (Stage 
1) in which the child forms spatial wholes, to true classification (Stage 
IIU. True classification appears when children are able to coordinate 
both the intension and extension of a class as shown by an ability to 
solve class inclusion problems — somewhere around 8-9 years of aee. 
Lovell, Mitchell, and Everett (1962) found behavior similar to that found 
by Inheldet and Piaget with only Stage III children being able to group 
objects according to more than one criterion; sueh as color, shape, or 
form. The fact that trfe basis of classification children use is age 
related was revealed by Olver and Hornsby (1966). Their research showed 
that collections made by very young children are based on perceptible 
propertJ-s of objects (color, shape, etc.) with an increase of functional 
based equivalence as children grow older. Other researchers (Maccoby and 
Modlano, 1966) reported that the choice of criteria for classification is 
pJw^'^''!! u'*"? ^^^i^!^ culture. While this may be the case, Olmsted, 
Parks and Rickel (1970) reported that the classification skills of cul- 
turally deprived children, including an increase in theXR^Ufity of .criteria 
used for classification, could be improved by involving IheVhildren in 
a systematic training procedure. Edwards (1969) also reported an increase 
in classification performance of children due to training. Other investi- 
gators (Clarke, Cooper and Loudon, 1969; Darnell and Bourne, 1970) reported 
that conditions of training, such as making the child aware of natural 
relationships or orderings among a set of objects, may facilitate thfe 
learning of equivalence relations. 

Seriation behavior develops in stages similar to classification 
behavior (Inhelder and Piaget, 1964). Systematic or operational seriation 
appears in Stage III — approximately eight years of age. Opef'ational 
seriation is distinguished by (1) the discovering of a systematic way of - 
forming a series and (2) the ability to insert new elements in an existing 
series without relying on trial-and-error procedures. Developmental 
stages consistent with the findings of Inhelder and Piaget have been 
reported by Elkind (1964) and Lovell, Mitchell, and Everett (1962) 



80 



Johnson f Learning of Ctas$ification and Striatwn 75 



Very little research has been reported In which training procedures 
were used in an attempt to facilitate seriation ability. Coxford (1964) 
reported that selected Instructional activities had a fa(|^illtating effect 
on the seriation ability of those children who were already In a transi- 
tl^al stage. Holowinsky (1970), however, reported that any increase In 
seriation ability of four-, five- and six-year-old children In his sample 
was more likely due to age increases than to Instructional activities. 
Clearly, the Issue of training effects has not been resolved. 

The current literature indicates that various factors influence the 
ability of a child to determine criteria for classification. Although the 
training research has not been completely unfavorable, classification has 
been approached only as a general categorizing process not including the 
major action In classifying — the forming of equivalence classes. Hence, 
any relationship which may exist between the child's knowledge of the 
mathematical properties of an equivalence relation and his classification 
skills based on that relation has not been explicated. 

Similarly, the current literature does not explicate any relation- 
ship which may exist between seriation ability and properties of order 
relations. Specifically, does a relationship exist between the child's 
knowledge of the transitive property of an asymmetric, transitive rela- 
tion and Che child* s ability to seriate on the basis of that relation? 
Furthermore, it has not been determined whether seriation ability is re- 
lational specific or material specific. Conversely, because classification 
and seriation involves using mathematical relations, does classification 
and seriation training produce an understanding of the mathematical 
properties of the relations involved, specifically, the transitive 
property? 



Purpose , ^ 

The main purpose of this experiment was to determine the Influence 
of training on the ability of first and second grade children to classify 
and seriate objects on the basis of length. A second purpose was to 
investigate the influence of such training on the child's ability to 
conserve and use the transitive properties of the above relations "same 
length as," "longer than," and "shorter than." 

Other objectives were to determine if the subject's ability to use 
the transitive property of the equivalence relation "same length as" was 
related to his ability to classify on the basis of the relation; to inves- 
tigate the relationship between the child's ability to use the transitive 
property pf the relations "longer than" and "shorter than" and his ability 
to seriate on the basis of these relations; and to determine if the 
ability to seriate linear objects is material specific or relational 
specific. 



Method 



The Subjects 

Eighty-one subjects, comprised of .thirty-nine first grade children 
and forty- two second grade children were chosen for thj.s study. Twenty- 
three first grade and twenty-four second grade children were from -the 
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W. H. Crogman Elementary School, while sixteen first grade and eighteen 
second grade children were enrolled at the Cleveland Xvenue Elementary 
School; both schools In Atlanta, Georgia. At the beginning of this study, 
March 16, 1^71, the mean age for first grade was 80.8 months and for 
second grade 91.8 months. 

The M. H. Crogman Elrementary School Is located near downtown Atlanta 
In a Model Cities area. All subjects from W. H. Crogman School who par- 
ticipated In this study were Negro. By virtue of having been In a Model 
Cities area, the educational programs of W. H. Crogman Elementary were 
enriched by the use of parents as "teacher helpers" and a well-planned 
extended day program for first and second grade children. Many o^ the 
children who participated In this study took part In home economics, art, 
music, organized physical education, and a variety of other activities. 

Cleveland Avenue Elementary School Is located In Southwest Atlanta 
and served a predominately Caucasian, middle-class student population. 
Of the thirty-four children In the sample from this school, thirty-two 
were Caucasian and two were Negro. Within each school, the sample was 
randomly selected from the existing first and second grade classes. 



Description of Learning Material 

Two Instructional units were written for this study. Unit I con~ 
slsted of six lessons designed to acquaint the students with the relations 
"same length as," "longer than" and "shorter than" and to make proper 
comparisons based on these relations. Unit II consisted of ten lessons 
designed to give experiences In classifying on the basis of the equiva- 
lence relation "same length as" and seriating on the basis of the order 
relations "longer than" and "shorter than." For example, lessons l*and 
3 of Unit II were primarily concerned with classifying sticks, straws, 
plpecleaners, and ropes on the basis of length. In lesson 2 the child 
was asked to determine the longest and/or shortest object from a collection 
of objects given to him. The procedure followed was to make palrwlse 
comparisons until the longest (shortest) object was determined. In sub- 
sequent lessons, the child was asked to seriate collections of sticks 
and then mixed collections (strings, sticks, str^s, plpecleaners) using 
a procedure consistent with Piaget's stage three behavior. At least two 
lessons required the child to insert additional objects into series 
already formed. ^ 

In8tz*uotional Schedule and Modes of Instruction 

Instruction on Unit I began at W. H. Crogman School on the morning 
of March 18, 1971. Similar instruction began at Cleveland Avenue School 
on March 19, 1971. because of having to alternate between the schools 
on consecutive days, twelve days were required for the completion of Unit 
I. Upon completion of Unit I, a Criterion Test (see Criterion Test) was 
administered. The children who met criterion were randomly placed into 
either an experimental or control group. The experimental group received 
instruction on Unit II while the control group received no further in- 
struction. Instruction on Unit II began on April lA, 1971 with instruction 
being given at W. H. Crogman School in the morning and at Cleveland Avenue 
School in the afternoon. Ten instructional days were required for the 
administration of \Sx\ii€ II, ending on April 27, 1971. All instruction was 
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carried out In grouDs of aDDroximately six students In 2h minute sessions. 
Unit II was taught only by the investigator while teacher aides helped 
with the Instruction of Unit I* 

Tests 

Instruments were constructed to ^aeasure the children's knowledge 
of the lenj^th relations, ability to conserve and use the transitive 
, property of the relations, ability to seriate using the order .relations, 

0 I and ability to classi-fy using the equivalence relation. 

Criterion Test. A nine-item test was constructed to determine if, 
at the^ end of Unit I, the children unjierstood'^the rel^i^ions and terms 
used in the conservation and transitivity tests to 1)e a^mirtlstered as 
pretests. To meet criterion on this teat, the child had to*«pet criterion 
on each of the thrge relatife, whicH was defined as correctly performing 
o'n two 'of the three questioijs asked abo^ut each delation, fot example, 
the child would be asked (from a pile of sticks with a standard stick 
placed before the pile) t«>^"find a stick the same length as the standard 
stick,". "fin<f a stick longer than the . standard stick," and "find 'a stick 
shorter than the standard stick." Simila^t instructipns were given for 
the other six items which inrcluded,both^icks and strings. All questions 
were asked in random order to each chTtoC 




Conserv^pe6h of Length Relations' Test (CLRT), Th^s test consisted 
of six ^tp^cflTsT twQ each concerning the relations /'same length as," "longer 
than," and "shorter than." Two perceptual stimuli were given for "feach 
relation; neutral and confllctlve. All of thje materisfls were red and 
>reen sticks 3/8" in diameter differing in length by ^1/3" wlphln an item. 
In items with the neutral stimuli a red and green stick would be displayed 
and the chl\d was asked "Is the red stick the same lenAh as the green 
stick?" or "I^ the red stick longer than che green stlcV?" or "Is the red 
stick shorter than the green stick?" The question asked «?o«ld depend on 
whatiever relation did hold betv^een the two sticks. After the child had 
determined which relations did hold, one stick was moved right or left 
so that the left end of one stick coincided with the right /snd of thV^ 
other. Thr^e questions were now asked in random order. "Is the red stick 
the same length as the green ^tick?", "Is the red stick longer than the 
green stick?", "Is the red stick shorter than the gr^en stick?". 

The items with conflictive stimuli were administered in a slightly 
different way than the items with neutral stimuli. After the child had 
detepnlned the relation that existed between the red and green sticks, 
they were moved to torm a "T" and the three questions were then asked. 

To 'receive a score'of one on an item', the child had to answer 
the three questions correctly. The correct sequence of answers depended 
on the item being given. This test Was given both as a pretest and a 
posttest. 
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Transitivity ^ length Belations Teat (TLRT). This test consisted 
of six Items; two. each for the relations "same length ^s," "longer than," 
and "shorter than." Two petcyptual stimuli were present r*screened and 
conflictive. All materials in this test consisted of red, blue, and 
green sticks all 3/8" -in diameter and differing in length by 1/8". In 
each item, the child hJ^ first to determine the reJL^tion that existed 
botween the red and blue sticks, then the blue and <g re en sticks. To make 
an inference abput the relation that existed between the red "and green 
sticks the child was again asked "three questions in random order as in 
the CLRT. On the items with screened stimuli the final inference about 
the j^ngth of the red and green sticks had to be made wit^ the sticks in 
boxes and not visible by the subjects. This test was used both as a 
pretest and a posttest with scoring as in the CLRT". 



Serration Test. A 12-item test was constructed -to assess the child's 
.ability to seriate on the ba$:ts of "longer than" and "shorter 'than." 
Items) 1-6 were based on the relation "longer than;" items 7-12 we're based 
on "shorter than." Item 1 and item 7 required the child to seriate six 
sticks (free seriation), all 3/8" in diameter, ^differing in length by 1/8" 
with the shortest stick being 5 l/2" long. Item 2 and item 8 required the 
child to seriate six strings (free seriation) of the same length as the 
sticks in Item 1 and item 7. ' , ^ 

For the free seriation items, a point was .given for each stick or 
string judged to be in the "correct place" with respect to the relation 
given. For^ example, when the child had indicated thUt his series was 
formed, he was then asked to show how the pbjects were in order from the 
longest to shortest (shortest to longest). Now, if, for instance, h^ was 
basing his ordering on "longer than," and he indicated that his series 
was formed from left to right, a point would be given for a stick b if b 
was 'shorter than tlie stick it immediately succeeded and at the >8ame time 
longer, than the stick it immediately preceded. A maximum of four points 
was awarded for each of the free seriation items. 

Items 3, A, 5, 9, 10 and 11 required the cliild to insert a stick 
into a series ^ready formed. However, the sticks in the series were 
glued on an 8" 16" piece of cardboard, spaced and staggered so that a 
baseline was not di^scernable, as in Figure 1. 



figure 1 



'Item #A (seriated from longest to shortest - left to right). 



8" 




16" ^ 
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The series In items 3 and 9 consisted of four sticks, in items A and 
10 five sticks, and in items 5 and 11 six sticks. In each case the sticks 
were equally spaced. Items 6 and 12 were also insertion items but the 
existing series^iiad a visible baseline and the sticks could be moved about. 
,One point was given for' each correct answer. 



Classification Test. This test consisted of 3 items; two requiring 
the child to group sticks on the basis of length and ofie in which the 
child had to determine the criteria used for sticks already grouped. 

Tire* materials for Item 1 consisted of 12. green sticks, each 3/8" 
diameter with four of length 5", four of length 5 1/A" and four of length 
5 1/2". One stick of each length was mounted on a piece of paper board. 
The three mounted sticks were pointed out to the child who was then in- 
structed to "find all of the sticky that would go with this stick (5"), 
this stick (5 1/4") and this stick (5 1/2")." The nine sticks to be class- 
ified were in disorder before the child. A record of all sticks correctly 
and incorrectly placed was kept by the experimenter. 

The materials for item 3 consisted of ten red sticks all 3/8" diam- 
eter, three of length 4", three of, length A 1/A", three of length 4 1/2", 
and one of length 4 3/4". The ^t en sticks^ were given to the child and he 
was instructed to "put aU pf the sticks together that belong together." 
A record ^f the chil<i*8 actions was kept by the experimenter. 

Item 2 required that the child determine the criteria used for 
grouping. The materials for this item consisted of fifteen sticks; five 
each at length 6", 6 1/A", aird 6 1/2". The sticks were placed into three 
/ distinct piles about 15 J.nches' apart on a table* Within a pile, sticks 
differed in color and diameter; with length being constant. The child 
was instructed to "jfclsl roe yhy I have all ofi- these sticks together in 
this pile (6"), in tht^pne (6 l/V) and in this pile (6 1/2"}." If a 
correct answer was gl^eil, ^he child was asked to justify his answer. 
Upon, justification, h^v/as then aske4, "Why do I have these sticks in 
different piles?" Ag-^i^lk justification for a correct answer was asked 
^or. A record of all answ^s was kept by the experimenter. 

^ The ExpeHmentat v/sign and Statistical Analysis. Two treatment 
conditions within two grade levels within two schools produced eight com- 
^ parlson groups. Table 1 is a layout of the design. and represent 
W. H. Crogman Elementary School and Cleveland Avenue Elementary School,^ 
respectively, the numerals 'U" and "2" represent grades 1 and 2. The 
letters E and C represent experimental and control groups, and (i « 1, 
8) represents the eight different groups. 

, Because 'the main purpose of the criterion test was to eliminate 
subjects who did not have a knowledge of the relations, no t^st of signi- 
ficance was performed on the criterion test data. . It should be pointed 
out that all children met. criterion on the Criterion Test. 

A 2 X 2 X'2 factorial design utilizing analysis of Variance (MUGALS)^ 
was • used to determine the effect of the two classification (School and - 
Grade Level) and treatment variables on the seriation test. An analysis 



MUGALS (Modified University of Georgia Least Squares Analysis of 
Variance), Athens, €eorgia, University of Georgia Computing Center, 1966. 
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Table 1 
Outline of the Design 



Tests 





Grade 




Crit 


CLRT 


TLRT 


Serl 


Class 


CLRT 


TLRT 


.School 


Level 


Treatment 


Test 


Pre 


Pre 


Test 


Test 


Post 


Post 




1 


E 


Gl 


Gl 


Gl 


Gj 


Gl 


Gl 


Gl 


Si 




C 


G2 


G2 


G2 


G2 


G2 


G2 


G2 




2 


E 


G3 


G3 


G3 


G3 


G3 


G3 


G3 






C 


Gi, 


Gl, 


Gl, 


Gl, 


Gl, 


Gl, 


Gl, 




1 


E 


Gs- 


Gs 


Gs 


Gs 


Gs 


Gs 


Gs 


S2 




C 


Gs 


Gs 


Gs 


Gs 


Ge 


Gs 


Gs 




2 


E 


G? 


Gv 


G? 


G? 


G? 


Gv 


G? 


». 




C 


Gs 


G8 


G8 


G8 


G8 


G8 


G8 



of covariance (MUGALS) was used to analyze the conservation and transitivity 
posttest scores using the respective pretests as cova^riates. An item by 
item analysis involving the treatment variable was performed on the clas^- 
fication test data using contingency tables and Chi-square test of inde- 
pendence. To determine relationships bet;ween transitivity, seriation, and 
classification, a series of contingency tables was constructed and tested 
with Chi-square tests of independence. 



Results 




Seriation TeBt ■ 

The overall mean for the seriation test was 12.51 with a standard 
deyiatlon of 7.03. The total possible score by an individual on^this 
test was 24. Table 2 contains the means for grades and treatment within 
'groups;. 



Table 2 
Means for Seriation Test 



School 


4 Grade 


Exper^mentals 


Controls 


Crogman 


1 
2 


12.83 
15 .'50 - 


6 
12 


55 
42 


{Cleveland 


1 


11. 2§ 


7 


88 


2 


20. Off 


13 


56 



Jable 3 contains the difficulties of all dichotomous items on the 
seriation test/ Because itfems 1, 2; 7, and 8 were nondichotomous the 
difficulties of these Items are reported as p-values in Table 4. 
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Table 3 

Item Difficulties of Dichotomous Items - Seriation Test 



Item No. 


Frequency of Correct Response 


Difficulty 


3 
4 
5 
6 
9 
10 
11 
12 


46 
33 
33 
46 
41 
36 
43 
44 


.57 
.41 

^ .57 
^ .51 
.44 
.53 
,54 



Table 4 

P-Values for Nondichotomous Itfems* 







P-Values 






Item No. 


Score 0 


1 




2 


3 


4 


1 


.26 


.06 




.17 


.00 


,51 


2 


^ * ,2a' 


* ,16 




,23 


,03 


.3a. 


7* 


.27 


.07 




,12 


,05 


,48 


8 


.30 


.12 




,27 


,05 


.26 


*P is the 


ratio of Ss who received 


score i 


(i 


- 0, 1, 2 


. 3, 


-4) for 


item X (x 


« 1, 2, 7, 8) to the total number 


of 


subjects 


answering. 



Inspection of Table 3 shows that less than fifty percent of the 
children were able to correctly answer items 4, 5 and 10, Items 4 and 10 
involved inserting a stick into a fixed five-stick series in which the 
sticks were ordered from longest to shortest (item 4) and from shortest 
to longest (Item 10), It was expected that item 5 would be more difficult 
than item 4, because item 5 contained dix sticks as opposed to five in 
item 4 and were arranged in a staggered series from longest to shortest. 
Because items 5 and 11 were identical except for order, the difference in 
difficulty was not expected. Furthermore, inserting a stick into a six-stick 
series with a baseline (items 6 and 12) appeared to be slightly easier 
than inserting into a six-stick series without a baseline (items 5 and 11) « 

Table 4 dearly shows that more children were able to correctly 
seriate sticks (items 1 and 7) than strings (items 2 and 8), Little dif- 
ference in difficulty was found between performance on the "longer than" 
item using sticks (item 1) and the ''shorter than" item i^ing sticks 
(item 7)^. Similarly, little difference In difficulty was found between 
performance on the "longer than" item using strings (item 2) and the 
"shorter than" item using strings (item 8), It also appeared that children 
either could not put any objects in correct order (score of 0); could 
correctly order up to four or make two pairs of three, each correctly * 
ordered (score of 2); or could\correc^^y order all six objects (score of 4), 

The analysis of variance fnf the seriation test Is reported in Table 
5. Both Krade (p < .01) and .tjfeatment (p < ,01) were highly significant 
main effects. No differences could be detected due to school. No signi- 
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flcant first or second order interactions could be detected. It is clear 
that the experiences provided to the subjects in this study were sufficient 
to inxprove their seriation ability as measured by the seriation test. 

Tab3te 5 

Analysts of Variance for Seriation Test Scores 



Source of Variation 


df 


MS 


F 


S (School) 


1 ^ 


35.66 


<1.00 


G (Grade) 


1 


648.79 


17.22** 


T (Treatment) 


1 


452.9^ 


12.02* 


S X G 


1 


42.70 


1.13 


S X T 


1 


.25 


<1.00 


G X T 


1 


.02 


<1.00 


S X G X T 


1 


48. Al 


1.29 


Error 


73 


37,68 * 





**(p < ,0005), * (p < .001) 



Coneervation of Length delations Teat (Posttest) 

" Table 6 contains the means for all groups on the CLRT posttest. An 
interesting observation is that the means for first-grade controls were 
somewhat higher than means for first-grade ^xperimentals across schools. 

Table 6 

Means for Conservation of Length Relations Test (Posttest) 



-School Grade Experiment als Controls 



Crogman 


1 


2.50 


3,20 


2 


4.50 


4.08 


Cleveland 


1 

2 


2.25 
5.22 


4,25 
4.89 



The CLRT was given both as a pretest and a posttest. A comparison of item 
difficulties on the pretest and posttest is given in Table 7, Overall, 
the items on the CLRT were easier on the posttest than oti the pretest. 
Item 1, involving "same length as/' was more difficult than item 2, also 
involving "same length as," on both administrations of the test. This is 
surprising since item 1 used a "neutral" situation while item 2 was a 
"conflictive" item. Divers (1970) found that different perceptual situa- 
tions had little effect on conservation ability. Items 3 and 4, involving 
"longer than," were the easiest items on the posttest. 

The results' of the CLRT posttest were analyzed by analysis of covar- 
iance using the CLRT pretest as a covariate. The results of this analysis 
are reported in Table 8, 
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Table 7 ^ 
Item Difficulties of Conservation of Length Relations 
Test: Pretest and Posttest 



Item No. V 


Relation and Situation " 


Difficulty 
Pretest Posttest 


1 


Same Length As (N) 


.35 


. .56. 


2 


Same Length As (C) 


.42 


.63 


3 


Shorter Than (N) 


.63 


.67 


4 


Shorter Than (C) 


.43 


.70 


5 


Longer Than (N) ^ 


.35 ' 


.64 


6 


Longer T^ian (C) 


.41 


.64 



Table 8- 

Analysis of Covariance for Conservation of 
Length Relations Test Scores (Posttest) 



Source of Variation 



df 



MS 



(School) • 

(Grade) 

(Treatment) 

X G 

X T 

X T 

X S X G 



Error 



1 

■ 1 
1 
1 
1 
1 
1 
72 



14.45 
10.68 
.67 
8.98 
.42 
.34 
.98 
2.26 




*(p < .05) 



The main effects of school and grade were both significant. In view 
of past research on conservation ability, it was expected that older 
children would be better conservers of length relations than the younger 
children; however, it was not expected that the school effect would be 
significant. No significance could be detected due to treatment. No sta- 
tistically significant interactions were found; hovzever, there was a possible 
suggested interaction between school and grade. 



'Transitivity of Length Relations Teat (Poatteat) 

Table 9 contains the means for all children on the TLRT posttest. 
Item difficulties for the pretest and posttest ar*? given in Table llO. 

Inspection of Table 10 reveals that on the pretest, all itej& except 
item 3 were of near equal difficulty. It was not expected thafr^m 3 
would be easier than item 4 because item 3 required the child to mak6 an 
inference about the relative length of sticks placed inXboxes and not 
visible to the child. An interesting result was the change in difficulty 
of items 1 and 2 in a positive direction. from pre-to posttest and a change 
In difficulty in a negative direction for items 3, 4, 5, 6 ^rom pretest 
to posttest. The items involving the llMr order relations were at least 
as difficult after the extensive training on strategies of seriation 
utilizing these relations. 
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Table 9 

Means for Transitivity of Length Relations Test (Posttest) 



School 


Grade Expe^imentals 


Controls 


Crogman 
Cleveland 


1 1.50 

2 ' 2.50 

1 2.13 

2 2.67 


1.40 
1.3-3 
2.50 
3.44 


V 


Table 10 

Item Difficulties of Transitivity of Length Relations 
Test: Pretest and Posttest 






iDifficulty 


Item No. 


Relation and Situation Pretest 


Posttest 


1 

2 
3 
4 
5 
6 


Same Length As (S)* ,33 
^ Same Leng'th As (C) ,30 
Shorter Than (S) ,44 
Shorter Than (C) ,31 
Longer Than (S) ,33 
Longer Than (C) .31 


.49 
.43 
.38 
.28 
.22 
.30 



*S:. Screened, C: Conflictive 



Table 11 

Analysis of Covariance for Trans;Ltivity of 
Length Relations Test Scores (Posttest) 





Source of Variation 


df 


MS 


F 


S <School) 

G (Grade) 

T (Treatmenf) 

S X 0 

S X T 

G X T 

T X S X G 

Error 


72 1 


14.96 
2.12 
.59 
.001 
8.14 

1.40 
2.37 


6.31* ^ 
<1,00 

<i.ofe 

<1,00 
3.43 
<1.00 

<i,oo. 



*(p < .05) 



Table 11 contains the results of the analysis of covariance on the 
TLRT posttest with the TLRT pretest used as a covariate. Only the main 
effect of school wa^ significant. No significant interactions wei;^ de- 
tected with only a possible interaction suggested between school and 
tre^atment. 

The test statistics for the seriation test, the CLRT pre- and post- 
test, and TLRT pre- and posttest are contained in Table 12. Test correla- 
tfons are given in Table 13, An unexpected result was that the seriation 
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Table 12 

Test Statistics for Seriation, Conservation, and 
Transitivity Tests (N « 81) 



Test 


Nuznber of Items 


Possible Score 


Mean 

c 


SD 


Reliability 


Seriation ' 


12 


24 


12.5 


7.03 


.81** 


CLRT (pretest) 


6 


6 ^ 


2.58 


1.98 


.77* 


CLRT (post test) 


6 


6 


3.84 


1.98 


.85* 


TLRT (pretest) 


6 


6 


2.03 


1.47 


.46* 


TLRT (posttest) 


6 


6 


2.11 


1.6j6 


.63* 



**Alpha CoeffiTcient, *KR-20 



Table 13 
Test Correlations 





Con. Pre. 


Con. Post 


^Tran. Pre. 


Tran. Post 


Seriation 


.21 


.25* 


.15 


.26* 


Con. Pre. 




.65* 


.45* 


.38* 


Con. Post 






.43* 


.33* 


Tran. Pre. 
*r»x ✓ m\ 


• 






.31* 



test did not correlate more than .26 with any other test. All correlations 
differed significantly from the zero correlation except the correlations 
between the seriation test and the conservation and transitivity pretest. 

Classification Test 

Item 1 on the classification test required the child to find and 
group into three distinct piles sticks similar to a given stick. From 
the children*s responses, four performance categories were identified. 
They were: (a) the child did not attempt to classify sticks; (b) the 
child m^de some partial classes but did not exhaust the set of sticks to 
be classified; (c) the child exhausted the set but made some incorrect 
choices^ and (d) the child correctly classified all. sticks. Table 14 
shows the number of subjects exhibiting each of the above four types of 
perfonnance on item 1 by treatment, grade, and school. A Chi-square test 
of independence was performed for each main effect and performance. The 
control subjects performed comparably to experimental subjects on Item 1. 
Thirty-six of ^forty-seven (76%) subjects at Crogman School were able to 
classify all sticks. The same percent of category d responses was found 
at Cleveland School; twenty-six^of thirty-four (76%). A slight relation- 
ship^ (X - 6.78, p < ,10) was founjj between performance on item 1 and 
grade level. 

Item 2 requir'ed the subjects to discover the criteria for classifi- 
cation. In this item sticks of different colors and diameters were 
oresented in three di8tj.nct piles and the child was ask^fLto give a reason 
for their being grouped together in separate piles. Tlie cKdr^ was also 
asked to tell why distinct piles were formed. Five distinct categories of 

ir J:- 
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Table 14 

Frequency Table: performance on Item 1 Contrasted 
With Treatment, Grade, and School 













Performance 








a 


-b 


c 


d 




E 


1 


7 


4 


29 


Treatment 


C 


0 


4 


3 


33 • ' 


Grade 


1 


1 


8 


5 


25 


2 


0 


3 


2 


37 


School 


Cr 


1 


7 


3 


36 








CI 


0 


4 


4 


26 



responses were Identified. They were: (a) the child did not discover the 
criteria; (b) the child gave a correct reason for the piles being together 
but without justification; (c) a correct reason was given with justifica- 
tion; (d) in addition to justifying the reason for sticks belonging in 
distinct groups, the subject correctly gave a reason for sticks being in 
different groups but without justification for his reason; (e) all of (d) 
with justification. The overall performance of the subjects on item 2 is 
presented in Table 15 contrasted by treatment, grade, and school. A slight 
relationship was found (x^ " 9.26, p < .10) between performance and treat- 
ment; however, a higher frequency of category (e) i^sponses was given by 
the control subjects with a reversal for category (d) responses. Overall, 
it can be seen that about 75% of the subjects failed to discover the 
criteria for classification in item 2. 



Table 15 

Frequency Table: Performance on Item 2 Contrasted 
With Treatment, Grade, and School 













Performance 










a 


b 


c 


d 


e 

















Treatment * 


C 


29 
30 


1 
0 


2 
2 


6 
0 


3 
8 


Grade 


1 


29 
30 


0 
1 


3 
1 


1 

5 


6 
5' 


SchooJ? 


Cr 
CI 


35 
24^ 


1 
0 


3 
1 


2 
4 


6 
5 



In item 3 the child was given ten sticks and asked to classify them 
as he desired where the sticks differed only in length. One^stick was 
longer than all of the others, requiring the child to come to grips with 
forming a class with one element. Four categories of performance were 
identified: (a) | no ^attempt was made to group the sticks; (b) the child 
made at least two 4>ile8 with the sticks being placed incorrectly; (c) the- 
child put all sticks In correct piles according to lepgth except the 
longest sticks; (d) the child correctly classified all sticks. Including 
the longest stick. The overall perfonjiance of the subjects contrasted by 
treatment,** grade, and school is given in Table 16* 



ERLC 
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Table 16 

Freq^uency Table: Performance on Item 3 Contrasted 
With Treatment, Grade, and School 











Performance 








a 


b 


c 


d 


Treatment 


£ 


5 


17 


3 


16 




C 


1 


21 






Grade 


1 


2 


22 


5 


10 




2 




16 


2 


20 


School 


Cr 




22 


6 


15 




CI 


2 


16 


1 


15 



No significant relationship could be detected between performance 
on item 3 and treatment, grade, or school. However, the frequencies 
reported for grade 2 shows that second graders gave more correct category 
(d) responses than the firdt graders which indicates that more older 
children were able to deal with a class consisting of one, member than 
their younger counterparts. 



Classification and Transitivity 

One purpose of the study was to investigate relationships between 
the ability to use the transitive property of "same length as" and classi- 
fication ability on the basis of length. Tables 17, 18 and 19 contain 
the subjects' classification responses on items 1, 2 and 3, respectively, 
partitioned by transitivity score. The transitivity score was a result 
of the subject's performance on the transitivity items involving "same 
length as" on the TLRT posttest. Zero, one, and two were assigned as 
transitivity scores depending upon whether the subject correctly answered 
none, one, or both of the transitivity items. In order to increase cell 
frequencies, rows indicating intermediate levels of performance on the 
classification test were combined as explained by Guilford (1956). Tables 
17 and 18 show that performance on item 1 and 2 was slightly related to 



Table 17 

Contingency Table: Classification Performance (Item 1) vs 
Transitivity Ability (same length as - Posttest) 


nClassif ication 
Performance 


Transitivity Score 
2 1 0 


d 

a-c 


25 16 21 
3 3 13 


X*^ - 5.73, p < .10 


V 



transitivity ability of "same length as." No relationship could be 
detected between transitivity ability and classification performance on 
item 3. Perhaps transitivity was not needed to correctly perform the 
items on the classification test. However, the data in Table 17 indicate 
that at least 80% of the time, the child who scored 1 or' 2 on the tran- 
' sitivity test performed at the highest level on the classification item. 

ERIC , T)) 
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In contrast, the data In Table 18 suggest that at least 85% of the time, 
the child who scored 1 or 0 on the transitivity test performed at the 
lovest level on classification item 2. 



Table 18 

Contingency Table: Classification Performance (Item 2) vs 
Transitivity Ability (same length as - Posttest) 





Classification 






Transitivity Score 




Performance 


t 


2 


1 


0 


d-e 
a-c 




10 
18 


2 

17 


5 

29 



- 5.72, p < .10 

f 

Table 19 

Contingency Table: Classification Performance (Item 3) vs 
Transitivity Ability (same length as - Posttest) 





Classification 




Transitivity Score 




Performance 


2 


1 


0 


d 

a-c 


13 
15 


7 
12 


10 
24 



- 1.91, p < .50 



^ 1 

* Seriation and Tranaitivity 

The ijelationship between seriation ability using the relations 
"longer than" and "shorter than" and the ability to use the transitive 
properties of these relations was also investigated. These results are 
presented in Tables 20 and 21. The transitivity score refers to whether 

Table 20^ 

Contingency Table: Seriation (longer than) vs 
Transitivity (longer than - Posttest) 



Transitivity Score 



Seriation Score 2 10 



9-12 4 12 12 

5-8 1 6 13 

0-4 2 10 21 



X2 - 3.91, p < .50 
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Table 21 

Contingency Table: Serlatlon (shorter than) vs 
Transitivity (shorter than - Posttest) 



Serlatlon Score 






Transitivity Score 




f 


2 


1 


0 


9-12 

5-8 

0-4 

4 

— ff : — - 




2 
5 
7 


10 
11 
5 


12 
14 
15 


= 4.96, p < .30 



the child correctly answered none, one or bo^h of the items on the transi- 
tivity test involving the relation "shorter than" or "longer than/' The 
serlatlon score for each order relation ranged from zero to twelve. 

The results of Chi-square t*ests of independence indicate that the 
hypothesis of independence between serlatlon ability and transitivity 
ability cannot be rejected beyond the .10 level of significance. 

» 

Other Relationships' * * 

It was expected that the ability to seriate sticks was related to 
the ability to seriate strings across relations. The results reported in 
Tables 22 ancT 23 show that a high relationship does exist between these . 
two abilities. Inspection of Table 22 shows that of the 24 subjects who 
received a score of four, representing the correct seriating of six strings 
from shortest to longest, twenty-three also received a score of four for 

Table 22 

Contingency Table: Serlatlon of Sticks vs Serlatlon 
of Strings (Shorter Than) 



Strings 


4 


Sticks 
3-2-1 


0 


4 


. 23 


0 


1 


3-2-1 


17 


10 


7 


0 

— n 


1 


9 


13 


X - 41.03, p < .001 



seriating sticks from shortest to Ibngest. However, of the forty-one 
receiving a scorS of four for seriating sticks from shortest to longest, 
only tweatjr-three received four for serlatlhg strings. Similarly, Table 

3 reveals that of 21 students receiving a score of four with strings 
18 received a score of four for sticks ttljlle of 39 .who received a score 
of four for sticks, only 18 received a score of four for strings, all 
serlatlon based on the relation "longer than."" Not only were the abilities 
related, -but clearly seriating strings was somewhat more difficult than 
seriating sticks. 
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Table 23 

Contingency Table: Serlatlon of Sticks vs 
Serlatlon of Strings (Longer Tlian) 









Sticks 




Strings 


4 


3-2-1' 


0 


— ' 

3-2-1 
0 


18 
18 
3 


3 
15 
2 


0 
3 
19 


» 54.54, p < .001 



Table 24 

Contingency Table: Insertion Ability 
(Baseline vs Non-Baseline) 

* Non-Baseline 



Baseline 2 10 



2 17 10 8 

1 4 9 7 

0 2 11 13 



- 13.83, p < .01 
I 

A strong relationship was also found between the abilities to 
insert a stick int^ an existing series of sticks with a baseline and with- 
out a baseline, sH^^m in Table 24. Seventy-four percent of the subjects 
who correctly ins;6rted the stick Into the two noo-basellne items also 
correctly inserted the stick into the two baseline items while only 
fifty-four percent of the subjects who inserted cotrectly llito the two 
baseline items could also Insert correctly into the two non-baseline 
items. 



Discussion 



The results of this study clearly confirm the hypothesis that serla- 
ability of "linear" objects can be improved by training. It is also 
clear that serlatlon ability improves with age and, if trends hold, little 
ability to seriate "linear" objects can be expected below six years of 
age. The experiences provided in this study to the first grade children 
were sufficient to cause their mean performance (12.04) on the serlatlon 
test to be comparable to the mean performance of the second grade children 
who did not have the experiences (13.49). Being black or white appeared 
to have little or no effect on the subject's serlatlon ability. 

"•The extent of th ^ cts* serlatlon ability, in terms of being 

operational in a Piagt^^an sense, must be questioned when one considers 
the overall performance on the transitivity test. In particular, the 
treatment appears to have had no effect on the children's ability to use 
the transitive property of the order relations Involved in the study. In 
fact, no significant relationship could be detected Between transitivity 
of "longer than" and "shorter than" and the ability to seriate using these 
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relations. This finding Is not consistent with the hypothesis presented 
by Beth and Piaget (1966) and confirmed by Ellcind (196A) that transi- 
tivity is necessarily present when a child exhibits behavior characterized 
^ as stage three seriation behavior. The question is raised concerning what 
is operational" seriation behavior, in this study, children were able to 
seriate strings and sticks, as well as insert additional sticks into a 
series already formed without any trouble but could not use the transitive 
property of longer than." Such responses would indicate that the seria- 
tion training was successful in training the children to use an algorithm 
which was not part of an operational scheme. If this was the case, it 
would be expected that the relationship between seriation and transitivity 
would be negligible. If, however, the children were now "operational" 
then these findings suggest that contrary to PiagVt'^ hypothesis, seria- 
tion behavior does not necessarily imply transitivity. In any case it 
is clear that we need additional ^guidelines as to what constitutes opera- 
tional behavior and more effective ways of measuring such behavior. 

Itroughout the training sessions outlined, it was frequently pointed 
out thaj: if object a- was the same length as object i>, then the spatial 
position of a-and b did not a^ter this relationship. Furthermor'e, if a 
was longer (or shorter) than b, then a would remain longer (or shorter) 
than b regardless of their spatial Vsition. Even though such procedures 
were part of tjie classification and seriation training little or no 
difference was detected between the experfnental and control groups in 
the performance on\ the CLRT. However, a significant school and grade' 
effect was found. | While the school and grade differences were e:Cpected 
in view of past studies, the non-significant treatment effect was unex- 
pected. Although Che procedures in this study differ somewhat from the 
procedures used in a study by Sigel, Roeper and Hooper (1966), they report 
that classification training improved ability to conserve quantity. Carey 
and Steffe (1968) report thaf selected experiences significantly improved 
the ability of four- and^i<re-year-old children to conserve length. The 
experiences p^ovidn^^Warey and Steffe were similar to the experiences 
provided to the sampl>vin this study. 

The" results of tht classification test indicate that it was somewhat 
easier for children totlassify sticks On the basis of self-selected 
criteria than to diyxJ^er the criteria used for sticks already classified. 
While little difference was found in performance (as noted by frequencies 
of response) on iteds one and three due to school and treatment, it was 
clear that second gr^de children did better on both of the items. On item 
three, the difference in response frequencies indicated that second grade 
children „ere able to form a class with only one element more consistently 
than the first graders. This finding was consistenj:. with Piaget»s obser- 
vation that the concept of a singular class appears in a. child around 
eight or nine years of age. 

The hypothesis of a. relationship between the child^s classification ^ 
ability and his ability to use the transitive property of the equivalence 
relation of 'same length as" was not confirmed. The lack of a relation- 
ship may be explained, at least partially, in two ways: CD A two-item 
test may not sive a true assessment of transitivity ability. Past research 
reveals that much controversy exists over methodological issues and at the 
age at which children acquire the transitive property. Braine (1959) 
using a non-verbal technique, reported that children can use the transitive 
property of length relations as early as four and one-half years of a?e. 
On the other hand, Smedslund (1963b) reports that operational transitivity 
occurs around seven years of age and that Braine failed to assess tranai- 
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tlvlty. (2) Transitivity was not needed to do the classification taslts. 
In the case of Item one, this could possibly have been the case since 
over half of the subjects receiving a score of zero on the transitivity 
test (Indicating failure to' correttly ansver'both transitivity Items) 
performed at the highest level on this Item. On Item 2, over 50Z ©f the 
subjects performed at the lowest level of performance across transitivity 
scores. Over half of the subjects receiving zero on transitivity also 
performed at the lowest levels of performance on item 3. Such results 
suggest that transitivity was not necessary for the classification items 
In this test. 

In view of the findings of this study, questions may be raised 
concerning the feasibility of placing certain topics and activities in 
the early elementary mathematics curriculum. Consider the topic of formal 
linear measurement which is now being Introduced by some curriculum devel- 
opers as early, as first grade. According to Plage t, Inhelder, and Sze- 
ainska (1960), prerequisite to understanding linear measurement is the 
ability to conserve length and to use the transitive property of length 
relations. The findings of this study indicate that about half of the 
first and second grade children used did not show evidence of these 
prerequisites. In view of this, perhaps* as pointed-out by Huntington 
(1970), the teaching of formal linear measurement should be delayed 
until approximately t;{iird grade. ^ 

* The idea of ordering numbers (such as 3 comes after 2 and 3 comes 
before 6) is one commonly taught at first and second grade. It seems 
reasonable that children at these grade levels would also have many 
experiences in ordering sets of physical objects. Certainly, such an 
activity is less abstract than ordering cardinal numbers per se. An 
example of such an ordering would be to order sticks on the basis of 
'Uonger than." This study has shown that many children at first and 
second grade cannot perform such ordering, causing one to question 
whether the child has a concept of "five*," "six," "seven," etc. when he 
arranges them in order or if he is just recalling the order from his rote 
counting process. It has been shown that serlatlon ability, as related 
to linear objects, can be improved with certain experiences. It, still 
needs to be shown whether similar results can be found with other rela- 
tions. 

The early elementary mathematics curriculum Includes activities in 
forming and describing "sets" and operations with "sets." However, basic 
to forming sets of objects is the notion of classifying objects on the 
basis of certain properties of qualitative characteristics of the objects. 
As noted, Inhelder and Piaget (196A) have shown that children go through 
various stages in determining criteria for grouping. This study has 
shown that while children of six or seven years of age can sort sticks on 
the basis of length, they experience great difficulty when given a collec- 
tion of sticks already partitioned on the basis of length and asked to tell 
why they were grouped together. This finding implies that chlldten will 
experience difficulty in determining the reason or reasons X number of 
objects has been placed in a set. For example, suppose A - {January, 

February, March, April, May, }. Will the child "discover" the 

crlterla^for grouping and add June to the set? Teachers should be aware 
that this type of problem may be quite difficult for six- and seven-year- 
old children. 

Finally, the present study has raised questions concerning relation- 
ships between classification, serlatlon and transitivity ab^illty. While 
some answers are given, it is not at all clear what kind of experiences 
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children should have between the ages of four and eight in» order to 
facilitate developoeat of structurea needed in logical activities ♦ 
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The. Generalization of Plage tian 
Operations as It Relates to the 
Hypothesized Functional Inter-, 
dependence between Classificati 
Seriation, and Number Concep 




UCHAM A. LESS 



Piaget's analysis of the cognitive evol 
loglcal-matheaatlcal concepts relies heavily 
of analyzing, ordering, and equating concepts 
their underlying operational structures. Two 
a training study, were conducted! in order to 
of Piflget's emphasis on the opejratlonal natur 
In the pilot study, a Plagetian task analysis 
three parallel sequences of tasks which were 

pertain to seriation, number, and classlf Icatlton concepts, respectively 
These three sequences of tasks were used to l^vestlgste the interdependent 
development of classification, seriation, snd 
of the pilot 'study were then used to orgsnlze 
In the training study, the possibility of Ind 
transfer between logical-mathematical tasks t 
morphlc operational structures was investigate 
trslnlng study, an attem|)t was made to obtain 
and seriation taska to number tasks and to delj^nlt the nature of the trans 
fer that occurred. ~ 1 ^ 

Before reporting the results, of' these stbdles, an interpretation of 
Plaget's description of the development of elagslf Icatlon, seriation snd 
number concepts Is given. In this .Interpretstlkm, the operational nature 
of logical-mathematical concepts 4s discussed i^d tssks that were used In 
the two emplrlcsl studies are presented. 



Ion of number and other 

the psychological vlsblllty 
or tadks) on the basis of 
studies, a pilot study and 
nvestlgate the legitimacy 
of mathematical concepts, 
vas used in order to obtain 
radcd In difficulty and which 



number concepts. The results 
and interpret a training study, 
cing learning which would 
at are characterized by Iso- 

Specifically, In the 
transfer from classification 



The experiment reported In this chapter Itt based on a doctoral 
dissertation In the College of Education at Indlbna University (Lesh, 1971). 
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Operational Concepts 



One useful definition of the word "concept" can be stated as follows. 
A concept has been attained when one can, within a given universe of ex- 
perience, distinguish instances from nonlnstances of the concept. On the 
^asis of this definition, at least two subcategories can be'distinguished 
within tl^ class of concepts. An example of the first of^these types is 
the concept of "red." This type of concept may be referred to as a concrete 
<ioncept since all of the Information that is necessary In order to <fistln- 
guish instances from nonlnstances is directly given In the perceptual field* 
Another type of concept; may be referred to As an operational concept in 
that it Involves abstractions, not, just from directly perceived properties 
of objects, but also from relations between objects, or from operations 
(or transformations) that are performed on objects (Piaget, 1971, p. 26). 

Mathet|[atical concepts can Involve operations In at least two ways. 
Some concepts (e.g., set union "+") Inherently Involve the mastery of a 
system of operations. Other concepts are operational because they arise 
only after a system of operations has been mastered. As an example, con- 
sider the concept of a class. 



The Concept of a Claae 

A class of objects does not exist In isolation. In order to form a 
class of objects C, one must be able to determine noC only what elements 
are in C but also what elements are not In C (call this class C') rela- 
tive to some, subsuming class S. 

A kindergarten child can be presented with three dteox plastic boxes 
containing 8 yellow balls, 3 yellow cubes, and 8 green cubes respectively. 
If he is asked, "Are there more yellow things or more balls?" the response 
is often "more balls." An analysis of children's responses (Inhelder & 
Piaget, 1964) reveals that the difficulty is not that yoimg children mis- 
understand the intent of the question. The difficulty seems to be that 
when the child's attention is drawn to the class C » (balls), the subsuming 
class S - (yellow things) is cognitively destroyed. Hence, the child may 
end up by comparing the size of the class C with the size of the class C' 
" (yellow cubes) . 

Similarly, other tasks indicate that when attention, is directed to- 
ward a subsuming class, its subclasses are often confused with over lappings 
(Vygotsky, 1962, pp. 56-65). Based on the careful analysis of^children* s 
responses to such tasks, Inhelder and Piaget (1964, Ch. 1-4) have concluded 
that a concept of a class C relative' to a subsuming class S requires the 
coordination of the operation "+" (i.e., class union, S - C + C), with its 
inverse (i.e., separation of classes, C - S - C'), 

Three Baeic Typea of Logical-McLthematical Operationa , 

A group of mathematicians, the Bourbaki group (Bourbaki, 1948), 
wanted to isolate a small ftumber of "matrix structures" which would be 
fundamental to all of the various branches of mathematics in that no one 
of them could be reduced to the others and that all other mathematical 
structures could be derived from these by combination, differentiation, or 
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specialization. Through regressive analysis, three basic types of structures 
were isolated which can be roughly characterized as follows (Grize, 1960, 
pp. 72-81): 

1. AtgehiKzic 8tr*ucture8y the prototype of which is the group. 
These structures were distinguished in that their form of 
inverse operation was negation, 

2. Op^ring structures j the prototype of .which is the lattice. 
These structures were distinguished In that their form of 
inverse operation was reciprocity. 

3. Topological structures ^ involving the concepts of neighborhood, 
linit and continuity. 

Just as the axiotnatictan can analyze mathematical structures in forms 
of component structures and can look for the fewest and weakest^ axioms that 
will be sufficient to account for a given structure, the developmental psycho- 
logist can look at tasks that children perform and characterize them in 
terms of the system of operations or relations that they involve. Piagetians 
(Beth & Piaget, 1966, p. 186) have isolated three basi-c types of cognitive 
operations that are roughly equivalent to three types of structures deter- 
mined by the Bourbaki group. Distinguished by their form of inverse, these 
types of cognitive operations are: 

• * 

. 1. Operations whose form of inverse is negation, as In the set union 
operation + that gives rise to classification concepts. 

2. Operations whose form of inverse is reciprocity, as ^in the order- 
ing relation < (less than) that gives rise to seriation concepts. 

3. Geometric transformations , 

Of course, a child may not be consciously aware of the Operations and 
relations that are implicit In his activities. For example, when a pencil 
A is shorter than a pencil B, and B is shorter than a pencil C, kinder- 
garten Children may be able to conclude that A will be shorter than C. 
Further, they can use this fact long before they are explicitly aware of the 
transitive property of order relations or of the system of relations that 
the transitive property implies. As another example of the intuitive 
mastery of a concept, children commonly use perfectly correct rules of 
grammar long before they are explicitly aware of these rules. 



Intuitive Mastery of Operational Concepts 

In mathematics as in language acquisition, it may be" typical for 
children to use rules (or systems of operations) before concious aware- 
ness is attained. The Intuitive mastery of a system of operations may 
be somewhat analogous to the acquisition of an unconscious habit. What 
is at first a habit\ial pattern (i.e., structure) for using a system of 
operations to achieve some end later becomes a program in the sense that 

T 
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various substitutes can be inserted without disturbing the overall act. 

The unconscious application of a system of operations becomes more and 

more probable in the performance of concrete tasks, and it is in this 

sense that one can speak of the Intuitive mastery of a given operational n / 

structure. 

It is clear that children typically come to master a wide range of 
tasks that are characterized by isomorphic operational structures over 
a relatively sho^t period of time. For example, in the case of the order- 
ing relation < , « child usually becomes able to put cubes in order accord- 
ing to size at about the same time he becomes able to put pencils in 
order according to length, at about the time he can put circles, in order 
according to diameter, etc. 

A question which arises is, "How might one go about teaching chil- 
dren an intuitive understanding of the order relation < ?" In order to 
teach a^ concept such as "red," the child can simply l^e shown examples and 
counterexamples of red objects. However, in order to give a child an 
intuitive understanding of the relation < , the situation is not as simple. 



The Concept of a Series ^ 

Consider the relation < as it pertains to the task of putting ten 
*3/8" dowel sticks (varying in length by 1 cm , the shortest of which is 
4 9 cm ) in order a^ccordlng to length (Inhelder & Plage t,^ 196A, Ch. 9). 

The earliest responses that children are able to 'give when confronted 
with such a task consists of unconnected, uncoordinated pairs of shorter 
and longer sticks »h'|' |). Later, children are able to produce 

* two or three unconnected subseries ( t | |l| jij). This is accomplished by 
choosing the stick that is apparently shortest (i.e. usually without 
making any active comparison), then some stick that is longer than the 
first stick selecjted, followed by a stick that is longer than the second 
one selected, etc., until" the child is forced to choose a stick shorter 
than the last one selected. At this level of mastery of the seriation 
task, the child is often unable to select the shortest stick first j then 
the shortest of those remaining sticks, etc., until all of the sticks have 
been put in order. Such a response would require that the child be able 
to coordinate the relation "longer than" (i.e., longer than the sticks 
already selected) with the relation "shorter th*n" (i.e., shorter than 
those sticks remaining). Indeed, «ven if a child is able to correctly • 
seriate a collection of sticks, he may still be quite* unable to insert a 
"fotgotten" stick (i.e., an eleventh intermediate stick in the series) 



without breaking up the ordering and reconstructing the entire series. 
Insertion of a "forgotten" stick requires simultaneous consideration of 
the relation "longer than" and its inverse "shorter than." Thus, the 
concept of a series involves the gradual coordination of the relation 
"longer than" and its inverse "shorter than." 

Mathematically, the relation that characterizes the above seriation 
task is a strict partial ordering, the formal definition of which follows. 
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Definition: < is a ^rlct partial ordering on a set S If < Is a 
set of ordered pairs of elements In S such that: 

1. For every element a In S, (a, a) Is not In • < 
(nonref lexlve property). 

2. For every pair of elements a, b In the set S, If 
(a,b) Is In < then (b,a) Is not in < (asymmetric 
property). 

3. For any three elements a, b and c in the set S, if 
(a, b) is in < and if (b,c) is in < then (a, c) 
is in < (transitive property). 

From this definition it can be seen that, apart, from the fact that 
the relation < Involves giving a response to pairs of objects (in some 
arbitrary set), it is primarily properties 1, 2, and 3 that define < . 
Further, it is clear that these three properties Stipulate that an under- 
standing of the relation < implies a corresponding mastery of the relation 
"not < " plus an ability to simultaneously consider pairs of relations. 

Mathematically, the three basic types of log lca],-mathemat leal struc- 
tures were defined by the Bourbaki (19A8) in terms of their form of inverse 
and their manner of combination. Therefore, Plaget has held that psycholo- 
gically operations (or relations) are not understood in isolation, but 
only as, they relate to whole operational structures (Beth & Plaget^ 1966). 
That is, an operation (i.e., operation, relation, or transformation) is 
not first learned and later assigned its properties (i.e., commutative 
property, associative property, etc., or reflexive property, transitive 
property, symmetric property, etc.). 'Rather, the meaning of an operation 
is derived from the structure of which It forms a part. For the serlatlon 
task described above, it was not until the comparison "longer than" came to be 
coordinated with the comparison "shorter than" that the comparison attained 
the status of a strict partial ordering relation. This point will be 
reconaldered in the next section; however, for now, the following observa- 
tion should be made. 

It is quite possible, that, for a specific finite set of objects, a 
pseudorelatlon between objects can be learned as simple S-R associations 
to pairs of objects without any accompanying understanding of the relation 
per se. As a trivial example of this phenomenon, one could take a set of 
ten ordered Culsenalre rods (M I 1 1 | | | | |) and teach a young child to say, 
"Chey are not equal In length" for any pair of rods which could be presented 
from the ordered set of ten rods. Such learning alone would rtot indicate 
an understanding of the relation ^ (in length) Rather, the chlld^may 
have learned only a property of a particular set of objects. No under- 
standing would be required of the relation per se. For the purposes of 
this paper, less. concern will be given to a child's apprehension of S-R 
associations to pairs of objects In a specific set than to a child's 
apprehension of certain relational structures in a wide range of situations. 



^If two identical Culsenalre rods (A and B) are glued to a p^lece of 
paper with arrows drawn on the paper as follows ( } * < ) and if a 

third identical rod, C, is used by a child to compare with roda A and B, 
he may say that A - C (in length) and B - C (in length), but still maintain 
that A T* B (in length). 
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The Formalization of Operational Structures 



The preceding section posed an apparent Instructional dllcHnna because 
of a phenomenon which can be called structural integration. Structural 
Integration occurs when lower order concepts a»e brought together into a 
whole (I.e., structure) and when the properties of the lower concepts 
depend partly or entirely on the characteristics of tKe whole. 

Structural Integration occurs fairly often In mathematics. Two 
examples have alrfeady been given. The mastery of t^ve- set union operation 
+, and the ordering relation < , both Involved structural integration. In 
order to come 'to an understanding of either of these Individual operations, 
a child myst consider the operation to be part of a, system of operations. 
But this^fact causes a "chlcken-^egg" sort of Instructional dilemma. It 
appears that in order to master an operation, a child must master a system 
of operations ► But In order to master a system of operations, the Indivi- 
dual operations must be mastered. 

Mathematicians can formalize a mathematical structure (e.g., define 
a strict partial ordering relation) by starting with certain axioms, \m- 
tieflned terms, or accepted rules of logic, and construct theorems and 
definitions on the basis of these. That Is, axlomatlcs terminates endless 
regressions by beginning with undefined terms and It avoids circularity by 
arbitrarily choosing a starting point which has not been demonstrated. ^ 
Psychologically, however, one Is not afforded thSi luxury of beginning with 
Indef Inables, axioms, or accepted rules of logic. 

' For example. In the case of the ordering relation < , the noni^ef lexlve, 
asynmietrlc, and transitive properties cannot be used as self-evident con- 
cepts. Before the relation < has been coordinated with Its Inverse, each 
of these properties is Repeatedly and often emphatically denied by children 
(Inhelder & Plaget, 1964). Even such mathematically primitive concepts. as 
Hubert's order axiom (If B is between A and C, then it is also between 
C and A) are not' a priori intuitions for children until the betweenness 
relation has been subsumed within a system of relations (Placet & Inhelder, 
1971, p. 144). 



The Genetic Construction of Operational Structures 



In order to teach children a concept of redness, one can present 
examples and counterexamples of red oblects. In a certain respect, the - 
abstraction of operations can be achieved through a similar process. That 
is, operations are abstracted from many different sltuatilons in which the 



^del (1934) demonstrated the' impossibility of establishing the 
noncontradiction of any deductive theory solely by methods borrowed from 
this theory or from weaker systems. The verification of the completeness 
and noncontradiction of a system and the independence of its axioms must 
.be tested by the use of mathematical models. However, as soon as lower 
systems are subordinated to higher, only systematic ^?holes are guaranteed 
an autonomous existence (Beth & Piaget, 1966, p. 272). Referring to exact; 
this point, Bertrand Russell is known to have quipped, "Mathematics is the 
subject where we never know what we are talking about, nor if what we are 
saying is true." \ 
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+, and the ordering relation < , both Involved structural Integration, In 
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a strict partial ordering relation) by starting with certain axioms, un- 
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arbitrarily choosing a starting point which haa^^iot been demonstrated. ^ 
Psychologically, however, one Is not afforded the luxury of beginning with 
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• For example. In the case of the ordering relation < , the nonreflexlve, 
asymmetric, and transitive properties cannot be used as self-«vldent con- 
cepts-. Before the relation < has been coordinated with Its Inverse, each 
of these properties Is tepeatedly and often emphatically denied by children 
(Inhelder & Plaget, 1964). Even such mathematically primitive concepts, as * 
Hubert's order axiom (If B Is between A and C, then It Is also between 
C and A) are not' a priori Intuitions for children until the betweenness 
relation has been subsumed within a system of relations (Plaget & Inhelder, 
1971, p. 144). 

The Genetic Construction of Operational Structures 

In order to teach children a concept of redness, one can present 
examples and counterexamples of red oblects. In a certain respect, the 
abstraction of operations can be achieved through a similar process. That 
Is, operations are absttacted from many different sltualjlons In which the 



^del (1934) demonstrated the Impossibility of establishing the 
noncontradiction of any deductive theory solely by methods borrowed from 
this theory or from weaker systems. The verification of the completeness 
and noncontradiction of a system and the Independence of Its axioms must 
be tested by the use of mathematical models. However, as soon as lower 
systems are subordinated to higher, only systematic wholes are guaranteed 
an autonomous existence (Beth & Plaget, 1966, p. 272). Referring to exactly 
this point, Bertrand Russell Is knowji to have quipped, "Mathematics Is the 
subject where we never know what we are talking about, nor If what we are 
saying Is true." 
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operation occurs. Piaget has held that these situations in which operations 
occur are the child's actions. Logical-mathematical knowledge is seen as 
beginning, not with an awareness of self (a priori intuitions) or of things, 
but with the coordination and recognition of their interactions. Ttfat is, 
an operation is an internalized scheme of interactions, where the scheme 
of a set of actions is their common operational essence. 

The scheme of an action isy by definition^ the structured 
group of the generalizable characteristics of this action^ that 
isy those which allow the repetition of the same action or its 
application to a content. . . . This is why such schemes have 
a completely generCtl significance and ai-e not characteristic 
merely of one or another of the actions of a single individual, 
(Beth & Piaget, 2966, 236) 

For example, in order to teach a child the relation < , he can be 
given a variety of experiences ordering many kinds of objects according 
to various criteria. To expect a child to abstract the relation < by 
working with only one set of objects (e.g., Cuisenaire rods) would be as 
unlih^ly as expecting the child to abstract redness by showing him only 
one red object. * ^» 

Thus, internalizing schemes of actions means abstracting the common 
operational essence from a number of isomorphic interactions. In the case 
of the seriation operation, one might give the child the following types 
of experiences: 

1. put Cuisenaire rods in a row according to length, 

2. put dowel rods in order according to length, '-^^ 

3. put cylinders in a row according to height, / 
.A. put cylinders in* a row according to diameter, 

5. put circles in a pile according to diameter, 

6. put cubes In a row according to size, 

7. make a tower of cubes according to size, 

8. put -spheres in prder according to size, 

9. put spheres in order according to color, 

10. put sandpaper in a pile according to roughness. 

None of the materials above inherently embody the relation < . Rather 
each set of materials can be used to coordinate the relevant scheme of 
interactions. These various se^ts of materials can then be used to help 
the^ child abstract the relevant system of operations. However, the abstrac- 
tion which takes place is not from the objects per se, but from the systems 
of interactions that w6re coordinated using the objects. 



Reflexive Abstraction 

In the previous section certain similarities which exist between 
teaching children a' concept such as redness through experiences with 
objects and teaching children an operation through experiences performing 
actions on objects were pointed out. However, there are also certain 
dissimilarities between these two types of abstractions. In order to 
abstract a concept of redness from a set of objects, the child simply 
needs to isolate the relevant property. However, as long as the single 
interaction is isolated, it can have little significance to the child as 
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the archetype of an operation. To abstract operations from one's own 
actions consists not stoply of taking note of individual Isolated Inter- 
actions, it requires the reconstruction of these actions on a higher plane. 
Individual interactions gradually take on new significance (reflexive 
abstraction) as they are modified by being treated as part of a whole 
operational structure. 



^^evereibility 

The key to the emergence of a whole systto of schemes of Interactions 
^48 the appearance of the Inverse to the given scheme. This reversibility 
ph^menon is attained when the child exhibits a recognition of the fact 
that thB combined application of a* scheme , followed by its Inverse is 
equivalent to the identity scheme. According to this definition reversibi- 
lity implies not only the emergence of the Inverse scheme but also the 
identity scheme and combination of^pairs of theSe.^ Thus, the attainment 
of reversibility implies the existence of an operational system which in 
turn elevates the scheme to the status of an operation as part of the 
' structured whole. 

For Piaget, an operation is an internalized scheme of interactions 
that is reversible and that is dependent on other schemes with which it 
forms an operational system characterized by laws that apply to the whole 
structure (Beth & Piaget, 1966, p. 23A). Further, he has held that the 
simplest such structures include not just the original scheme of actions, 
but also at least its inverse, identity schemes, and combination of pairs 
of these. 

\ 

V Genetic Cir*cutai*ity i 

It should be clear from the abo^e description that the evolution of 
opei;ational structures woi^d not b^oncelved as beginning with individual 
isolated operations which afte-^aii£j€es8ively linked together. Rather, the 
evolution of structures of operations woi^d be visualized as occurring * 
simultaneously with the evolution of the operations that* the structur^e 
subsumes. Thus, both the structure and its operations simultaneously 
crystalize out of a system of sch,emes of actions as it becomes progressively 
coordinated (genetic circularity). 

While the coordination of a system of schemes of actions is achieved 
progressively, its completion is marked by a momentary acceleration in this 
construction as. the child shifts to a qualitatively higher level of thought. 
As a result of this reorganization, new self-evidence typically appears 



One could easily argue that the emergence of the Identity, scheme is 
equally as important as the emergence of the inverse and choose to call 
this event the child's recognition of Identity (Berlyne, 1965). Or one 
could argue that the child's ability to combine pal«*s of schemes is the 
significant event (Lunzer, 1960a, p. 32) and call the event Combination. 
The choice of tei*ms seems somewhat arbitrary, however, in the sense that 
Reversibility, Identity, and Combination should each be implied no matter 
which of the three terms one wishes to emphasize. 
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with regard to concepts whose definitions depend upon the application of 
the given structure. Thus, certain operational concepts (such as the 
concept of a series, or class) ^and certain properties (such as transitivity) 
arise out of structured wholes of operations, the completion of which ex- 
plains the necessity of its elements insofar as their meanings are ^ ^ 
dependent on that whole. * 

Piaget's Groupings 

Because of the fact that a formalization of the most elementary opera- 
tional structures which are mastered by children are globally similar 
to a mathematical group, Piaget has coined the word "'grouping" to refer to 
such structures. The concept of a grouping is believed to be useful (1) 
due to the ability of children to internalize any particular action that 
is inclo^d within a given scheme of action at "about" the same time and, 
(2) since thfe intenialization of a scheme of action automatically Implies 
the internalization of a structure of internalized actions, the simplest 
of which includes the scheme, its inverse, identity schemes, and combina- 
tions of pairs of these. 

It should be emphasized that a grouping is not some sort of "a priori" 
cognitive structure (k la Gestalt psychology) which imposes itself on the 
thought of a child. There is no more reason to attribute a priori existence 
to Piaget 's groupings in the minds of children than there is to attribute 
a priori existence to the Pythagorean Theorem in the mind of Pythagoras. 
The theorem was not a form into which Pythagoras' experiences fell. It was 
a necessary consequence of the progressive organization of Pythagoras' ex- 
periences. There is an important psychological distinction between a 
form that is assumed to exist a priori in a child's mind and a form that 
is a product of equilibration (i.e., progressive organization) and which 
could not have developed otherwise. 



Cognitive Characteristics of Preoperational Children 

Children who have not yet mastered «a given system of operations are 
characterized by at least the following cognitive characteristics, syncre- 
tic thinking, centering, and fixed state thinking. 

Synoretio Thinking 

O 90 O OO 

Children who are able to copy a 3 x 3 array of circles ( o»o ^» 
and who have stated that each of the two arrays contains nine circles, are 
often convinced that the two arrays no longer contain the same number of 
ci^rcles aftei:^one of the two arrays has been partitioned into three clusters 
i IVi ^^o)« Children have difficulties coordinating part-whole rela- 
tionships within numerical aggregates. When attention is drawn to a' numerical 
whole, the parts (or units) are cognitively neglected. When attention is 
directed toward component parts, the whole is often cognitively destroyed. 
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ThAt 1«, dhlldren tend to view sets of objects ^noretically , or as ^ global 
unanalyzed whole, rather than analytically. 

Gas^ (1957) has shown that the ability to determine the cardinality 
of a set depends oA the homogeneity o^f its items. He found an initial stage 
in wt^ch virtually cocapleCe hooogeneit:^^ of the elements ±h required; a 
second in which perceptual diversity is possible within certalji Halts of 
qualitative resemblance; and a flnal/fESte In which the ^bjects may belong 
to several disjunhtlve^ classes (al»6 see Plaget, 1952; DodweU, 1962; and ' 
Blklnd, 1964). TWe concept of a dnlt is by no means an a priori Intuition 
for young children. 



Fixed State Tkirxking 

Preoperational children traji to focus on successive states of an ob- 
ject or set of4)bjects rather t^imA on the operations that connect these 
states. For example, if a kindergarten child is asked to represent (by draw>^ 
ings, by gestures, by multiple choice selections from pictures) the succes- 
sive positions occupied by a stick In falling from vertical to horizontal 
)»• the task proves to be surprisingly difficult. ». 

^Whlle kindergarteners are usually able to represent the beginning 
vertical position and the ^inal horizontal position. Intermediate positions 
often present great difficulties. Young children may not only fail to rep- 
resent Intermediate positions correctly, they may even fail to recognize a 
correct representation when it la shown to them (Piaget & Inhelder, 1971). 
Thus, preoperational children seem unable to integrate a series of states 
of an object into a continuous whole — or^a transformation. 

As another example consider two identical transparent bowls one of 
which contains dlx beads and the other f iye and two identical opaque boxes 
In front of each bowl (Figure 1). \t the beads are taken from the bowls 
and placed one for one into the boxes until each box contains five beads, 
young children may believe that there are not the same number of beads In 



Child 



' bowls 



boxes 



Figure 1 



the two boxes, indicating that a yellow bead is left In one bowl while all 
of the blue beads have been used. Further, if the child is told that there 
are five beads in one of the boxes and is asked to guess how many beads are 
in the other, he will typically answer In accordyice with his judgment of^ 
equal^.ty or inequality. If he had previously stated that the two sets were 
unequal, he will likely guess almost any number other than five. Thus, young 
children seei;^ to believe that the cardinality of a set may somehow 
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be affected by the source of Its elements. 

Preoperational children tend to base their judgment solely on isolated 
configurations that are before them at any given moment. This cognitive 
preference was reflected In the above task in that children tyjiically make 
their incorrect numerical judgment based on the only number-relevant Infor- 
mation that was available in the final state of the task situation — th^ 
source of the objects. ' 

Another task can be posed which illustrates one of the cognitive 
characteristics that accomt>anies .thinking In terms of unconnected fixed 
states. Place two cylindrical glasses in front of identical boxes, each 
of which contains#thirty half-inc)i beads (Figure 2). The child is directed 
to take a blue b/ad in one hand, a yellow bead in the other and to put the 
beads into the two cylindrical glasses at exactly the same time. After 
ten beads have been put into each of the two glasses, the child may believe 



' yellow beads 
blue beads 



Figure 2 

that there are more beads in the glass where the beads reach a higher level. 

Children not only focus their attention on momentary conditions of an 
object or set of objects, tj^y also center on only the most salient percep- 
tual features of a given configuration. That is, they may notice height 
but neglect thickness. 



The Concept of Number 

It has' been argued that it is typical for logical-mathematical con- 
cepts to be operational concepts. Nonetheless, the Involvement of* operations 
in the formation of many mathei&atical concepts is much less obvious tl^an in 
the two examples cited thus far. In par^cular-^the Operational nature of 
early number concepts has been contested througnout the history of mathc^ 
matics education. One of the most eloquent arguments against nonoperational 
jpoints of view concerning the origin of number concepts has been given by 
^ Dewey (McLellan and Dewey, 1?'1A), whose views are summarized in the follow- 
ing statements: ' 

Number is not (pQychologioally) got from thinge, it ie put Into 
them (p. 62), 

♦ . . ThtB^ ab 8 traction ie complex, inoolving tuo faatore: the 
difference that makee the individuality of each object must be 
noted, and yet the different individuate mat be graeped aa one 
— a em (p, 26), 

■ ■ 110 ■ 
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Thus, in considering, a group of seven red circles, Dewey would con- 
tend that the concept "redness" is a qualitatively different sort of con- 
cept than the concept of "sevenness." Whereas redness can be directly 
perceived in the circles, sevenness only becoaies a property of the circles 
due to operations that' are performed oh the circles. 

Modem mathematics educators have often tited children's responses 
to Piagetiaa number conservation tasks in order to help verify the point 
of view expressed by Dewey, Nonetheless, uni-versal acceptance has not 
been given to any one of the various possible interpretations which exists 
concerning the relationship between a child's understanding of number con- 
cepts and his ability to respond correctly to conservations of number tasks. 
In the following two sections, conservation-like task's will be given which 
will help to establish an interpretation of the significance of conser- 
vation tasks. In addition, the examples may help to. clarify the way 
children come to master elementary number concepts, 

'Qualitative Cognitive Growth ' \ 

Implicitly taking the position that correct conservation responses 
are largely unrelated to the child's level of understanding of the concept 
of number, certain psychologists and educators have attempted to explain 
the mastery of conservation tasks by children in terms of their gradual* 
mastery of the fact that a spatially displaced set of objects can be re- 
turned to their original positions (or slight modifications of this 
argument). It seems likely that an imderstandlng of empirical return is 
a necessary (but not sufficient) condition for mastery of conservation 
tasks. However, the insufficiency of this explanation is illustrated by 
the following example. 

Suppose a circular string of circumference four inches is put in the 
shape of a square ( □ ), The child is told that the string is a fence 
and that a cow can eat the grass inside the fence. Then the string is 
changed into the shape of a l-l/rinch by 1/2 inch rectangle. The child 
is asked if the cow still has the same amount to eat ( Q^^CD )• 

Understanding of empirical return is an almost equally good explana- 
tion of conservation of area in the above task, in spite of the fact that 
area is not conserved for this task as can be seen if^ the string continues 
to be transformed into two line segments of length two inches (ll ^i — T? 

Kindergarten children often respond correctly that the area diminishes 
as the square becomes more rectangular. However, to assume that these 
children understand the concept of area would be incorrect. Further ques- 
tioning may indicate that those children who responded correctly ware 
basing their judgments on the height of the rectangles, (Incorrect answers 
usually focus on the width. Only seldom will a child judge the areas to 
be the same,) Thus, children often respond correctly by basing their 
judgments on the wrong information. 

Children older than five years of age (and in fact many adults) often 
assert that the area remains the same. Further, they nay maintain this 
conviction almost until the area disappears in the limiting case. Such 
adults certainly do not understand less than the average kindergarten 
child. They have shifted to a qualitatively higher level of thought which 
brings with it new factors as sources for incorrect judgment, A fundamen- 
tal fact which Piaget's research makes abundantly clear is that cognitive 
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growth from birth to maturity does not simply get qualitatively better and 
better; qualitative reorganizations also occur. His theory addresses ^itself 
to these qualitative changes. Learning is not simply a matter of associ^ 
ating right answers to questions. 

If one's emphasis is on a child's understanding of the concept of 
number, it is crucial to be able to account for the differences between 
Piaget's conservation of number tasks and the area task described above. 
That is, it is important to be able to explain how children come to under- 
stand that munber is invariant under simple displacements. Too often 
invariance (or conservation) has been treated as a unitary sort of concept, 
as though invariance of what (i.e., number, mass, voliime, area, etc.) were 
relatively unimportant. 



Rejectable Explanations of the Initial Attainment 
of an Operational Concept of Number* 



With respect to logical-mathematical knowledge, Piaget has considered 
the most relevant aspects of intelligence to be, not what a child perceives, 
but the rules of organization which the child gradually develops in order 
to control and use the information he receives. Although an adult may feel 
that he perceives "nineness" in a 3 x 3 array of circles ( ), he 

may be more skeptical regarding the purely perceptual origin of "nineness" 
in the following configuration ( o**o*o ), The sensation of perceiving 
"nineness** appear^ to b^ similar to what happens when one looks ai a hidden 
picture puzzle. Once the picture is distinguished, it is difficult to 
realize how it had ever been disguised (Bruner, 1968, Ch, 5),^ 

Many examples could be given which would bear witness to the -fact that 
any concept of number which does not involve at least the operations of 
giving an order to objects which previously had no order (seriationjl. 
Identifying in some sense objects which are not in fact identical (classi- 
fication), and coordinating part-whole relationships in order to grasp tl\e 
concept of units can involve onlys^he most rudimentary and superficial \ 
concept of number. Until children Mive mastered these elementary operatidns, 
they not only fail to realize that number is invariant under simple displace- 
ments, they also deny each of the properties that define the concept of 
number. For instance, tasks can be posed in which nonconservers will deny 
the validity of Peano's Axioms of (1) that a numerical whole is equal t^o 
the sum of its parts, (2) that addition is commutative (or associative), 
(3) the existence of an identify element (or inverses), and (A) the rela- 
tionship between cardinal and ordinal numbers (Piaget, 1952), Such tasks 
can be used to determine progressively reduced developmental levels at 
which a nonoperational concept of number. could exist. 

Having reduced the level of development at which a nonoperational 
concept of number could exist, the question remains whether an early opera- 
tional number concept miist ultimately, or at some still lower level, evolve 
out of some sort of nonoperational concept. One might still hold that 
some nonoperational concept (although exceedingly rudimentary) is actually 



Wohlwlll (1968) has summarized some of the distinctions between per- 
ception and conception as seen by the Gestalt school (Kohler, Wertheimer, 
Bruner, Brunswick, and Piaget), 
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a first approximation to a later, more refined concept. On the other hand, 
it nay equally well be that any nonoperational concept of "number," far 
from being a first approximation to a more mathematically viable concept 
of number, is actually a detriment to later learning. To clarify this 
possibility, consider the follovlng analogy. 

A child who could select a red crayon from his box of crayons would likely 
be conaidered to have attained a primitive concept of redness. To be sure, 
the concept would be quite elementary to a spectrometrist, who must analyze 
incoming light from far away stars. Nonetheless, under limited conditions, 
the concept would likely suffice as a firat approximation if it did not deny 
any of the properties that characterize a later, more sophisticated notion 
of redness. 

Conversely, a concept which could not in some sense be construed as 
being a first approximation to a later, more sophisticated concept would 
not be considered to be a concept of redness. Thus, if the child's red 
crayons were broken in half and he were taught to reco^ize it only by Its 
shorter length, the learning which woui,d accrue would not be a concept of 
redness. Even though the child might always be able to fielect the red 
crayon from his box upon command, he might be responding to length cues 
rather than to color cues. Such a training procedure ^ould be foolish, of 
course, since redness is at least as easy to teach a child ds shortness. 
It does little good to trick a child into giving a correct response to 
erroneous cues and it does little good to trick him into correct responses, 
which he does not understand. However, while these maxims seem to be so 
much a matter of common sense concerning the concept of redness, they 
are commonly violated concerning children's "instruction pertaining to 
r number concepts. Children are often tricked into giving correct arithmetic 

responses which they^do not underst^^id and/or into giving correct responses 
, to erroneous cues. > 

For example, while a child can often be tricked ijito giving the correct 
numerical responses to tl>e following arrays of objects (• : .\ : : , etc.), 
the concept that the child may be learning may not be a concept of number. 
The essence of making numerical jud;groents involves learning to avoid making 
judgments on the basis of shape or pattern* A training procedure based on 
standard dot patterns may encourage preoperational children toward tendency 
to judge numerical wholes ftn the basis of gross configuration (or area 
covered) rather than on appro|jr'iate cues* 

Dot pattern^, Cuisenaire rods, counting discs ^ and arithmetic blocks 
can each be useful models in order to help children come to an understanding 
^ of number Concepts. However, even if a dot pattern il\ l»l ) can eventually 

be used as a model to represent the number 10, it is important to remember 
^ that it is a constructed representation. That is, the model only comes to 
, embody the number 10 after certain systems of operations have been coordi- 
! nated relative to the model. Until a child has coordinated these operations 
^ntp elementary sy«tems, his thinking will tend to be fixed and syncretic 
with respect to tasks that are characterized by the structure, and he will 
tend to centert on only one aspect of models that are presented. 

Initially Purely Verbal ov SyTrholio Concepte of lliaribev 

The pre^operational thinking of young children seems to be so different 
from that of kn adult ^hat for the child many adult-like words and r^sponaes must 
mean something very different from the meaning an adult assigns to them. It is 
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difficult to say exactly what the statement 5 + 3-8 maj^^ean to a liti'cjLe 
child whose thinking is characterized by fixed thinklnaff^syncretic thinl^ing 
and centering; but it is well known that even without^roper under standii^, 
children »re quite capable of memorizing large quantities of verbal or y 
symbolic material. Thus, misunderstandings are of/en fJot detected until ^\ 
an entire facade of ill-conceived notions collapsesX^ tn early elementary \^ 
school arithujetic, this collapse typically occurs whenlchlldren reach 
regrouping concepts involving "borrowing" and "carryin^"^ 

The improv^ent of langauge may aid in the acquisition of an opera- 
tion«d concept, if the activation of language can facilita^ the coordina- 
tion of operations and enable the child to be less dominated by perceptual 
forces (Bruner, 1964). Nonetheless, appeals to an initially purely verbal- 
symbolic concept to explain the development of an operatioifel number c'on- 
cept is insufficient. Piaget (Ripple & Rockcastle, I964ynas stated:. 

Words are probably no short-cut to a better loiderstandinq 
.... The level of understanding seems to modify the language 
that is usedj rather than vice Versa, . . . Mainly language 
serves to translate what is already understood; or else language 
rrny even present a danger if it is used to introduce an idea which 
is not yet accessible (p, 6) . , 

The fundamental problem appears to be to determine to what underlying 
concepts the language and symbols that children use are being attached 
(Bruner, Olver & Greenfield, 1966, p. 47). 



The Genetic Development of the Concept of Umber • 

On the basis of parsimony, Piaget 's description of the development 
of number concepts is quite pleasing since an operational number concept 
need not be assumed to 'evolve out of some sort of nonoperational concept. 
Piagetians^ (e.g., Piaget, 1952; Inhelder & Piaget, 1964) have furnished 
an impressive quantity of data to substantiate the hypothesis that elemen- 
tary number concepts (the assignment of numerals to sets whose elements 
are regarded as classed and ordeted) develop in parallel to, and as a 
synthesis of, the development of elementary classification and seriation 
concepts. This appears to be so sln^ce the intellectual coordinations in- 
volved In forming series and classes are also involved in forming seriated 
classes (i.e., numbers) . However, Piaget*s analysis of the cognitive 
evolution of number and other logical-mathematical concepts relies heavi- 
ly on the jgsychological viability of analyzing, ordering, and equating 
concepts (or tasks) on the basis of their underlying operational structures. 



^Roughhead & Scandura (1968) and Brownell & Chazal (1935) have re- 
ported, findings which indicate that rote verbal or symbolic learning may 
actually cue out the kind of reorganizing activity which seems necessary 
for a child to come to an operational understanding of number. 
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Ordering and Equating Operational Structures 



For Plaget, cognitive growth Is viewed as a process of gradually 
coordinating systems of operations through the dual process of assimilation 
(I.e., Inner organization) and accoinmodatlon(l.e. , outer adaptation). 

As the child's perceptual activities become coordinated, he becomes 
cognizant of more features of what Is perceptually before him at any given 
moment (I.e., less centering, syncretic thinking, and fixed state thinking). 
This Increased awareness demands greater coordination, which In turn pro- 
duces still more analysis of perceptual glvens. In short, what we have Is 
an activity that organizes reality while coordinating Its own functioning. 
The tendency In adaptation Is constantly In the direction of greater 
equilibrium of the functioning structure In the face of external distur- 
bances and demands for Internal consistency (I.e., coordination^ (Plaget, 
1960). Further, each relative equilibrium state carries with It the ability 
to detect new sources of disequilibrium and hence the seeds of its own 
destruction. What we have here Is a sort of concrete analogue to the fact 
established by Gddel (1934) concerning the impossibility of establishing 
the noncontradiction of a deductive system solely by methods borrowed from 
this system or weaker systems. 

This progress toward greater equilibrium, together with the proposi- 
tion that operations exist psychologically only within structured opera- 
tional wholes, yields a basis for ordering and equating operational concepts 
(or tasks). As a trivial Illustration, one' would expect that the task of 
putting cylinders (which vary according to height and diameter) Into 4x4 




Figure 



matrix would be mastered no sooner than the task of putting ten dowel rods 
In order according to length. This Is because the operational structure 
that characterizes the dowel rods task Is Included within the^structure 
that describes the task Involving a matrix of cylinders (Figure 3). 



Intro-individual Variability 

While Plagetlans have amassed a large amount of data to support the 
contention that task's with Isomorphic operational structures are mastered, 
at "about" the same time. It Is also well known that Intra-lndlvldual 
variability commonly occurs concerning a child's ability to perform tasks 
which are characterized by a single operational structure (Plaget, 1971, 
p. 173). 

As an example of the phenomenon of Intra-lndlvldual variability, 
consider the following tasks. Six pennies are placed In front of a kinder- 
garten child, and ten pennies are placed In front of an adult. The child 
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is then a^ked to "Kake it so we both have the same number of pennies." 
Another-^ailar task can be posed using small one-inch cubes instead of 
pennies. The problem is markedly more difficult using pennies than using 
one-inch cubes. Using cubes, the problem is commonly solved by kinder- 
garteners following the sequence of steps illustrated in Figure 4. The 
child is aided in making 'the two groups equal in ni^er by being able to 
make them the same shape. Using pennies, the child is forced to be more 
analytic in his consideration of the two groups. Therefore, if^one were 
to consider a set of tasks all of which are characterized by the same 
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Figure 4 



system of operations, the tasks would vary somewhat in difficulty due to 
the relative involvement of factors such as: syncretic thinking, fixed 
state thinking, and centering. 

Ordering and Equating Tasks 

The intra-individual variability, which is part of Piaget's theory 
concerning a child's ability to perform concrete tasks which are charac- 
terized by a single operational structure, has caused understandable con- 
fusion among those who would interpret this theory. This confiiion s^ems 
to have developed, at least in part, because of a common failure to distin 
guish between the invariant sequential mastery of various tasks which 
involve the application of these operations. To illustrate this distinc- 
ti<J"h, consider the following situation. 

Suppose that tasks Ti and Ti ' both involve the application of an 
operational structure Si . The theory predicts that tasks T^ and Tj ' (and 
all other tasics characterized by operational structures Si) should be 
mastered at "about" the same time, subject to a certain amount of intra- 
individual variability, and subject to certain side conditioftV of equiva- 
lence between the two tasks. ^ Hence, one might visualize a given child's 
mastery of all tasks that are characterized by a particular operational 
structure, as in Figure 5. 

In particular, then, it would only in general be true that tasks 
Tj and T^ are mastered at the same time. For instance, it could happen 
that task Ti' was mastered before Ti . 

Now suppose th^ another task T2 was found to be characterized by an 
operational structure S2, and further suppose that structure S2 includes 
(or subsumes) Sj. On the basis of the subsumption of structure Sj by S2, 



^ ^That is, the two tasks would have to be equally facilitating. They 

would have to be relatively equivalent concerning the degree to which they 
require the child to decenter, be more flexible, be more analytic (i.e., 
less syncretic), etc. 
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one could conclude that structure S2 would be mastered by a child no sooner 
than structure Sj. Nonetheless, this fact would not necessarily imply that 



Z ol tasks 
(characterized 
by cognitive 
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age 
Figure 5 

task T2 would be mastered no sooner than task Tj . In fact, the situation ^ 
could occur as illustrated in Figure 6, That is, although it is in general 
true that tasks characterized by structure S2 are mastered no sooner than 
tasks characterized by structure Si, this might not be the case with respect 
to particular tasks T2 and Ti. It could happen that task T2 would be mastered 
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Lunzer's Hypothesis 



age 



Lunzer (1960a, pp. 30-32; 1960b) has attempted to reconcile the fact 
of Intra-indivldual variability with the quantity of evidence that Piaget- 
ians have produced showing that children attain the general ability to 
internalize alt logical-mathematical action schemes into reversible struc- 
tures over a relatively short period of time. That is, children usually 
master all three types of logical-mathematical ^oupings at about six or 
seven years of age— subject to variations due to T^^tftors such as experience, 
social transmission, and equilibration (Piaget, 1964a). 

Lunzer has suggested that the crucial step that is taken by children 
at about six or seven years of age is when they become capable of making 
two judgments simultaneously, and this ushers in the beginning of Piaget 's 
period of Concrete Operations. 

It is, no doubt, quir^e true that a generalized ability to make two 
simultaneous judgjaents is a prime factor accounting for the great cognitive 
reorganization which takes place in children at about six or seven years 
of age. In fact, this se^ to be only another way of defining Piaget *s 
concept of reversibility. What isy^or Piaget the coordination of an 
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operation vlth Its Inverse is for Lunzer the ability to- make two simul*- 
taneous judgments. However, Piaget has believed that it is fruitful to 
distinguish at least three types of logical-mathematical operations (Beth 
& Piaget, 1966, p. 186). In terms of simultaneous jud^ents, these opera- 
tions would perhaps be distinguished as folloWsT^^ ^ 

1. Operations involve coordinating two properties of a set of objects. 

2. Relations involve coordinating two comparisons between objects. 

3. Transformations involve coordinating two perceptions of an object. 

The main factor that enables all three types of groupings to be mas- 
tered during the same general age range may well be the fact that each 
involves the coordination of an operation with its Inverse. Nonetheless, 
the three basic types of logical-mathematical operations may retain cer- 
tain unique characteristics that enable them to be distinguished from one 
another as distinct psychological entities (Elkind, 1964). 

It is only in suah special instances as th6 synthesis of the classi- 
fication and seriation groupings to form the number group that Piaget has 
hypothesized functional interdependence between concrete operational struc- 
tures. The relationship between the number group and, the classification 
or seriation groupings is predicted to be closer Chan the relationship 
between the classification and s&riation groupings. Thft relationships 
between specific actions within a given scheme are closer than the rela- 
tionships between groupings that are formed from distinct schemes. 

The Pilot Study 



A theory which hypothesizes the invariant sequential mastery of cer- 
tain operational structures while allowing for intra-individual variability 
concerning a child's ability to perform tasks which are characterized by 
these structures has remained a source of controversy. For example, cer- 
tain psychologists (e.g., Kohnstamm, 1967) have asserted that the fact of 
intra-individual variability renders fceaningless the practice of ordering 
and equating tasks on the basis of underlying operational structure. Such 
criticisms suggested a pilot study, the primary experimental objective of 
which was to investigate the Interdependent development of classification, 
seriation, and number concepts. 

While helping to confirm the psychological viability of aimi^ing,' 
ordering, 4nd equating tasks on the basis of their operationaj^^ructures, 
the pilot study was to serve the dual function of fumisKlTlg the theoreti- 
cal scaffolding which would be necessary for structuring and interpreting 
a transfer of training study. Toward these ends, three parallel sequences 

of Piagetian tasks were obtained (denoted by SI, S2 S7; Nit N2 . . 

N6; and CO, CI, C2 C6) which were graded in difficulty and which 

pertained to seriation, number, and classification respectively. Each of 
these three sequences was determined by ordering tasks according to the 
theory outlined in preceding sections and selecting those tasks which would, 
in fact, exhibit a relatively invariant sequential mastery. For example, 
the seriation tasks were related in such a way that the probability would 
be small ( <15Z) that a ch±ld would be able to correctly respond to task 
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S(n + !)• before he Is able to responti to task S(n); and similarly for the 
other sequences of tasks. Once fonaulated, these three sequences were 
to be used to investigate the interdependent development between concept 
areas. 

The easiest task in the seriation series involved copying a circular 
string of bpads (SI) or copying a string of beads in the inverse direction 
(S2). Progressively more difficult seriation tasks involved reconstructing 
a set of ten ordered Cuisenaire rods (S3), putting ten dowel rods in order 
according to length by trial and error (S4), or without trial and error (S5), 
inserting dowel rods into a completed series (S6), and reconstructing a 
A X 4 matrix of cylinders (S7). The simplest classification task involved 
producing "nongraphic collections" (see Inhelder and Piaget, 196A, p. 19-20, 
for an explanation of classification by graphic collections) when attempt- 
ing to classify objects within a set of yellow cylinders, yellow cones, 
green cubes, and green pyramids (Cli. More difficult classification tasks 
Involved anticipating criteria for exhaustively subdividing sets of objects 
(C2), repartitioning sets of objects according to differing criteria (C3) , 
reconstructing a 5 x 5 classification matrix (CA), and hierarchically classi- 
fying a set of objects (C5). The most difficult classification task (C6) 
was a quantitative inclusion task (Inhelder & Piaget, 1969, Chapter IV), 
The simplest number tasks involved copying a row of seven circles (Nl) and 
partitioning a set of sixteen pennies into four equal sets (N2), More 
difficult number tasks involved equalizing a set of ten pennies and six 
pennies by taking pennies from the larger set (N3) and copying a 3 x A 
array of circles (N4). Th6 most difficult number tasks yere four distinct 
types of number conservation tasks. 

After a child had copied a row of seven red circles (ooooo ©*), 
conservation task N5a required the child to realize that his row still had 
the same number of circles as the model row after the circles in the model 
row had been pushed closer together ( o c o>» Conservation task 

N5b t^^d the child's understanding of the fact that the number of circles 
in a 3 X "4 array ( §gg| ) does not change when the circles are regrouped 
into three 2^2 arrays. Task N6 involved two sub tasks, one in which ^beads 
were placed into two separate, and different shaped glas^s by the ch^d 
(N6a), and the other in which six beads were placed into two separate iden- 
tical red cardboard boxes in a one-to-one fashion where the beads came from 
piles of beads of different cardinality (N6b). 



Pi^ocedure 

Each of the three sequences of tasks was administered individually 
to each of 160 kindergarten children during j^ie last month of the 1969- 
1970 school year. The children participating in these studies represented 
rather typical small town Indiana communities. Although I.Q. test scores 
were not available for kindergarten children in the schools involved, 
typical achievement test and I.Q. test performance of older children in 
the participating schools were about average for the state of Indiana. 
Severely mentally handicapped children had been identified (and placed in 
special classes which were not used in the study) through the combined use 
of a Bender Perceptual Development Test, a Boehm Test of Basic Concepts, 
and a Draw-a-Man General Intelligence Classification Test. Scores for 
the children used in the pilot study sample on each of these tests were 
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distributed from below average to superior for their age group. The ages 
of the children (83 boys, 77 girls) ranged from 5 years 4 months to 6 
years 7 months. Each of the 160 children took the task batteries on three 
successive days. Each of the three batteries of tasks required from 10 
to 20 minutes to complete. The order in which the test batteries were ad- 
ministered was varied, Chae-sixth of the children were chosen at random 
to take the seriation battery of tasks on the first day, the number battery 
on the second day, and the classification battery on the third day. Simi- 
larly, one-sixth- of the children took the task batteries in one of the 
other six permutations pf the or<Jer: seriation, number, and classification. 

Reautta 

Tasks on the pilot study batteries were each scored on a pass-fail 
basis. A summary of the results of the pilot study are recorded in 
Figure 8, which should be read a^ illustrated in Figure 7. Figure ?^indi-- 



45 



Figure 7 

cates that of the 160 children who participated in 'the pilot study, 45 
responded correctly to task Ti but not to task T2, and 5 responded 
cotrectly to task T2 but not to task Tt^^^ther children either missed 
both tasks or responded correctly to both tasks. Thus, Figure 7 reveals 
that, on the basis of a sample of 50 children who responded incorrectly 
to exactly one task, the chances are approximately 90 percent, i.e., 
Mil^- 45/(45 + 5) - 45/50 that a given child will correctly respond to 
tasTc Ti before task T2. 

The tasks are related in difficulty approximately as illustrated in. 
Figure 8. The easiest tasks are at the top of the figure and children 
appear to proceed in a parallel fashion through each of these three series 
of tasks. That is, tasks which are at approximately the same level in 
Figure 8 are comparable in difficulty, whereas tarfks which are at different 
levels differ significantly as to degree of difficulty. 

The existence of a high correlation between cognitive development in 
these three concept areas is also evidenced by the following information. 
By assigning each child an ordered three-tuple (x,y,z), where x, y, and 
z correspond to the child's scores on the seriation, number and classifi- 
cation batteries respectively, scatter diagrams and Pearson's product- 
moment coefficients were obtained. 
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Although the correlation coefficients between these three series of 

tasks were high (r « .695, a- ■ .OAl; r > .650, » .046; and r^ « .609, 
ns 'jjs nc nc sc 

argc ■ .050), the nature of the relationship between the three areas is by 

no means established. In particular, a causal connection between these 

series based on transfer of learning with respect to underlying operational 

structures (as opposed to simply a high probabilistic correlation) has not 

been established. However, several facts are of interest in this regard 

from the information that was obtained. O 

It was not^tf that correlation coefficients r » .695 {or " .041) 
CT ns ^ns 

and r » .650 " .046) were both greater than the correlation coef fi- 

ne nc 

cient r » .609 (^r * .050). Such a result, if significant statistically, 
sc sp 

would be consistent with Piaget's hypothesis of closer operational ties 

between niimber and either of the other two concept areas than between seri- 

ation concepts and classification concepts. However, (with the possible 

exception of the difference between r and r ) the above results did not 
^ ns sc 

attain statistical sifnificance and were not considered as evidence con- 
firming aiw theoretical position. To obtain jnpre information concerning 
this hypotNesis, scatter diagran^s were plotted recording the following in- 
formation:, \ 

1. The scores on the Number Tasks versus the sum of the scores 
on the Seriation and Classification Tasks. 

2. The scores on the Seriation Task versus the sum of the scores 
on the Number and Classification Tasks. 

^ 3. The scores on the Classification Tasks versus the sum of the 
scores on the Seriation and Number Tasks. 

» The respective correlation coefficients which were obtained from 
these diagrams were: r^ - .809 (a^ - .027), rg - .751 (Oj. - .035), 
r. - .724 (ar - .038). " - ^ 

From this information it is possible to determine that, for the 
children and tasks used in this study, the chances are 95 percent better 
of predicting performance on the number tasks on the ba^s of the sum of 
the scores on thfe"^ seriation and classification tasks than of predicting 
performance on either of the other series of tasks using a sinilar method. 
Apparently, there was a tendency for scores on the number task sequence to 
lie "between" the scores on the remaining two sequences. 

Although the above fact is an interesting result which appears to 
be consistent with Piaget's position, it is considered to be more of an 
indication of an issue which requires further research than a piece of 
data which either confirms or disproves any given position. Further, the 
heart of the issue concerning the psychological viability of ordering and 
equating tasks on the bas^s of underlying operational structures seems to 
be not so much a question of how much intra-in^ividual variability is 
allowable as it is a question of whether significant transfer of learning 
is possible between tasks which are characterized by isomorphic operational 
structures. 
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The Traiiling Study 



The key Issue toward which the training study was to be directed was ^ 
to determine whether transfer of learning could .be induced betyeen tasks 
involving similar underlying operational structures. Since Piaget has 
predicted number to be a synthesis of seriation and classification opera- 
tions » the decision was made to try to induce number concept learning 
through ^teaching seriation 'and classification concepts.^ It was hoped 
that the seriation and classification concepts would bear a similarity 
to the' number concepts only due. to underlying operational structure. How- 
ever, Lunzer's hypothesis suggested that precautions should be taken to 
demonstrate that if transfer was obtained it was no£ due only to the ability 
to make two judgments simultaneously. Toward this end, a short study was 
conducted. to determine two tasks which involve only transformations and 
which would be roughly equivalent in difficulty to task^ N5 and "^6 from 
the pilot study. If such tasks^ could be found, it was hypothesized that 
tiransfer from learning classification and seriation operations 4puld pro- 
duce gains in the understanding of number concepts, while very jjlttle gain 
would be made concerning spatial concepts involving only transformations. 

The two tasks which were selected involving only spatial transformations 
were Task T6: Piaget *s three mountain problem concerning the child's ability 
to accurately conceive 'of points of view other than his own (Piaget & 
^nheldfer, 1967, Chapter VIII), and Task T7: Piaget 's task dealing with hori- 
zontal axes relative to the water level in an inclined bottle (Piaget & 
Inhelder, 1967, Chapter VIII). Tasks N5, N6, T6 and'T7 were administered 
individually to 100 kindergarten children (50 boys, ,50 girls). The results 
of the 'study are shown in Figufe'9. . ^ 




Figure 9 



Trairfing studies such as those conducted by Sigel, Roeper, and Hooper 
(1966), Churchill a958a), ai^d Lasry (1969) offered hope that such training 
mi^ht be possible. ^ * * ' 
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Subjects for the Training Study 

The results of the pilot study were used to select tventy kindergar- 
ten children who were matched according %to cognitive development relative to 
seriation, classification, apd number concepts.. That is, children were selected 
whp could correctly respond to tasks SI, N2, and CI, but who responded in- 
correctly to task S3, N3, and C5, aad who could thus be assumed to be in- 
capable of responding correctly to more difficult tasks in any of the 
three sequences of tasks.® The children participa^ting in the training 
study were all kindergarten children from one of the schools that had 
been used the previous year in the pilot study. 

The above twenty children were divided into two groups which were equiva- 
lent in age (ranger 5 yeard 3 months to 6 years 2 months), boy-girl dis- , 
tribution, performance on tasks S2 and C2, and performance on the follow- 
ing three tests. Rcpder Perceptual Development Test, Boehm Test of Basic 
Concepts, and t]ie Draw-^fMan-Gener^l Intelligence Classification Test. 

'Procedure \ ^ 

The traininfes^ttirapHlatoaved two and a half weeks between Thanksgiving ' 
and Christmas vacations. Training sessions involved gr<^ups of five children 
each and lasted about a half hour each school day. The training group par- 
ticipated in laboratory type sessions to be described in the following 
section. These training sessions aimed at teaching jchildren all and only 
the operation* which were Involved in the tasks of the classification se- 
quence or the seriation sequence of the pilot study. Short stories were 
read to the control group followed by discussions of social studies prob- 
lems, community helpers,^ or social roles. In this way ^control group 
was given special treatment, presumably different from that of the training 
group only in content.^ ^ 



InQtruotional PhiloBophy 

The immediate instructional aim of the training study was to teach 
children to master those structures of operations which characterized the 
tasks in the classification sequence or the seriation sequence in the^' 
pilot study. That is, the training group children were taught to perform 
tasks which were characterized by the following four groupings of operations: 
classification, multiplicative classification, seriation, and multiplicative 
seriation. The criterion used to test the mastery of the above groupings 



^Seventeen children in the pilot study had responded correctly to 
tasks SI, N2, and CI, but not to tasks S3, N3, or C3. None of these chil- 
dren responded correctly to any of the more difficult tasks in the three 
Sequences . 

^For a complete account of this training study, Iticluding a complete 
day~to-rday account of the training sessions, see Lesh (1971). 
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of operations was that the child be able to correctly 'respond to all of 
the taska In the classification sequence «nd the seriation sequence from 
the pilot study. 

To teach the children to luaster the above four groupings, the follow- 
ing instructional philosophy was eiaployed. For each task which had appeared 
In either th* ^eriation sequence or the classification sequence of the pilot 
study, other tasks were devised which were characterized by the same struc- 
ture of operations but which utilized perceptually different materials. 
For exanple, in the case of Task S5 (putting ten dcvcl rods in order accord- 
ing to length), a set of isomorphic tasks was given in the section of this 
paper titled "The Genetic Construction of Operational Structures." 

Isomorphic sets of tasks relative to each of the tasks which were 
involved in the classification and seriation sequences of the pilot study 
were presented following \ the sequential order of difficulty which had 
been revealed in the pilot study. Thus, isomorphic sets of tasks were pre- 
sented first for Task'Sl, then for CI, then for S2, then for C2, etc. 

In the process of encouraging children to actively apply seriation 
and classification schemes in tasks which required progressively higher 
degrees of coordination and flexibility, the following training variables 
were introduced as by-products. Children were taken from tasks which re- 
quired only a semi-anticipation of the result of the application of an 
operation to a set of objects, through a trial and error period in which 
semi-anticipation was successively corrected by hindsight, to a period 
characterized by the attainment of reversibility of the relevant operations 
in which the results of operations could be genuinely anticipated (i.e., 
foresight). Further, children were gradually required to overcome their 
cognitive tendencies toward centering md syncretic thinking. Nonetheless, 
it should be stressed that decentration and analytic thinking were consi- 
dered to be primarily by-products of the gradual coordination o£S the 
schemes of actions rather than conversely. The primary focus of the train- 
ing procedure was to coordinate schemes of actions which lead to the group- 
ings of seriation, multiple seriation, classification and multiple classi- 
fication. 

In addition, children in the training group became acquainted with 
the meaning of the following words relative to the correct completion of 
their seriation and classification tasks: alike^ different^ ordev^ some^ 
alii and more than. Although the use of langiiage was considered to be 
useful in helping children to organize their seriation and classification 
activities, the ^mphasis of the training procedure was on coordination 
rather than on the use of language. For the most part, the use of language 
was left to the spontaneous application by the children. Little effort 
was made to refine the children's use of language except in the instances 
noted above. 



Posttest: ResultQ 

The posttest was given individually to each of the twenty children 
who participated in the study. The results were striking. None of the 
ten children who had been in the control group were able to respond correct- 
ly to any of the six tasks on the posttest. In contrast^ four of the ten 
children in the training group responded correctly to all of the number 
tasks (i.e., N5, N6a, and N6b). One other training group child responded 
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correctly to only Task N5b, and one responded correctly to only Task N6b. 
Thus, the training group significantly out-performed the control group. 
Of equal impord&nce, however, is the fact that none of the ten children 
in the trainini group were able to respond correctly to either of the 
trans fomatiom tasks T6 or T7. 

Conclusions 



The training group's sessions aimed at teaching children those 
operations and operational structures wh^ch were involved in the seriation 
and classification tasks of the pilot study. The posttest revealed that 
transfer of learning from the experience which the training group had 
received induced improved understanding concerning number concepts. Fur- 
ther, the nature of this transfer was determined by the fact that whereas 
transfer was obtained to tasks involving number concepts, no transfer was 
obtained to tasks involving only spatial transformations. 

Children who had simply learned to make two simultaneous Judgments 
would have been expected to perform better on not only the number tasks, 
but also on the transformation task of the posttest. However,, this was 
not the case, even though the number tasks and the transformation tasks 
had been shown to be comparable In difficulty. Other conjectures such as 
maintaining that the training group had simply had more practice in deal- 
ing with concrete materials must similarly be rejected since one would 
expect to find comparable Improvement on both the nun^er tasks and the 
transformation tasks of the training study. 

The results of this study seem to bear witness to the fact that 
children may indeed be capable of abstracting the operational essence 
from the series of tasks which are characterized by isomorphic operational 
structures. That is, children appear to be capable of internalizing 
achemea of actions. Further, once these schemes are internalized as re- 
versible structures (i.e., groupings), they appear to generalize to new 
situations which involve the same scheme. Therefore, the results of the 
study appear to significantly strengthen the psychological viability of 
ordering and equating operational concepts (or tasks) on the basis of 
their underlying operational structure. Further, the fact that no trans- 
fer was obtained from the seriation and classification instruction to 
tasks which involve only spatial transformations indicates that Piaget's 
distinction between thr^e basic types Of cognitive logical-mathematical 
operations may be quite a fruitful sort to make. There may be certain 
qualitative psychological differences between the types of operations 
which have been referred to in the present article as operations, relations 
and transformations. 

Since Plaget's analysis of operational concepts (and number concepts 
in particular) relies heavily on the psychological viability of imalyzing, 
ordering, and equating tasks on the basis of their underlying operational 
structures, his description of the development of such concepts was 
strengthened by the results of this study. For Piaget, operational con- 
cepts Si^ch as the concept of numbed need not be assumed to evolve out of 
some sort of initially nonoperational (e.g., purely perceptual-linguistic) 
concept. Rather, an operation is an internalized aoheme of actions which 
is reversible and which depends on other operations, with which it forms 
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p ^234""^^^ ^^^^^ characterized by laws of totality (Beth & Plage t, 1966, 

J. Two facts should perhaps be mentioned concerning the fact that chil- 

dren who spontaneously mastered all of the tasks In the serlatlon and 
classification sequences of the pilot study out-perfonaed the ten children 
In the training group of the present stutiy. 

1. While a concept of number might Involve only serlatlon and classi- 
fication operations, conservation of number tasks Involve transformations 

as well. For this reason, If the goal Is to teach children that number 
remains invariant under simple spatial transformations, It seems likely 
that the child will have to be taught all three types of loglcal-mafiie- 
matlcal operations (I.e., operations, relations, and transformations). 
However, the purpose of this study was not to Isolate sufficient conditions 
which will Insure the child's mastery of conservation tasks. Rather, Ut 
was to produce transfer of learning due to similarities in underlying 
Operational structures 1 

2. Cognitive operations are perhaps never mastered In any absolute 
sense during the period of -concrete operations. This Is because children 
are not actually aware of the systems of operations which they bring to 
bear In various logical-mathematical settings. Hastery of a given opera- 
tional structure means that a child is able to apply the system of operations 
in a wide range of concrete situations. Further, It sfeems likely that the 
more situations In which a child has learned to apply a given operational 
structure, the greater will be the chance that the structure can be applied 
to a new setting. What we have here Is near tautology; the wider the appli- 
cability of a given cognitive operational structure, the greater will be 

the chances that the structure will be applied In any given situation. 
Maximum transfer can be expected from learning of greater generality. 

Children In the training group were given a relatively small number 
of tasks representing each operational structure which characterized the 
tasks In the serlatlon and classification sequences of the pilot study. 
Therefore, It Is not unreasonab-le to suppose that their level of mastery ' 
of the relevant structures of operations would have been somewhat less 
than that of a child who could spontaneously respond correctly to all of 
the serlatlon and classification tasks. Thus, the degree of transferability 
which one would expect from such learning would be somewhat less than for 
spontaneous problem solvers. 

Since training studies are frequently Interpreted as encouraging the 
acceleration of a child's cognitive developjient, a disclaimer concerning 
the unqualified desirability of acceleration should be emphasized. From 
the point of view of this paper, Plaget's theory can perhaps be most use- 
ful In providing guidance to broaden the conceptual basis underlying those 
mathematical topics that are of greatest Importance to mathematics educators. 

If Plaget's analysis of the development of logical-mathematical con- 
cepts Is tak^detlously, then for many concepts that are most fundamental, 
learning may havfe to be much more broadly based than many educators have 
been willing to admit. So, while acceleration of a single Isolated con- 
cept Is no doubt possible, even this acceleration should only be possible 
within limits that are Imposed by the breadth of the child's conceptual 
bases . 

In order to come to an understanding of the concept of number*, chil- 
dren may have to have certain experiences seriating and classifying objects, 
as well as certain experiences concerning spatial transformations. The 
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exoct nature of these experiences may be able to be determined by analyz- 
ing, ordering, and equating tasks on the basis of their underlying opera- 
tional structures* 

Figural model§ can be very useful in order to help children come to 
an understanding of logical-mathematical concepts* But, according to Piaget 
before a model can be used as an Image to represent a mathematical concept 
certain systems of operations will usually have to be coordinated relative 
to the model* For mathematical concepts, figural models are typically 
constructed representations* That is, mathematical properties will usually 
have to be put int^ the object using systems of operations before the pro- 
perties can be abstracted* 
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Learning of Selected Parts of a 
Boolean Algebra by Young Children 

4 



Literature pcrtAlning to theoretic*! as well as empirical study of 
the thinking of young children is quite abundant. Although used exten- 
sively psychologlats, this literature remains largely untapped by majhe- 
matlca jftducatoTs. However, for mathematics educators interested in co^ni- 
tipa^ythe research literature ^surrounding the work of the Geneva School 
provides a framework for (1) explaining how mental operations basic, to \ 
mathanatlcal thought develop, (2) Identifying structural characteristic^ 
of thought as they undejrgo change with age, and (3) forming a theoretlcaV 
basis for certain currlcular decisions and experiments in the learning of^ 
mathematics. 

The present study was designed with the following purposes: (1) To 
determine If^ specific instructional conditions improve the ability of yoxmg 
Children of various ages and Intellectual levels to (a) form classes, (b) 
establish selected equivalence or order relations; and (2) to Investigate 
that If specific instructional conditions Improve abilities outlined In 
(a) and (b) of (1) above, whether transfer occurs to (a) other class-related 
actlvltl^ and (b) the transitive property of the selected equivalence and 
order relations. 



Grouping Struoturea 

Plaget (Beth and Piaget, 1966, pp. 158«l62) has Identified four main 
stages In which structural characteristics of thought are qualitatively 
different. They are: (1) sensory-motor, prcverbal stage; (2) the stage 
of preoperational representation; (3) the stage of concrete operations; 



The experiment reported in .this chapter Is based on a doctoral 
dlsaertatlon In the Department of Mathematics Education at the University 
of Georgia (Johnson, D.C., 1971). 
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and W) the stag« of formal operations. Concrete operations are a part 
of the cognitive structure of children from about 7-8 years of age to 
11-12 years of age. Plaget (1964c, p. 42) postulates that this cognitive 
structure has the form of what he calls groupings, of which five proper- 
ties exist. Eight major groupings are identified, each of which satisfies 
the five properties. The idea of an operation is central to these group- 
ings. Plaget (1964c) views an operation as being an Interlorized action, 
always linked to other operations and part of a total structure. Plaget *s 
claim is that operations are fundamental to the underst8f{alng of the 
development of knowledge. The groupings are the structured of which the 
operations are a pa^^^Wj^ difference in the groupings resides in the 
various operations whTcrT aire structured. The elements of two groupings 
are classes and asymmetrical relations which correspond to the cognitive 
operations of combining individuals in classes and assembling the asymmet- 
rical relations which express differences in the Individuals. 

It must be made clear that the Geneva School is concerned with 
describing transformations that intervene between the input of a problem 
and the output of a solution of the problem by a subject. As Bruner 
(1959) put it, "Plaget proposes to describe them [the transformations] 
in terms of their correspondence to formal logical structures [p. 364].*' 
At a certain stage, a child becomes capable of solving a variety of prob- 
lems not possible at an earlier stage, but is still not able to solve 
other problems which contain elements of a more advanced stage. In short, 
Plaget has provided a structure of Intelligence which can be used to 
account for success or failure of children when solving certain problems. 

Because the grouping structure is used as a tool to characterize 
the thinking of the young child, it is Interesting to give an interpreta- 
tion. In The Psychology of Intelligence^ Plaget apparently selects special 
classes for part of his elements in the first grouping. These classes must 
satisfy the following pattern: (J>cAiCA2 . . .c^A^,, where oeA and A is 
the index set. If "c" is Interpreted to mean "C," then the above sets 
constitute a lattice, which is a partially ordered system in which any two 
elements have a greatest lower bound and a least upper bound. Clearly, 
"C" is a partial ordering of the se.ts in question since it is (a) reflex- 
ive, (b) antisymmetric, and (c) transitive. Moreover, for any two elements 
A^ and Ag, A^O Ag is the greatest lower bound and A^U Ag is the lea^ upper bound. 

This lattice structure is not all that is included in the first 
grouping. Classes of the form A*^, = A^ - A^, where A^jC A^ are also included. 
The, classes A*^; Included along with the elements of the lattice are the 
elements of this first grouping. If one interprets Piaget*8 (1964c) 
to be "U," then he gives (embedded in a zoological classification) state- 
ment* analogous to the following [p. 42]: 

Iv. Comblnatlvlty, A<jUA*o - Ay; \ 

2, ' Reversibility, If k^U k' ^ - Ay then A^, « Ay - A*^,; 

3. Associativity, {KqV k\)\J k' ^ - Ao^ (A'oU A'o); 

4. General Operation of Identity, A^UiJ) « A^^; 

5, Special Identities, (a) A^jUA^, - k^f (b) k^u - Ay where A<jCAy. 
When considering definitions of a Boolean Algebra such as recorded in 
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Modern Algebra by Birkhof f and Maclane [l958, pp, 336, 337], It can be noted 
that aspects of a Boolean Algebra are Inherent in Grouping I. For example, 
there are two binary operations "n" and "U with all of the usual pro- 
perties (such as commutatlvlty and associativity) and a binary relation 
"c'*^ which orders the subclasses. Also, ^UX ■ X If X Is a class In the 
system. 

Grouping I also describes essential operations and relations Involved 
In cognition of simple hierarchies of classes. Proficiency with the use of 
the class Inclusion relation Is viewed by Plaget as essential In the estab-^ 
llshment of operatory classification. Two abllltles^Jftscrlbed by structural 
nroDertles, are of particular Importance In this proficiency. The first Is 
the ability to compose classes (comblnatlvlty) and decompose classes (reversi- 
bility), and the second Is the ability to hold In spiltid a total class and Its 
subclasses at the same time, made possible through comblnatlvlty and reversi- 
bility; or as will be seen later, through an ability to think of two attri- 
butes at the same time. 

Due to the centrallty of the class Inclusion problem as a test of 
operatory classification, Plaget (1952) reported an early study with chil- 
dren of ages four to eight, A major part of the Investigation Involved 
presenting the children lndlvl4ually with materials similar to the following: 
wooden beads, the majority of which were brown; blue beads, the majority of 
which were square; and flowers, the majority of whlc*h were popples. Typical 
kinds of questions asked were the following: (a) Are there more wooden 
beads or more brown beads? (b) Would a necklace made of the wooden or of 
the brown beads bo^ longer? or (c) Would the bunch of flowers or the bunch 
of popples be bigger? The questions were quite difficult for children under 
seven, but children over seven performed quite well. The main re^on attri- 
buted to the failure of the younger children was that they supposedly could 
not think simultaneously of the whole and Its parts, as mentlone(|. above. 

Continuing the "additive" operations, Plaget delineates two groupings 
entitled "Addition of Asymmetrical Relations" and "Addition of Symmetrical 
Relations." The asymmetrical relations referred to are Interpreted here as 
strict partial orderlngs, l,e,, orderlngs that are (1) transitive, (2) asym- 
metric, and (3) nonref lexlve. Moreover, If such relations are linear, then 
the set A on which the relation Is de£^ed*.ls a chain and hence Is a lattice. 
The general properties of a grouping may be applied, Comblnatlvlty can be 
Interpreted under the more general notion of relation composition. That la, 
A a B and B a C Implies A a C which Is an expression of transitivity. 
Reversibility by reciprocity Includes permuting the terms of the relation 
as well as reversing the relation, l,e,, the reciprocal of A a B Is B>^A, 
The composition Is associative by virtue of the transitive property and has 
special identities. Addition of symmetrical relations involves several dis- 
tinct categories of relations; some transitive, some intransitive, some 
reflexive, and some nonref lexlve, 

Plaget (196Ac) also describes groupings based on multiplicative 
operations, i.e,, those which deal with more than one system of classes or 
relations at a time. Two of these groupings are called Bi-Univocal Multi- 
plication of Classes and Bi-Univocal Multiplication of Relations. In the 
former, an example is given by the following: If Ci and C2 denote the 
same set, of, say, squares, but Cj ■ AjU A2 and C2 ■ B1UB2 where Aj denotes 
red squares, A2 blue squares, B| large squares, and B2 small squares, then 
C - Ci/I C2 - (AiABi)u (AiAB2)U (A2n Bj) U (A2 A B2) , In other words, 
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a matrix or double entry table of four cells has been generated with the 
component classes of Ci on one dimension and those of C2 on the other. 
In the case of Bl-Unlvocsl Multlplia^tlon of Relations, an example could 
be seriating a collection of sticks according to lengths and diameter 
(thickness). A double entry table would thus be defined. If L denotes 
length and T thickness, then the matrix could look ss follows. All the 
objects in the first row are the same thickness but different lengths 
while the objects of the first column are the ^ame length but different' 



LiTi 


L2T1 


L3T1 




L1T2 


L2L2 


L3T2 


L4T2 


L1T3 


L2T3 


L3T3 






L2TU 


L3T4 





thickness. It must be pointed out, however, that Ljli denotes at least ^ 
zero objects, so that equivalence as well as order relations are potentially 
involved in this process. The structural properties of these latter two 
groupings are not discussed7-except to say that multiplication of classes 
allows a child to classify according to two or more classification systems 
at once— oi;^to consider an object as possessing two or more attributes 
simultaneously, and that multiplication of relations allows a child to 
seriate a collection of objects according to two or more order relations at 
the same time. 

In general, classification (which involves equivalence relations) and 
seriation (which involves asymmetric relations) are at the heart of the 
theory of Piaget. When asked to classify, children below the age of five 
usually form "figural collections." By age seven, children can sort objects, 
add classes (form unions), and multiply classes (cross classify). However, 
genuine operatory classification does not exist until age eixht when chil- 
dren can solve the class inclusion problem. Although (A + A - B) is 
logically equivalent to (A - B - A*), many children have difficulty with 
the latter having mastered the former as shown by a failure to state B > A 
(B contain^ more than A). The conservation of the whole (being able to 
hold the class B in mind when focussing on A) and the quantitative com- 
parison of whole and part (B > A) are the two essential characteristics of 
genuine class inclusion (Piaget, 196Ac, p. 117). 

Recognizing that empirical research exists which provides evidence 
for existence of the sbove groupings (i.e., I'eplications stOdies) and that 
experiments exist which have been designed to test the theory (i.e., train- 
ing studies), the present study was of s slightly different nature, but was 
embedded in existing psychological, mathematical, and logical theories snd 
structures. J^st how it was embedded is made clear as the study is laid 
out. It must be emphasized that the study was not done to test Piaget^s 
theory or to replicate already known results, such as those produced by 
Smedslund (1963c), Bruner and Kenney (1966), and Shantz (1967), but an 
employment of the theory in an applied research problem. To be sure, con- 
troversies exist concerning the validity of the theory (e.g., see Kohnfltamm 
(1967), Braine (1959)). 
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Method 



The theory of PlAget Is a theory of development which subordinates 
learning to development In contrast with behavorlal theories vrfiich attempt 
to explain development in terms of learning (e.g., Gagne's work). As a 
corollary, one could view mathematical experiences (e.g., school instruction) 
as not being assimilated in any genuine way in the absence of requisite 
cognitive structure. More specifically, it would appear that work on 
classifications and relations would bear little fruit for children In the 
stage of preoperational representation. However, as Sullivan (1967) comments: 

If learning should be geared to the child's present developmental level as 
Piaget insists, then the problem of matching the subject matter to the 
growing conceptual ability of the child (i.e., present cognitive structure) 
ia a relevant consideration [p. 19].'* 



Learning Material . 



Classifications and relations were the broad topics about which 
learning material was constructed. The basic connectives considered in 
the learning material were conjunction, disjunction, and negation, as 
well as selected mathematical relations. The learning material, described 
in deta,^ elsewhere (Johnson, D. , 1971), was conducted to provide children 
with experiences in forming (1) classes, (2) intersection and union of 
classes, (3) the complement of a class, and (A) relations between classes 
and be^rween class elements. Physical objects were employed so that each 
child could be actively Involved. Some free play was permitted and inter- 
action with peers was encouraged. The learning material was administered 
in 17 instructional sessions each lasting about 20 minutes. The first three 
sessions were designed to provide experiences in forming classes. Hula hoops 
and other representations of closed curves were used in all sessions to 
motivate formation of classes* In sessions IV, V, and VI work was done on ^ 
the intersection and the comttlement of the intersection of classes. The 
'children were put in a conflict situation when it was pointed out that an 
^yobject could not be placed iiside two nonoverlapping hula hoops simulta- 
neously. For example, if thfc children were instructed to place red objects 
in one hula hoop and trianguW shapes into another hula hoop, the problem 
would arise as to where the re^ triangles should go. Sessions VII and 
VIII incliided activities concerning formation of the union of classes. 
Sessions XII, XIII, XIV, and XV contained activities designed to opera- 
tionally define the relations "more than," "fewer than," and "as many as." 
The remaining sessions involved review on formation of classes involving 
^ coiiq)lementation, intersection, and union. Five basic post tests were then 
constructed to measure achievement and transfer. 



Conneotive Achievement Teat (CA)' The connective test was designed 
to measure an ability to use the logical connectives "and," "or," and "not." 
Two sets of physical objects were used in the testing. One set consisted 
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of Dienesl Logic Blocks used In the learning sessions (CAi) and the other 
set consitted of physical objects which had not been used In the learning 
sessions n[CA2). Ten items were written using each set where the items 
were isoiBDrphic across sets except for the differences in the objects 
used. Six warm-up questions were included for each set of objects to 
insure that the .children understood basic attributes of the objects. The 
phraseology "Put in the ring all the things that are ..." preceded the 
directions in each of the 12 warm-up and 20 test items. The directions 
for the ten items involving physical objects which had not been used in the 
learning sessions were: 

1. Either sticks or the:^-are clothespins. 

2. Either sticks or they are not blue. 

3. Not blue discs. ^ 

4. Red 4^scs. 

5. Clo^fspins and they are blue. 

6. Either sticks or they are green. 

7. Not blue and they are not clothespins. 

8. Not red. 

9. Discs and they are sticks. 

10. Red and they are not sticks. ' ^ 



Relation Achievement Teat (BA), This 25 question test was designed 
to measure understanding of the relations "more than," "fewer than," "as 
many as," "same shape as," and "same color as." For each of the first 
three relations, objects used in the items were mounted on pieces of 
posterboard in a vertical, horizontal, and circular arrangement, for a 
total of nine item^. The set of number pairs used for the "as many as" 
relation was { (6, 6), (7, 7), (8, 8>}. The set used for the "more than," 
and "fewer than" relation was { (5, 6), (6, 7), (7, 8)}. A "more than," 
"fewer than," and "as many as" question was asked for each item to insure 
that when a child said, for example, "There are more A's than B's," he 
also knew that there were neither fewer A's than B's nor as many A*s as 
B's. An example question would be, "Are there fewer A's than B's?" For 
the 16 ^ape and color items, eight cards (containing two objects each) 
were constructed, two for each pair in the set { (same shape, same color), 
(same shape, different color), (different shape, same color), (different 
shape, different color)}. Each card was used for two items, a shape item 
and a color item. The tester pointed to the appropriate object and^asked: 
*'Is this the same shape as that?" and "Is this the same color as that?" 
The next three tests to be described are transfer tests with the exception 
of the intersecting ring items in the Multiplication of Classes and Rela- 
tions Test. 

Multiplication of Claeeee and Relations Teet (MU), This test was 
constructed to measure the ability of children to use two or more criteria 
at once. Parts of this test were similar to the nine matrix tasks designed 
by Inhelder and Piaget (1964, pp. 60-61), which were ^sither four-cell or 
six-cell matrices with from five to eight choices located below the matrix. 
For the purpose of testing the ability of children to multiply classes 
and relations, six material sets spanning across each of the following 
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three types of arrays were utilized: (1) 3 x 3 matrices, (2) 2 x 2 
matrices, and (3) ring intersection. The six sets were defined by the 
pairs in the following set: { (shape used in learning material, color 
used in learning material), (shape, color used in learning material), 
(color, number), (shape, shading), (shape, size), (color, size)}.' Exactly 
one material set was used in the construction of e^h of the six 3 x 3 
matrices, of each of the six. 2x2 ma trices, -and of each of the six inter- 
secting ring patterns. Although the Intersection ring activity was not 
performed during the unit, it was very similar to some activities and was 
thus considered as an achievement measure. The matrix items were never 
solved in the instructional unit and hence were viewed as transfer measures. 
For each of the eighteen items described, a strip of four response choices 
was constructed. For the matrix items each response strip included (1) 
, the correct missing object, (2) an object from the same column but a 
differegit row than the missing objects, (3) an object from the same row 
but a different column than the missing object, and (4) an object having 
one attribute not represented in the matrix. For each pair of intersect- 
ing rings, corresponding response strips included (1) an object from 
the left ring, (2) an object from the right ring, (3) the object logically 
belonging in both rings (possessing both attributes), and (4) an object 
having one attribute not represented in either ring. 



Class Inclusion Teat (CI). This 16 item test was^included as a 
transfer measure for two reasons. V First, whenever a class and its com- 
plement are specified, the idea of inclusion is implicit. Second, as 
already noted, Piaget views successful solution of the class inclusion 
problem as indicative of operatory classification. 

Factors affecting the ability to solve inclusion problems are: (1) 
presence of an extraneous object, (2) three or more proper subsets pte- 
sent, (3) equal numbers in a set and its complement, (4) mingled items, 
(5) items not visually present, (6) addition or subtraction of an item 
after initial comparison. These factors were utilized in designing the 
items of this test. Two other factors included were: (7) items of an 
infinite nature, and (8) items where subset comparison is made through 
the use of an outside set of objects. Eight items involved factor 1; 
two, factor 2; three, factor 3; nine, factor 4; one, factor 5; two, factor 
6; two, factor 7; and two, factor 8. With the exception of tw^o iteidsf 
the number of obje<;ts in subclasses for each item was assigned to the 
items randomly where the numbers were members of the set { 2, 3, 4, 5). 

The first 14 items (items numbered 1-14) included two questions. 
An example item is where there were five blue tops, three blue guns, and 
two turkeys. The experimenter had the child point to the toys and to the 
tops. The two standard questions, "Are there more toys than tops?", and 
"Are there more tops than toys?" were then asked. Thp last two items 
were analogous to one another in that each included Factor 8. In addition 
^o two standard questions, two other questions were asked concerning com- 
parison of the outside set of objects with the set of objects of direct 
concern. For example, one item contained pictures of seven animals (four 
horses and three rabbits) and four dots arranged proximal to the horses. 
Two questions were asked requiring the child to compare the horses and 
dots, and th& animals and dots as well as the two standard questions. 
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Traneitivity Teat (TR)* This 10 item test was designed to measure 
the ability of children to use the transitive property of the relations 
tested for in the Relation Achievement Test. Two items were designed to 
test for the transitivity property of each of the five relations. A 
"left to right" and a "right to left" matching were used in the testing 
for the transitive property of the^ relations "as many as," "more than," 
and "fewer than." The triplets of numbers of objects used for testing 
for the above three relations were (7, 7, 7) and (8, 8, 8) ; (8, 7, 6) 
and (9, 8, 7) ; and (6, 7, 8) and (7, 8, 9) respectively. The test was 
used as a transfer measure to determine if an ability to use trahsitivity 
is improved by instruction on the p«lations of concern. 

An example of a transltivlty\lt^m for matching relations is where 
there were seven red discs and seye\ip€en discs mounted in rows on poster- 
board. The child was directed to maWh a pile of seven blue discs ^rth 
the red discs and judge the relation between the two sets. The red discs 
were then covered. The child was then directed to match the blue discs 
with the green discs and judge the relation between the two sets. The 
green discs were then covered. Three questions were then asked; "Are 
there as many red discs as green djlscs?" "Are there more red discs than 
green discs?" and "Are there fewer red discs than green discs?". An 
analogous procedure was used for transitivity .of the equivalence rela- 
tions involving cojor and shape, except only two questions were asked, one 
for the appropriate equivalence relation and one for its accompanying 
difference relation. 



The subjects for the study were chosen from four kindergarten and 
four first grade classes located in or closely adjacent to Athens, Georgia. 
All of these children were administered an Otis-Lennon Ability Test during 
March 24- April 1, 1970. A total of 99 first graders and 97 kindergarteners 
were tested. Two levels. Primary 1 and Elementary 1, of the Otis-Lennon 
Mental Abilities were utilized. The Primary 1 level^is designed for 
pupils in the l^st half of the kindergarten and Elementary 1 .level is 
designed for pupils in the last half of the first grade. The test items 
sample the mental processes of classification, following directions, 
qualitative rea«tt}ning, comprehension of verbal concepts, and reasoning 
by analogy. K-R 20 *s for the Primary and Elementary Levels are .88 and 
.90 respectively* The two categorization variables, then, were chronolo- 
gical age and IQ. Only those children who had an IQ in the interval (80, 
125) and a CA either in the interval (64, 76) or (77, 89) for kinderg^irten 
and first grade, respectively, were included in the study. The children 
were further categorized by the two IQ intervals (80, 100), (105, 125). 
Children within the four categories thus defined were then randomly 
assigned to an experimental or control group after an ordered random 
sample of 80 subjects had been selected, 20 in each category. Thirty- 
five alternates were also selected for a total of 115 children in the 
sample. 

Administration of the Teats 

Administration of CA. The CA was administrated to six subjects at a 
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time. Three subjects were seated adjacfent to each other on one side of 

a table and the other three were seated facing them on the opposite^ side 

of the table. Subjects were separated by cardboard partitions so they 

could not see ^ach other. Each subject waa given a rope ring and some objects 

to classify, "No objects were initially inside the rope rings. The order 

oiSkteat questions was Initially randomized. The Investigator read all 

tho Erections clearly and repeated if necessary. All subjects were 

given sufficient time to make their responses. The experimenter stood 

behind the subjects and recorded each response as correct, (correct set 

o^ objects was placed In ring) or incorrect (either items omitted or at 

least one incdrrect item placed in ring). 

For subtest CA|,if all the proper objects were placed in the ring 
Mid nothing extra was placed there the answer was considered as correct. 
One point was given for cocrect answers and no points were given for in^ 
6orrect answers. Subtest GA2 was scored in a similar way.^ Since the tests 
i^ere parallel, Subtest CA3 was formed through* the consideration of the 
responses to the items in Subtests I and II. The subjects were given 
credit for having a question right on Subtest III only if they had scored 
each corresponding question right on both CA^ and CAj. In considering 
Subtest CA3> one point was given for each question judged as right by 
the above procedure. The normal testing time was approximately 23 minutes. 



Adntini&tratum of RA. For this test, the material sets were placed 
in^a row on a low. table In order from 1 to 17. Administration of items 
1-9 (matching relations) was done first with the sequence of presentation 
randomized individually for each subject. Also the question sequence was 
randomized for each question for each subject. Cards 10-17 (shape and 
color relations) followed with the sequence of presentation also random- 
ized for each subject. Here again, the question sequence was randomized 
for eacly subject. The eight 'same shape" questions asked of cards 10-17 
composed "items 10-17 for this test and the eight "same color" questions 
composes items 18-25 respectively. For each card^ the respbnse was 
scored correct if the color and shape questions were both correct. The 
testdr recorded the "yes" and "tio" responses for each question asked. 
.Average testing time was approximately twelve minutes, 

\ idministratum of W. The eighteen material sets for this test were 

placed in order (1-18) on a low table similar to that used with the RA. 
Each strip of four response choices was centered and placed directly below 
the resp^cj^ive matrix or ring item.^ The sequenc^ of presentation of the 
eighteen items was randomized. for each subject. The tester recorded the 
response choice pointed to on each response strip. Average testing time 
was approximately twelve minutes. 
t 

^-Administration of CI. The 16 items were partially randomized for 
each subject. The exceptions were that items numbered 3 and 4, and 13 ' 
and 14 were presented in pairs in the natural order and items numbered ^ 
^15 and 16 were presented last in the natural order. An item was scored 
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Table 1 
Formation of Subtests 



Test 


No. of 








Type 


Items 


Subtests 




Content of Subtest 




10 


CAi 


First 


. ten items of CA 


Achievement 


10 


CA2 


Last 


ten items of CA (novel material) 


Tests 


10 


CA3 


Intersection of Tests CAi and CA? 




25 


RA 


Same 


as RA 




6 


MD^ 


Last 


six items of MU (intersection rings) 


Transfer 


6 


MD3 


First 


six items of MU (3x3 matrices) 


6 


MU2 


Second six items of MO* (2x2 matrices) 


Tests 


16 


CI 


Same 


as CI 




10 


TR 


Same 


as TR 



correct only if the two standard questions were correctly answered. 



Adminietration of TR. Item were arranged in a row on a low table. 
Administration of 'the six items for matching relations was conducted 
followed by the four items for the color and shape relations. Within this 
constraint, the items were randomized independently for each subject. A 
transitivity item was scored as correct only if all questions were correctly 
answered. * » 



Design of Studxj and Method of Analy&ie 

The basic design of the study was Jhe Post test-Only Control Group 
Design presented by Canq)bell and Stanley (1963). This design calls for 
initial randomization followed by an experimental treatment given to the 
experimental group. , Twelve major multivariate analyses of variance null 
hypotheses were tested. 

Hi: The mean vectors of the experimental and control groups 

are not different on the achievement measures. 

The mean vectors of the experimental and control groups 
.arc not different on the transfer measures. 
H^: The mean vectors of the kindergarten and first-grade 

subjects are not different on the achievement measures. 
Ht^: The mean vectors of the kindergarten and first-grade 

subjects are not different on the transfer measures. 
H5: The mean vectors of the low and high IQ subjects are not 

different on the achievement measures. 
Hg: The mean vectors of the low and high IQ subjects are not 

different on the transfer measures. 
H7: There is no significant interaction of IQ with Treatment 

on the achievement measures. 
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Hg: There la no significant interaction of Grade with Treatment 
on the achlevezaent measures. 

H9! There Is .no significant Interaction of Grade with IQ on 
the achievement measures, 

HjoJ There Is na significant Interaction of IQ with Treatment 
on the transfer measures. 

Hii! There Is no significant interaction of Grade ,wlth Treat- 
ment on the transfer measures. ' 

Hi 2: Thereris no significant interaction of Grade With IQ on 
the transfer measures. 

. Test statistics and an Item analysis were cotaputed for each of the 
subtests composing the transfer and achievement measures. Two point bl- 
serlal correlation coefficients, a phi coefficient, and a difficulty in- 
dex were computed for each item. A point biserlal correlation coefficient 
represents the degree of correlation existing lietween a dlchotomous and a 
continuous variable. In the study, IQ measures and the total test SC05 
formed "by the cooposlte of po^sttest scores were considered contlnuou 
variables. The dlchotomous variables, are the l^lvldual Items scorod as 
either correct or incorrect. Correlations Involving IQ and total /cores 
provide indices of validity and reliability respectively. Essentially, 
a phi coefficient Is, with minor modification, a chl-square calcul&«d on 
a two-way contingency *table to test for Independence of two random^fa^- 
ables. The table was defined by experimental and control groups, and th 
ratio of subjects passing or falling each item to the total response^ on^ 
.that item. 

The null hypotheses were tested with the use of Multivariate Analysis 
of Variance (MANOVA) procedures. Program MUDAID (Multivariate, Univariate, 
and Discriminant Analysis of Irregular Data) was used for the MANOVAs 
where the five achievement and four transfer measures were the response 
variables for all combination of Independent variables taken two at a time. 
Therefore six MANOVAs and 27 ANOVAs were calculated; one for each IQ (l) 
by Age (A), IQ by Treatment (T), and Age by Treatment:. Levels of IQ were 
80-100 (L) and 105-125 (H); levels of Treatment were experimental (E) and 
control (C); and levels of Age were f Ive-yeat-olds (K) and six-year-olds (F). 



Results 

The results of tile analyses are presented in this section. All data 
analyzed in the item analysis section were obtained from all 111 subjects 
and alternates administered all the poattest measures. The multivariate ' 
analyses are limited to 80 subjects selected for the study. 

# 

Item Analyeie 

A phi troefflclent was calculated for each of the 99 items. Utiliz- 
ing a significant > (p < .05), items which were discriminators between the 
experimental and control groups were found for each test. From the array 
of data in Table 2, it can be easily seen that there wa^ only one item 
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^ch dtscrlainated In fmvor of the control group out of the total 99 
Iteos. * < 



Table 2 

Frequency of Items: Discriminators and Nondiscriminators 







Discriminators 




iiuuaxocrxiiixuACors 


No. of 










Iteatf 


Subtest 


Experimental 


Control 




10 


CAx 


8 




2 


10 


CA2 


• I 




3 


10 


CA3 






2 


25 


RA 


7 


1 


17 


6 


MUr 


5 




1 


6 


MU3 


4 




2 


6 


MU2 


2 




4 


16 


cr 


0 




16 


10 


TR 


7 




3 



Two of the subtests deserve special discussion in that all or a 
majority of the items of those tests were nondiscriolnators. First, in 
the case of the RA test, the 16 items which Involved usage of the relatioixs 
same shape as' and "sane color as" were extremely easy for all subjects, 
and thereby were excluded from all other analyses. Second, four of the 
six items composing the MU2 test were nondiscriminators. It appeared 
that ouch guessing was done on^his test, as the average score was approxi- 
mately the same as chance would allocate. One of the four nondiscriminators 
^on MU2 was excluded from all further analyses. Ten other items were also 
' excluded from the analysis with undesirable item characteristics (very 
hard or very easy items with low or negative biserial correlations with 
the total test or IQ). Hine of these ten items were nondiscriminators; 
six for the achievement measures and three for the transfer measures. 
Seventy-two items were retained for the analysis of variance. 



MulHvariate and Univccpiate Analysis 

The necessary subtest information is tabulated in Table 3. The in- 
ternal-consistency reliabilities are quite substantial Indi^cating good 
homogeneity of the test items. The multivariate and univariate analyses 
of variance are given for the direct achievement measures (CAi. CA2, CA3, 
RA, MUr) and transfer measures (MU3, MU2> CI, TR) for the two classifi- 
cation variables (Age and IQ) each considered in conjunction with the 
treatment variable, and also considered in conjunction with each other. 
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Table 3 
Subtest Statistics 



, No. of 








Items 


Stibtest 


Reliability 


Grand 






(KR-20) 


Mean 


9 


CA2 


.72 


5.09 


7 


CA2 


• 65 


3.70 


9 


CA3 


.74 


3.88 


9 


RA 


.82 


5.89 


5 




.67 


1.39 


6 




.70 


3.23 


5 




-58 


2.35 ' 


13 


CI 


:75 


3.78 


9 


TR ' 


• .79 


6.13 



Analyeee of achievement maeidrea* For the purpose of testing the 
hypotheses related to achievement, the five achievement subtests were con 
sidcred concomitantly aa^ response variables In the MANOVA and were con- 
sidered singly in ANOVAs. In the MANOVA analysis of T vs I, the likeli- 
hood ratio test statistic - 113. 30 .was significant (p < .01), indi- 
cating significant differences in the iaean vectors for all effects. As 
indicated in Table 5, the main effects due to T and I and the interaction 
of T and I were significant. The test of kll F values in Table 5 is done 

Table it 

Subclass Means: T vs. I (Achievement Subtests) 



Low High Means 



Experimentale 








CAi 


5.35 


7.-40 


6.38 


CA2 


4.15 


5.95 


5.05 


CA3 


4.25 


6.35 


5.30 


RA 


3.50 


8.60 


7.05 


- MUr 


1.55 


2.85 


2.20 


(kmtrole 








CAj 


3.20 


4.40 


3.80 


CA2 


2.05 


^2.65 


2.35 


CA3 


1.80 


3.10 


2.45 


RA 


3.25 


6.20 


4.72 


MUjr 


0.55 


0.60 ^ 


0.58 


Means 








Ck\ 


4.28 


5.90 


5.09 


CA2 


3.10 


4.30 


3.70 


CA3 


3.02 


4.72 


* 3.88 


RA 


4.38 


7.40 


5.89 


MUr 


1.05 


1.72 


1.39 
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Table 5 

F Values for MANOVA. of Acbleveaant Subtests* 





Axxalysls 




, Factor 




F . 


T vs. 


I 


T 
I 

T X I, 




29,66** 
10.06** 
2.52* 


T vs. 


A 


T 
A 

T X A 




20.32** 

- < 1 
1.13 


- I vs. 

t 


A 


I 
A 

I X A 




5.43** 
< 1 
1.13 



a* » .05 level of significance 
** ■ .01 level of significance 



using p and (N-3-p) degrees of freedom where p is the number of response 
variables and N is the number of subjects. In this analysis p is 5 and 
N is 80. Also, F.05 (5» 72) - 2.35 and F,oi (5, 72) - 3.28. ^ 

In order to further interpret the main effects of T, I, and T x I, 
five univariate analyses were performed. The results in t^lrms of F values 
, for these analyses and also for T vs A^and I vs A are included within Table 
6. It is noted that for each of the five response variables there existed 
a significant F (p < .01) for both T and I. This indicated that perfor- 
mance of children of E and C and also of L and H were significantly different 



Table 6 

ANOVA F Values for Achievement Measures^ 





Type 
Variation 


CAi ' 


CA2 


CA3 


> 

RA 







T 60. 22** 114 . 20** 80. 54** 17 . 31** 44 .97** 

I 23.98** 22.56** 28.65** 29.30** 7.76** 

T X I 1.64 . 5.64** 1.59 * < 1 6.65** 



T 13.37** 8.92** 13.96** 23.90** 4.69* 

A < 1 1.25 < 1 < 1 < 1 

TxA <1 <1 <1 <l 1.09 



a* ■ .05 level of significance 
** ■ .01 level of significance 



ERIC 



142 



Johruon / Le<tming of a Boolean Algebra 137 



on all achieveaent subtests. 

Significant interaction (p < .05) of T with I occurred only on CA2 
(involving "and," "or," and "not") and MU^. The significant interaction 
indicates that on these subtests the performance of control, subjects was 
cot like the performance of experimental subjects across the two levels 
of IQ. Table A indicates that on these subtest?, the higher IQ experi- 
mental subjects performed better than any other group. 

In the MAWVA analj^s of T vs A, the likelihood ratio test statis- 
tic X - 71. A3 was signi^Rant (p < .01), indicating significant differ- 
ences in the mean vectors for all effects. The only main effect that 

Table 7 

Subclass Means: T vs. G (Achievement Subtests) 





Subtest 


Kindergarten 


First Grade 


Means 


BxperirientaSLa 










) 6.35 


6. AO 


6.38 




5.00 


5.10 


5.05 


CA3 


5.30 


5.30 


5.30 


RA 


6.75 


7.35 


7.05 




2. AO 


2.00 


2.20 


Controls 








CAi 


3.A5 


A. 15 


3.80 


CA2 


1.95 


2.75 


__2.35 


CA3 


2.00 


2.90 


2.A5 


RA 


A. 90 


A. 55 


A. 72 


MUr 


O.AO 


0.75 


0.58 


Means 








CAj 


A. 90 


5.28 


5. OB 


CA2 


3.A8 


3.92 


.''l70** 


CA3 


3.65 


A. 10 


3.88 


RA 


5.83 


5.95 


5.89 




l.AO 


1.3^ 


1.39 



was significant in this analysis, as indicated in Table 5, was T. Again, 
univariate analyses were performed to further interpret the main effect. 
As shown in Table 6, significance (p < .01) was achieved on eVch of the 

five subtests if and only if the effect was T. / 

The final two-way analysis dealt with the factors of I and A. The 
likelihood ratio test statistic X - 27. Al was significant (p < .01) indi- 
cating significant difference in the mean vectors presented for all effects. 
A5 indicated in Table 5, the only main effect that was significant was I. 
Hence, for the effects of I and A, considered concomitantly, significant 
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Table 8 

* SubcXaM Means: I va. A (Achievement Subtests) 



Subtest 


Kindergarten 


First Grade 


Means 


Lew 








CAj 


A AA 


4.55 


4.28 


CA2 


2.80 


3.40 


3.10 






3.30 


3.02 






' 4.35 


4.38 




n on 


1.20 


1.05 


High 








CAi 
1 


5.80 




^ on 


CA2 


4.15 


4.45 


4.30 


CA3 


4.55 


4.90 


4.72 


RA 


7.25 


7.55 


7.40 


M0r 


1.90 


1.55 


1.72 


• CAi^\ 


4.90 


5.28 


5.09 


CA2 \ 


3.48 


, 3.92 


3.70 




3.65 


4.10 


3.88 


RA J 


5.82 


5.95 


5.89- 


MUr ^ — ^ 


1.40 


1.38 


1.39 ' 



differences on achievement existed between the two levels of Intelligence 
used in the study. Table 6 shows that again all F values for the I effect 
were significant ( p < ,01). As can be seen from Table 8, for all five 
subtests the mean scores of the high Intelligence group were greater than 
for the low intelligence group and first graders performed better (but not 
significantly) than or approximately equivalent to kindergarteners. Op 
the basis of the results listed in Tables 5 and 6, hypotheses Hi, H5, ind 
H7 were rejected and H3, Hg, and H9 were accepted. Hence, for the achieve- 
ment scores, the factors IQ and Treatment significantly' affected perfor- 
mance. First graders performed better, but not significantly better, than 
kindergarteners on all achievement measures. 



Analyaee of fvanefev Meaaurea 

The four transfer subtests were the response variables considered 
concomitantly In MANOyAs and separately In ANOVAs for th^ purpose of 
testing the hypotheses related to transfer effects. For the MANOVA 
analysis of T vs I, the likelihood ratio test statistic « 60.19 was 
significant (p < .01) for all effects. As Illustrated in Table 10, the 
main effects due to T and I were significant but the InterMtion of T 
with I was not significant. The test of all F values In T^le 10 Is done 
using p and (N-3-p) degrees of freedom as was the case with the achievement 
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Table 9 

Subclass Means: T vs. I (Transfer Subtests) 



Subtest 



Low 



High 



Means 



Socpertmentals 
MU3 

MIJ2 

CI 

TR 



Controls 
MD3 
MU^ 
CI 
TR 



3.15 
2.10 
2.20 
5.80 



2.60 
1.85 
3.10 
4.15 



4.45 
3.40 
5.00 
8.35 



2.70 
2.05 
4.80 
6.20 



3.80 
2.75 
3.60 
7.08 



Means 



MIJ3 
MIJ2 
CI 
TR 



2.88 
1.98 
2.65 
4.98 



3.58 
2.72 
4.90 
7.28 



Analysis 



T vs. I 



T vs. A* 



I vs. A 



Table 10 

F Values fpr MANOVA of Transfer Subtests* 



Factor 



T 
I 

T X I 



T 
A 

T X A 



I 
A 

I X A 



« significance of factors beyond the .01 level 



\ 
F 



7.18** 
,11.75** 
1.00 



5.69** 

< 1 

< 1 



9.68** 

< 1 

< 1 
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measures. However, for the transfer measures p is 4 and^N Is 80. For tha 
new value of p, F,o5 73) - 2.49 and F.oi (4, 73) - 3.59. 

To assist the Investigator in interpreting the main effects of T, I, 
and T X I more precisely, four univariate analyses were performed. F values 
for these analyses and also T vs A and I vs A are reported in Table 11. 
For HU3 and TR significance was maintained (p < .01) for tfre main effect T. 

T-able 11 ^ 
ANOVA F Values for Transfer Measures 



Type Variation 




MU3 


MU2 


0 CI 


TR 


T 




8.80** 


5.59* 


< 1 


18.95** 


I 




3.26 


4.91* 


13.33** 


27.77** 


T X r 




2.40 


2.64 


< 1 


< 1 


T 




8.25** 


5.11* 


< 1 


14.03** 


A 




< 1 


< 1 


< 1 


< 1 


T X A 




< 1 


< 1 * 


1.86 


< 1 


I 




2.88 


4.45* 


13.30**' 




A 




< 1 


< 1 


< 1 


1.06 


I X A 




< 1 


< 1 


< 1 


< 1 


^ a* » .05 level 


of 


significance 








** - .01 level 


of 


significance 









A significant F (p < .05) was computed for MU2 but a nonsignificant F was 
computed for CI. The results were sliglitly different for the main effect 
of I. Here, significance (p < .01) was established for CI and TR, and for 
MU2 there was significance at the .05 level. No significance was found 
for the main effect of I on MU3. It is not known why the main effect of 
I was significant for MU2 and not for MU3. One possible explanation is 
that the subjects of greater intelligence were able to use the fewer cues 
available in MU2 more proficiently than subjects of lesser intelligence. 
Table 9 indicates that significant differential performance always favors 
the experimental and high 10 groups. 

For the MANOVA performed on the oair of factors T and A, the likeli- 
hood ratio test statistic - 26.04 was significant (p < .01), indicating 
significant differences for all effects. Only the main effect of T was 
significant (o < .01) as indicated in Table 10. Treatment was significant 
(p < .01) for MU3 and TR, and was significant (p < .05) for MU2, as given ^ 
in Table 11. Hence, for those three variables, performance of subjects in 
the two levels of T differed significantly. Table 12 reveals that for all 
variables for which the main effect of T was significant, Experimentals 
outperformed Controls, 

The last two-way analysis was done with the pair of factors I and A, 
The i^ikelihood ratio test statistic - 35.48 was significant (p ^ .01) 
indicating significant differences in the mean vectors for all effects. As 
illustrated in Table 10, only the main effect of I was significant (p < .01). 
Table 11 reveals that the main effect of I was significant (p < .01) for 
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Subclass Means: 



Table 12 

T vs. G (Transfer Subtests) 



Subtest 



Kindergarten 



First Grade 



Means 



Bxpermentals 
MU3 
MD2 
CI 
TR 

Controls 
MU3 
HD. 
CI 
TR 



Means 



MU3 
MD2 
CI 
TR 



3.60 
2.75 
3.45 
6.90 



2.60 
1.80 
4.70 
4.85 



3.10 
2.28 
4.08 
5.88 



4.00 
2.75 
3.75 
7.25 



'2.70 
2.10 
3.20 
5,50 



3,35 
2.42 
3.48 
6.38 



3.80 
2.75 
3.60 
7.08 



2.65- 
1.95 
3.95 
5.18 



3.22 
2.35 
3.78 
6.12 



Subclass Means: 



Table 13 
I vs. G (Transfer Subtests) 



Subtest 



Lou 
MUj 

CI 
TR 

MU3 

CI 
TR 

Means 
MU3 
MD2 
CI 
TR 



Kindergarten 



2.60 
1.95 
3.05 
4.70 



3.60 
2.60 
5.10 
7.05 



3.10 
2.28 
4.08 
5.88 



First Grade 



3a5N 
2.00 
2.25 
5.25 



3.55 
2.85 
4.70 
7.50 



3.35 
2.42 
3.48 
6.38 



Means 



2.88 
1.98 
2.65 
4.98 



3.58 
2.72 
4.90 
7.28 



22 
35 
78 
12 
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CI and TR and was significant (p < .05) for MU2. Hence, IQ plays an Impor- 
tant role in performance measured by those variables. No other signifi- 
cant main effects were found. Table 13 indicates that responses favored 
the high intelligence and first-grade levels. 

From the results indicated in Tables 10 and 11, hypotheses H2 and 
He were rejected and Hi,, Hxq, Hji, and H12 were accepted. Therefore 
transfer to related areas was found to differ significantly depending on 
levels of I and T. As with the achievement measures, the more intelligent 
subjects performed better than the less intelligent subjects and the 
experimental subjects performed better than the control subjects. 



Discussion 

There is ^ptantial evidence in this study that kindergarten and 
first-grade children can be taught (1) to form classes using intersection, 
union, and negation, and (2) to make correct "prenumber" comparisons pf 
sets of ^objects. Mastery was not required, although significant differ- 
ences were noted between Experimentals and Controls. Furthemjore, this 
increase in achievement was accompanied by some transfer to related acti- 
vities. The main effects of Treatment and IQ were very significant on 
both achievement and transfer measures but the main effect of Age was not 
significant on any measure. 

It is quite important for understanding the results of this study 
"to distinguish between two types of experience — physical experience and 
logical-mathematical experience. According to Piaget (196Aa) physical 
experience "consists of acting upon objects and drawing some knowledge 
about the oblects by abstraction from the objects [p. ll]." Piaget 
(196Aa) states further that in logical-mathematical experiences "know- 
ledge is not drawn from the objects^^ut it is drawn from the actions 
effected on the objects [p. ^^J." /^H^Mchild is asked to place all the 
objects possessing a given attributj^MBlde a ringf he can be shown his 
mistakes and they^ican be corrected^Wpus type of activity is basically 
in the realm of physical kncwledarTwRrowever , suppose that a child claims 
that there are more dogs than aiumal^ after he has pointed to the„ dogs and 
animals independently. It is ^possible to correct his mistakes in a way 
similar to that of the previous example. With the exception of the MU^ 
subtest, all the achievement measures fell in the realm of physical know- 
ledge. Hence, the treatment was very effective for imparting physical 
knowledge. However, the MUx> subtest and the transfer measures must be 
considered when investigating the production of logical-mathematical know- 
ledge. 

Activities, with intersecting rings were provided in the unit but in 
a format that differed from the intersecting ring test items. Although 
Experimentals performed significantly better than Controls on the MUr 
subtest, it can be noted that nether group performed extremely weir. 
Furthermore, Controls appeared to consider the three regions formed by the 
intersecting rings as nonoverlapping regions. Hence, improvement can be 
explained by hypotheses other than a genuine improvement in the formation 
of intersections. In the case of the CI subtest, the treatment did not 
produce significant differences. On this measure, intelligence produced 
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Shl^ed bv^fLTr'n""""- classification was not 

ana cue lower group only scored about 25 oercpnr ^hara 
t^^"avrt,"l^'' °° r^'"^' 2° lKro:°eIe;f :„ the 

towage oftieTr to clarity of language rather than 

shape f^d nol^r property, itetns based on the relation of 

Se^^ltlvltv V"''^ '° mean scores of 

^tch^r e IttLste : 30 L'ss—T Experiments on 

6 *.cj.in.iou8 were ju and 55 percent, respectively whereas th^ 

dlfflc^o dl«Mn».M K ^l'''°"8'' the Genevans claim that It la 

Theri distinguish between graphic and operational solutions. 

sr:hni^h°":bniS"fir:^ir2:rr' ^-''^'-"^^ 

^ the unit produced substantial Improvement In phy- 

sical knowledge but very little Improvement In operatory classification 
!Sdl.?r "^"''^ °' '''^ ""''y observm^the way In which 

^ f ser o^"rob?em'r"°° "^P"-"'^^ -"ool matheLtlcs currlcSa 
Lttl r rl^ revealed In that children are being presented with 

lem such "s ^lly ""-ble to handle. In a subtraction prob- 

lem such as 9 - 5 - 4. If a child thinks that the difference Is larLr 
than the minuend he might just as well write something like 5 - 9-1 
betweef k^nHfr..'rr' ^ significant difference In achievement 

th^^st^^n^f r.f'^ first-grade children on CA^. It Is reconanended 
garten !e^l beLu,f '° "^^m at the klnder- 

h!™ f '•'"^ ""^ "° significant differences In achievement 

between these grades on any subtest. However, more research with a more 
ITZ population is highly recommended before final grade-leveT 

LedeTcon :rn1ne'the"'°t- ^ »-h deeper Invfstlgatl^f Is 

"or " anr^W" fnd .r^f ^^^^ "^'''^^ 'he words "and," 

altlve property of the equivalence and order relations us^ In the unit 
was an interesting outcome. Various properties of the multitude of 
w'ar L'^^i:.?:' r'".r^'?°"^ ^" mathematics curriculum 

"sl^rshapf L" ''"T- '-^ ""^ relations such as 

same shape as and same color as" and the transitive property of these 
relations were very easy even for kindergarteners. Ver^ lutle If anv 
instruction Is required In kindergarten for such relat^^ns ' ^' 
r.r.r. !u? ! considered when arranging Instruction based on the con- 
cepts m this study. Three of the reasons for this are as folloSJ 

TtlMT^'T'^r' (P < -05) of treatL^t ^1 h H; W 

with the best performance by the high IQ subjects. (2) among the best 

fencl f °" '"^"'^ °' intelligence was rX. and (3) the Intelli- 

gence factor was significant on the transfer subtests CI and TO T^ls Is 
Zy I T '•'^^ occupy key positions in Se 

theory of Plaget. IQ was the only factor where significance was attained 
ZJ: / "^^^ J"" mentioned, a thorough analysis needs 

to be made concerning the relation that exists between Plaget 'a classifi- 
cation of mental operations and the degree to -which these operations are 
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measured on various IQ tests, ^uch investigation could have far- 
reaching Implications for arranging mathematics instruction at various 

age ^^^^^''^^ p^^^^ ^^,^5 uncertain exactly what abilities the 

3 X 3 and 2 X 2 matrix questions and the intersecting ring questions 
are measuring. There exists good, but inconclusive, evidence that the 
intersecting ring questions are measuring the same type of ability as 
the matrix questions. Future investigations need to Incorporate other 
methods when Investigating the intersection concept. It is assumed that 
the improvement in cross classification was done through the ' intersec- 
tion of attribute" activities of the unit. However-, it is strongly 
recommended that the relation existing between two attributes and a 
total cross classification be investigated further. As indicated pre- 
viously, Piaget has hypothesized that cross classification, as measured 
by matrix activities, develops at about age seven and the intersection of 
simple attributes at about age nine. The present study shows that in- 
struction in one area will perhaps hasten the development of the other 
operation. Any such transfer is Important to education. 



ERIC 




The Perfonnance of First- and 
Second-Gr^de Gfaildren on U^d 
^ nervation and Measurement 

llems Employing Equivalence 
and Orjjler Relations 



Conservation or Invarlance of a glve^, property under certain trana- 
tonaatlon Is baslo to the process of measurement of that property". One 
of the essential features of measurement pr comparison of quantities Is 
that the transformations used In the measurement or comparl^n process do 
not change the relation between the quantities. ^ 
' . Studies by Plaget, Inhclder, and Szeminska^ (i960) Indicate that this 
logical I^iterdependence of conservation and measurement Is reflected In 
the development of these concepts In children. However, although Plaget 
. et * al. {1960> extensively document relationships between conservation 
and measurement failures In a variety of situations, their tasks share 
cerUln common fcafures which may have Influenced their conclusions. 
First, most of the oeasureaient tasks ifequlred relatively sophisticated 
■easureoent manipulations. Second, In all comparisons distracting cues 
were perceptual; and If correctly applied, measurement processes yielded 
the correct response. There Is evidence that certain conclusions of 
Plaget et al.: (i960) resulted fxom thl^ lack of experimental variability. 

They concluded that young chUdren are dominated by the Immediate 
perceptual qualities 6f a situation. However, the results of another 
investigation (Carpenter, 1971a) indicate tftat young children respond to 
numerical cue& with aI?out the same degree of frequency as perceptu^W**^.. 
cues. An a consequence the children In this study demons trated^iTablllty 
to Interpret and apply aspects of ^the measurement process earlier than 
Indicated by Plaget et ^ al. (1960). 

to nTrl^^!i*'"T°' '''i"^^ relation between young children's responses 
to perceptual and numerical cues on liquid conservation and measurement 
problems was systematically Investigated. A second dimension of the study 
was to investigate the effect of equivalence and ^order relations on young 
children s performance on conservation and measurement of liquid quantities 



The experiment reported in this chapter is base^ on a doctoral 
dissertation in the College of Educatio^n at the University of WiSlonsln 
(Carpenter, T. P., 1971). ' 

U 
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A third dlmenaipn of the study was to provide insight into young children's 
conception of a unit of loeaaure and their understanding of the relation 
between unit sise and number of units* 

Mathematical Definition of Measurement 

Hathezoatically, measurement can be discussed in terms of a function 
mapping the elements of a given domain into some mathematical structure 
(usually a subset of the real numbers) in such a way as to preserve the 
essential characteristics of the domain. First a structure must be estab- 
lished on the domain by applying some empirical procedures to define 
equivalence and order relations {'^ and < resR^ectiyely) to compare elements 
of the domain. Generally order relations are. established demonstrating 
equivalence between one quantity and a proper subset of the other quantity. 
Thus, logically the definition of equivalence relations precedes the defi- 
nition of or^er relations. Similarly empirical procedures are used to 
define an operation that is both commutative and associative to com- 
bine elements of the domain. 

Specifically, in the case of liquid measure we could say that two 
quantities of liquid are equivalent if they both exactly fill identical 
containers. Quantity A is greater than quantity B if it fills one of 
the containers with some left over. The operation is defined by simply 
pouring one quantity of liquid into the other. 

Once the domain has been given a recognizable structure, a function 
M that maps t^e domain into a subset of the rea^ numbers and preserves 
the essential characteristics of the structure of the domain must be 
defined. For liquid measurement this means that given liquid quantities 
lit l2» ^3 

1. Mill) - uilz) if and only if 'V' Iz 

if 

2. < M(l2) if and only if < I2 

3. ia I1H2 Implied that uit^) ■ u{li) + ^(^2) assuming that Ij 
and ^2 intersect. 

# The measurement function for liquid quantities is defined by 
arbitrarily selecting a quantity of liqufd Iq as a unit. Then any other 
quantity of liquid is compared with successive multiples of to until a 
multiple nlo is found such that nlo is less than or equivalent to the 
given quantity which in turn is less than (n + l)lo- multiple nlo 
is defined to be a quantity of liquid equivalent to lo**o*'"**0 i° 
which there are n terms.) Next a quantity is chosen auch that 101 1 
is equivalent to lo» * multiple of is joined to nto such that 
nJto*n J 1 1 is less than or equivalent to the given quantity which in 
turn is less than nlo*(ni + 1)^1 • Similarly I2 and n2 are chosen such 
that nlo^OiJ^l*n2J^2 is less than or equivalent to the given quantity which 
is less than nlo*ni^l*(n2 + ^)^2- Continuing in this manner a decimal 
number lif" n«nxn2n3... can be constructed and used to define the function 
M mapping the domain of liquid quantities onto the set of positive real 
numbers by uCl) - r> where H is the given quantity above. ' 

When t^e function mo i^ defined by arbitrarily selecting a quantity 
to as a unit» a different function Ui can be defined by choosing a 
different quantity ii and using it to generate mi* For liquid measure- 
ment functions the relation between the functions Po 
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0 < k < \' 2t t ^, ""^ and k > 1 when < 1, and - 

'• iZJt V ? ° ^""^ functions theri is an 

Imrerse relatlouahlp between thfe unit' size and the number of unlr". 
, . ! " °°fe<i'that B basic "iwsumption in attributine'a struc- 

ture to the domain az^ defining the functZ from the d^in tf the I^t 

Zt'T^? 'T' '"^r^r ''^^ '•'^ '"ins m^asur^d'doe. 

wt change under certain transfomations and is not affected by the 

d^in T.'^"'""" '''^ operation on the 

domain. This assuaption per^es the entire neasureneai process One 
Of the essential characteristic of a measure^ f^c^on is t^t^t 

C"ris'1ri:i"^°°.'^'"^^T'^'"'''« °' '•'^ ^-»^ i' " 

™r» that neither the empirical procedures employed to 

^lllll T""^ °' '''""y « 'he procedures u^ to define 

«nd apply the measurement function affect the relation betveen elements! 



Belated Beaearch 



t^JZlr^^V '•'^^ assumption that certain properties 

l^^ATT" transformations is the central idea under- 

i^e'based thMTl^M- ««»-Ptl6n that these authoL 

JZt I . investigations of the development of measurement con- 
a st«J„^'H '^f^^ °' volume t^ JropLd 

LtJl . ''r«l°P"«"' °f measurement which is interrelated with the 
development of conservation. " 

The measurement problems in these studies can be divided into two 

^thlm:s:rdr^i'2'ti%T:r°°' " '•'^ divisioL'^wiSin^t"" 

oacnematical definition of measurement described above those 9tri,.M„ 
employing empirical procedures directly to elements of thf dL^i„ 

l^cts^of the^''^^"""":.'" class^f pr^lems. 

attribute wl^h„ r^ /^r "i^^ly <="»P««<i °° the basis of a given 
in^r^ u ^ assigning a number to the attribute. These problems 
equivsien^'ln conservation problem, in which one of Lo obje^s 

the other T. T ""^ "^nsformed to appear larger or smaller ^han 
lr^„^? ^ conserve, a child must not respond on the basis of the 

l^ettl .tT"T"^ °' ™" "cognize that Se 

t in state and the relation between 

wer^ no in rSd' ^r f"^"^-- measurement factions 

rrll f introduced. For example, in studying the development of area 
concepts. Piaget asked children to compare'twf Identical r^tanglef"de 

Mter f ^hi?r"' ^ three configuration. 

After a child agreed that the two rectangles were the same size fh^ 

regioT '?he°"LilH''^ "ctangles were' mov'ed to create' a'^fere^^^ed 

w"S°that^f s^^idi:t^^t:d"eM^,°i:°"-" °^ - 

Sil^^f-l-^^^^ 

children were given several different sizes of units and in otherrthe 
units were such that fractional parts were required to cover tte obi ect 
being measured. In this class of problems the objects b^n^ n„l!^^H ' 
were never visually comparable. Thereby, in orde^ tTa^irfte^tX 
the correct relation measurement was necessary. Purthe™ore^childr« * 
were required to perform the measurement operatio„s"o that ^hej not 
but'aL'o -PPly 'he information' from the measureSnt process 

but also had to carry out the measuremenf manipulations. Foe example " 
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in studying the development of area measureaent functions, children were 
asked to compare different shaped figures by ncasurlng with different 
units. In one set of problems children were given enough units to cover 
the figures, but the units were of different sizes and shapes. Some 
were squares, socne were rectangles (two squares), and some were triangles 
(squares cut diagonally In half). In another set of problems children 
were given a limited number of square cards which they had to move by 
successive iteration from one part of the region being measured to the 
next. Some regions were shaped in such a way that it was Impossible to 
cover them with the given units without intersecting the exterior of the 
region. Thus, it was necessary for the children to consider fractions of 
units. 

Based on children's responses to these problems Piaget et al. (1960) 
concluded that the development of measurement and conservation is integrally 
related and that the same general pattern of development persists across 
all types of measurement operations. The earliest stages (Stages I and 
IIA) are characterized by a dependence on one dimensional peroeptual 
judgments.. Conservation is not present and transformations from prior 
stages are completely ignored. Children are unable to apply measurement 
processes in any meaningful manner; and quantities are compared on the 
basis of a single, imnediate, dominant dimension. In Stage IIB children 
begin to make a number of correct judgments as long as distortions in 
quantities being compared are. not too great. Correct judgments in Stage 
IIB are largely a result of trial and error. Children have a dim concept 
of conservation and some notion that greater quantities measure more 
units. In Stage IIU children begin to conserve and .measure using a 
common unit of measure. However, they fail to recognize the Importance 
of a constant unit of measure and often count a fraction of a unit as a 
whole or equate two quantities that measure the same number of units 
with different size units of measure. In Stage IIIB children successfully 
conserve and measure. They recognize the importance of different -units 
of measure and understand phe inverse relationship between unit size and 
number of units. It is not until Stage IV, however, that children finally 
discover the mathematical relation between area and volume and their 
respective linear dimensions. 

Studies by Lovell, Healey, and Rowland (1962); Lovell and Ogllvie 
(1961); and Lunzer (1960b)— which employed items similar to those used 
by Piaget et al. (I960)— generally supported their conclusions regarding 
the development of measurement concepts. On the other hand, whereas 
these studies Implied that conservation is a prerequisite for measure- 
ment, Bearison (1969) used measurement operations to teach children to 
conserve. Nonconservers were provided with experiences in which they 
compared two quantities of liquid in terms of the nuiaber of identical 
beakers containing the two quantities. Bearison (1969) concluded that: 

The effects of training facilitated the conservation of 
continuous quantity and transferred to the conservation of area^ 
m2ss, quantity, nmber, and length. The expUmations offered for 
conservation by the trained ccnservers were identical to those 
elicited from a group of ''naturaV ccfnservers, and the effects 
of conservation were maintained over a ?^month period (p. BSZ). 
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^° another set of studies integrating counting and conservation * 

concepts Carpenter (1971b) and Wohlwill and Love (1962) f^TII!" ^ , 
counting the element, in the conservation of discrete objett protlem^'"'^^ 

fmuer TSlir^'l' "^r? P"!"""-^- H°-ver. aAj, Ch'ittenden. 
4 Miller (1966) and Greco, Grize, Papert, 4 Piaget (1960) found that 

conservat on of nuinber" (invariance of the number assigned to a Je 
the «L H rH"°"'."'r"" ' reversible transformaUon ) precedes 

reLtl^ w """^^^l^?" conservation, which involves invariance^ the 
relation between equal quantities. 

cedurefannHpH^^" considered both the empirical ptc^ 

cedures applied directly to the domain and the application of the measure- 
ment function, two soviet researchers, P. Ya. Gal'perin anS L. Georglev 
(1969^ have concentrated their efforts on the application of th^ measure- 
ment function, especially the role of the unit in defining the function 
They administered a series of measurement problems to a group of Soviet ' 
nM^n^^"'"^?^ J" "^^"^^ ''^^ Children were asked to measure and compare 
quantities of rice in various situations. .Based on these studiesT- 

trad?"oLll^^'''r ^'^"^ children taught by 

t^T^L^em^^ \tc sT b\cate"of° a\"r^"'\^°""^'^°"^ 

visuaw± °l ' °' " have more fl^th n Srect 

visual comparison of quantities than in measurement by a given unit 

a replication of the Gal'perin and Georgiev investigation with 
^lllT Carpenter (1971a) found tes^on^es simnar to 

Idditlo^ J''^ soviet study. However, based upon the'resuLs on fouJ 
Siet a different interpretation of the results of the 

ferent to^e «? ^ ?° T'^^ are not indif- 

Pi!!!r. ^""^ Of units of measure; but just as in 

Piaget s conservation problems, they are only capable of making one- 

J,""^^ comparisons and therefore do not focus on both unit size 
hviri^f r f " Furthermore. Carpenter 197") 

hypothesized that young children do not rely primarily on visual co^ 

rSr t'-he'v' r^' ^^^'P"'" haL concluded T^t 

vist! «'Ler?ca1.°" '^^'^ °' '""^ '''' "^""^^ ^^^^ 
the ro^nrr'? ^"^^^^ investigation also raised questions regarding 

quantities were made to appear eaual , 1. ^ unequal 

IneauaHrv Zt appear equal. Similar results were found favoring 

^ 1^ '•'^ ''^^ " n-easure and compare two different 

preLdL^a^ colJcrr'/'"'?",' """" nonequivalence may 

cons^^^S^ r^ ^ equivalence, run counter to the above logical 
Wtion definition of the measurement 

»r """"^ °" "'™''^' and measurement (Piaget 1952 Placet 

dUfetni^ « „Tbe^w^^:n^°:tf"^He"h:s":t''^'^^^" "fms iSf^y^ig^^" 

cone , „umb:r!i:::?h"^:igh?! "^.1:11^11^,11 ^^.iiTintiit'' 

used equivalent sets as an experimental convenience! Elkind a967) 

«oced"ure If" • """""^ have questioned pS^'s 

procedure of using what Elkind (1967) calls "conservation of equivalence" 

1 
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tasks to assess conservation of number, length, weight, etc. For example, 
Blkind (1967) hypothesize4 that "identity conservation" (Jjtvariance of a 
quantitative attribute — e.K., numerousness, weight, volume — under a 
reversible transformation) precedes equivalence cbnservation. This 
hypothesis has been supported in studies by Hooper (1969) and McMannis 
(1969), while a study by Northiaan and Gruen (1970) found no differences 
between the two types of conservation. 

In a study directly testing the effect of equivalence and order 
relations on performance on conservatiop items, Zimlles (1966) tfipind no 
significant difference, in difficulty between conservation tasks using 
equivalent sets of discrete objects and conservation tasks using non- 
equivalent sets of discrete objects in which the direction of the non- 
equivalence appeared to be reversed after the transformation. Howler, 
there was evidence that a substantial amount of Individual inconsistency 
of performance between items could be attributed to differences in 
equivalence and nonequivalence conditions. 

Steffe and Johnson (1971) also found that items which contained 
equal numbers of items in the sets to be compared demanded different 
abilities than items that employed the same number of items in both sets. 
In several other studies both equivalence and nonequivalence items have 
been administered. Although these studies were not designed to test for 
differences between the two tyges of tasks, their results were examined 
to determine whether differences did in fact exist. Analysis of individual 
items in studies by Carey and Steffe (1968) and Harper and Steffe C1968) 
indicated no clear-cut differences in difficulty between equivalence and 
nonequivalence items. On the other hand, in a study of conservation of 
discontinuous quantity with children between 2 and A years old, Piaget 
(1968) found a significantly greater number of correct answers in non- 
equivalence situations. Beilin (1968) and Rothenberg (1969) also 
reported significantly more correct answers to problems in which the 
relations between sets were nonequivalence: however, their tasks were not 
traditional conservation problems, and experimental variables appeared 
to favor the nonequivalence situations. 

From a slightly different perspective, the results of three studies 
in which the type of inference required of the children rather than the 
relation between the sets being compared was investigated (Beilin 196A, 
Carey and Steffe 1968, and Griffiths, Shantz, and Sigel 1967), indicate 
that problems that require judgements of equality are more difficult than 
problems that require judgments of inequality. In one favoring equivalence 
Uprichard (1970) found that treatments in which children learned to classify 
sets on the basis of equivalence were mastered more quickly than treat- 
ments in which children classified sets on the basis of "greater than" 
or "less than," and learning sequences that^began with equivalence were 
more effective than sequences that began with either "greater than" or 
"less than." 

Several factors may explain this rather mixed collection of results 
regarding the role of equivalence and order relations in conservation 
and measurement problems. First, certain of the 'nonequivalence problems 
may not have required true conservation judgments. For example, if 
unequal^ quantities are made to appear ^equal by measuring them with dif- 
ferent 9i2e units so that they measure the same number of units, it is 
still possible to accurately compare the quantities on the basis of unit 
size with no reference to the previous state. Second, although there 
does not appear to be Jfy difference in difficulty between equivalence 
and nonequivalence problems with discrete objects, there is some evidence 
that suggests that equivalence-nonequivaljence differences may exist for 
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problems comparing continuous quantities uher» * j 

of young children <as many as 20n fall . / u . ^ ""^^^ 

even ^ ^^^-^ maintain choices of eaualitv 

even when no apparent conflict is introduced equality 



Purpose and Procedurea 



cues the .u result of a dependence on perceptual 

^hat'la ,n ^""^ °' ^° interaction of the two was investlRated 

d^f er' nt ; to"^ aHnf l:rlf^"™'"^^•^"•^" childrerresS:'" 
problems or whether thev^JZ r conservation and measurement 

them ^netner they simply respond to the last cue available to 

alence relations w^^; sSd ° -"blnations of order and equiv- 

Equlvalence: Equal quantities were transformed to appear 



^' IhlTrtTl^"^^ .V""""^' quantities were transformed so 
that the dominant dimension in each quantity (height of the 

IXL; w^r:q^a"f°" measurLent 

• Sat'thrdtrf^r^ quantities were transformed so 

that the direction of the inequality appeared to be reversed. 

For-most Honequivalence I problems the correct roi=f<„., t, . 
quantities ronlH j j ^ vui<="«> liic correct relation between 
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Finally, young children's understanding of the following basic 
' measurement concepts was investigated. ^ 

1. Quantity A is equivalent to quantity B if and only if p(A) « 
p(B)> and quantity A is less than quantity B if and only if 
V(A) < p(B). 1 

2. In order to compare quantities on the basis of measurement, the 
same measurement function (the same unit), must be used to 
measure both quantities. ^2^..^ 

3. When equivalent quantities are measured with different units, 

. an inverse relation exists between unit size and the nufiiber of 
» units. V 

In order to conduct the investigation, the following items were 
administered to a group of 129 first and second graders. 

1. Conservation of continuous quantity. 

Equivalence. The child waa shown two identical glasses 
containing equal amounts of water and was asked to compare 
the amount of water in the two glasses. If he said that 
there was more watet in one of the glasses, some water was 
poured from this glass into the other glass; and this process 
was repeated until the child agreed that there was the same 
amount of water in the two glasses. Then one of the glasses 
of water was poured into a taller, narrower glass, and the 
child was again asked to compare the amounts of water. 

Nanequivalence J. The child was shown two identical glasses 
containing unequal amounts of water and was asked to compare 
the amounts of water in the two glassed Then the glass con- 
taining the smaller amount of water was poured into a taller, 
narrower glass such that the height of the water was the same 
as the height of water in the glass containing more water, 
and the child was again asked to compare the two amounts of 
water. 

Uonequivalence II. The child was shown two identical glasses 
containing unequal amounts of water and was asked to compare 
the amount of water in the two glasses. - Then the glass con- 
taining the smaller amount of water was poured into a taller, 
narrower .glass such that the height of the water was higher 
than the height in the glass containing more water, and the 
child was again asked to compare the two amounts of water. 

2. Measurement with visibly different units. 

Equivalence. The child was shown two glasses containing equal 
amounts of water and was aked to compare the amounts of water 
in the two glasses. If he said that there was more water in 
one of the glasses, some water was poured from this glass into 
the other glass; and this process was repeated until the child 
agreed that there was the -same amount of water in the two 
glasses. Then the water in each glass was measured into two 
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opaque containers using visibly different units of measure so 
that one glass of water measured three units and the other 
measured five, then the child was again asked to compare the 
two amounts of water. 

NonequivaUnce J. The child was shown two glasses containing 
unequal amounts of water and was asked to compare the amount 
of water in the two glasses. Then the water in each glass was 
^ measured into two opaque containers using visibly different ^ 

^ units of measure such that both glasses measured three units. 

Then the child was again asked to compare the two amounts of 
water. 

NonequivaUnce II. The child was shown two glasses containing 
unequal amounts of water and was asked to compare the amount 
of water in the two glasses. Then the water in each glass was 
measured into two opaque containers using visibly different 
units of measure so that the greater quantity of water measured 
three ^nits and the other measured four. Then the child was 
again asked to compare the two amounts of water. 

3. Measurement with indistinguishable different units. 

Equivalence. This task was the same task as the ^uivalence 
task in measurement yith visibly different units, except the 
smaller unit appeared larger. One glass n?easured five units 
and the other measured four. 

Nonequivalence I. This task was the same task as the non- 
equivalence I task in measurement with. visibly different units, 
except the smaller unit appeared larger. Both gJtasses measured 
xour units. 

tfonequivatence II. This task was the same task as the non- 
equivalence II task in measurement with visibly different units 
except the smaller unit appeared larger. The greater quantity ^ 
of water measured -six units and the other measured seven. 

4. Measurement of unequal-appearing quantities with the same unit. 

Equivalence. The child was asked to compare two equal quantities 
!nH"'K'' ^-\di"e>^e"t-8haped containers, one tall and narro^ 
and the other short and wide (i.e., the t\al state in the 
equivalence task of conservation of contiguous quantity). Then 
the water In each glass was measured int/ two opaque containers 
using the same unit (each glass measure/ four units) and the 
child was asked to compare the two amo/nts of water. 

Nonequivalence II. The child was asked to compare two unequal 
amounts of water in the two different-shaped containers ( the 
final state in the nonequivalence II task of continuous quantity), 
men the water in each container was measured into two opaque 
containers using the same unit (the glass that appeared to havfe 
more water measured four units and the other measured five), 
and the child was again asked to compare the two amounts of 
water. 



5. Measurement with the same unit Into apparent inequality.* 

Equivalence. Using the same unit of measure, four units of 
water were measured into two dif ferent^shaped contaitiers and 
the child was aiked to compare the two quantities of water. 

nonequivalence 11. Using the same unit of measure, five units 
of water were measured into a short, wide container and four 
units were measured into a tall, narrow container and the 
child was*a8ked to compare the two quantities of water. 

In order to keep the number of tasks administered to each child 
reasonable, items were split into two groups and each group was adminis- 
tered to a different set of children. Sixty-one children in Part A 
received all three conservation problems and both sets of Problems in 
which quantities were measured with two different units- All three 
sets of problems were administered with %ach of the three relations. 
Sixty-eight children in Part B received aU the measurement problems 
with Equivalence and Nonequivalence II relations. 

Thus the problems in Part A fit a 3 x 3 repeated measures design 
where the factors were Problem Type (continuous quantity f ^^^^^^^^^ 
and the two measurement problems with different units and Relations 
(Equivalence, Nonequivalence I, and Nonequivalence II). The problems 
in Part B fit a 2 x 4 repeated measures design where the factors were 
Problem Type (all four measurement problems) and Relations (Equivalence 
and Nonequivqlence II). . _ 

The hypotheses of interest tested in Part A are as follows. 

H,: There is no significant difference between performance on 

Equivalence and Nonequivalence II items for any of the problem 
types. 

Ho: Theife is no significant difference between performance on 
Equivalence and Nonequivalence I measurement problems in 
which the larger unit of measure is not visually distinguishable • 

H,: There is no significant difference between performance on 

Equivalence and Nonequivalence I items for conservation problems 
or for measurement problems in which the larger unit is 
visually distinguishable. 

Hu: There is no significant difference between performance on 

conservation problems and corresponding measurement problems. 

He: There is no significant difference between performance on 

measurement problems in which it is possible to visually dis- 
tinguish the larger unit and those in which it is not. 

He: Neither mean performance nor any of the above contrasts are 
significantly affected by grade, sex, or the order in which 
the items were administered* 



*The8e .tmsks «e stoply the Males In (4) with the stimll appearing 1 
a different order. 
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Hjrpotheses Hi, HS, and H6 were also tested In Part B. In addition^ 
the following hypotheses were added t 

Hy: There is no* slgnlf leant difference In performance between 

oeasureaent problems in which correct visual cues are followed 
by distracting numerical cues and corresponding problems In 
which correct number cues are followed by distracting visual 
cues. 

H3: There Is no slgnlflc^t difference in performance between 
measurement problems In which the correct measurement cues 
appear before distracting visual cues and those in which they 
appear after the distracting visual cues. 

Siibjeots. This study was run over a nine-day period In the spring 
of 1971 In a predominantly rural comnunlty near Madison, Wisconsin, with 
a population of about 4,000. The subjects (5s) for the study were 
selected from three of the five first grade classes and two of the five 
second grade classes In one of the two elementary schools serving the 
community. The sample, which Included all students In the five classes 
except three who were absent on the testing days, consisted of 75 first 
graders ind 54 second graders. The age range of the first graders was 
6 years, 5 months to 9 years, -8 months with mean age 7 years, 5 months; 
and the range of the second .graders was 7 years, 7 months to 9 years, 
5 months with mean age 8 years , 4 months. 

Procedures. Ss were randomly assigned to two groups, 61 5s to 
Part A and 68 to Part B. Each 5 within each group received the same 
basic set of problems; however, the order of the problems was randomized 
for each 5. 

All Items were administered in a small room apart from the classroom 
by one experimenter (E) , a stranger to the 5s. The 5 sat at a table 
opposite the E. Procedures and protocols were kept as consistent as 
possible between items; hOwever, certain procedures were randomly 
varied between 58 in order to control for responses based on experi- 
mental variables. 

)j Plagat (1968) and Slegel and Goldstein (1969) found that young 

children t*nd to respond jto the last choice available to them in a con- 
servation Problem. Thus, if the E said, "Is there the same amount of 
water in ijhe two cups or does one have more?" the 5 may respond that one 
has more Uecause "more" was the last ^choice given to him. Therefore, 
some of the 5s were asked, "is there the siuae amount of water in the two 
cups or does one have more?" and the others asked, "Does one cup have 
more water in it or Is there the same amount in each cup?". For each 
S the "same-more" order was the same for all problems. 

For some 5s the smaller quantity was always measured first in non- 
equivalence prpblems, and for others the larger' quantity was always 
measured first. Both of these variations were randomly assigned to 58. 

Problems were administered in two sittings. 58 in Part A received 
five problems the f Irst \day and four several days later, and 58 in Part 
B had four problems the first day and four the second. Although reasons 
for responses were solicited and recorded, answers were judged correct 
or Incorrect without regard to the explanations given. 
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Analysis, Item totals, reasons for responses, and types of errors 
were recorded for each ItA. The following categories were used to 
classify reasons for correct responses: 

1. Reversibility: If the quantities wfere transformed back to 
their former state, they would again appear In the correct 
relation (equal or unequal) . 

2. Statement of operation performed: The water was just poured Into 
a different container and this did not change the relation between 
the quantities. 

3. Addition — subtraction: Nothing was added or taken away. 

4. Compensation, proportionality: The liquid was higher but the 
container was narrower. One measured more units but the 
units were smaller. 

5. Sameness of quantity: It's the same water. 

6. Reference to the previous state: They were the same before 
when the water was In Identical glasses. 

7. No reason, unclasslf lable: No reason was given or an Incompre- 
hensible reason was given. 

Incorrect responses were sorted Into two broad categories. 

1. Dominant dimension: 5s Incorrectly chose (a) the taller con- 
tainer of water or (b) the quantity that measured the greater 
number of units. 

2. Secondary dimension: 5s Incorrectly chose (a) the wider con- 
tainer or (b) the quantity measured with the larger unit. 

Hypotheses were tested using a multivariate analysis of variance 
program of J.D.Finn (1967). In this program^ analysis Is conducted using 
single degrees of freedom- planned contrasts, and freedom Is allowed to 
specify the contrasts of Interest. This flexibility especially suited 
^the purpose of this study In which specific contrasts, rather than over- 
all differences between factors, were of Interest. 

The Finn program yields standard errors for each of the variables 
and also estimates the magnitude of the effects for the specific contrasts 
and their standard errors. Thus, 95% confidence Intervals have been 
plotted for each of the problems and for each of the significant contrasts. 

Based on the results of previous research It was predicted that 
there would be no significant difference between performance on Equivalence 
and corresponding Nonequjtvalence II problems. However, Nonequlvalence 
I problems were expected to be easier than problems employing the other 
two relations except In the set of measurement problems In which the 
larger unit was not visually distinguishable. Slncp the Nonequlvalence 
I relation was expected to operate differently than the other two relations, 
contrasts between problems Involving the Nonequlvalence I relation were 
conducted Independently of contrasts between problems Involving the 
other two relations. 
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In both Part A and Part B, four MANOVAs were employed. TU«^lr 
contained all contrasts that were predicted to have no significant 
effect, Equivalence — Nonequivalence II contrasts, and all contrasts 
between measurement problems in which the larger unit was not visually 
distinguishable. The second MANOVA contained all contrasts that were 
expected to be significant and all contrasts for which there was 
insufficient prior evidence to make a prediction. Thus, the second 
MANOVA contained contrasts between problem types and contrasts between 
Nonequivalence I and the other two relations. The third and fourth 
HANOVAs tested for effects due to grade, sex, and order in which the it 
were administered. What this partitioning effectively did was to hypoth 
esize a model, to test the goodness of fit of this model (the first MANOVA), 
to test whether the parameters of the model are nonzero (the second MANOVA) , 
and to t^st whether the model or the parameters of the model are sig- 
nificantly influenced by grade, sex, or the order of administration of 
the items (the third and fourth MANOVAs). 

Testing for the effect of order presented certain problems. Since 
the order of items was randomized, every S received a different order of 
items, eliminating the feasibility of partitioning into each distinct 
order. Therefore, the effect of the order of the items was determined 
by a procedure proposed by Zimiles (1966). He found that the first 
item administered often significantly influenced performance on all 
subsequent items. Ss administered easier first items performed better 
on all subsequent items than 5s administered a more difficult first 
item. No differences were found, however, due to variations in the second 
item administered. Thus, 5s were partitioned into order groups based 
on ^ the first item they received. 



Results 

Part A. The results of individual items in Par^A, the reasons 
given for re^onses, and the types of errors are summarized in Table 1. 
The means for individual items surrounded by 95% confidence intervals 
have been plotted in Figuse 1. Since the individual items are 
scored on a 0-1 basis, the mean can be interpreted as representing 
the fraction of 5s correctly responding to the item. Similarly the 
confidence intervals can be interpreted in terms of percents. For 
example, there is a 95Z probability that between 27Z and 56% of the 
population would respond correctly to the Equivalence conservation 
item. 

There was very little diversity in the reasons given for correct 
responses. Practically all the 5s either referred to the previous 
state of the quantities or noted the compensating relationship between 
unit size and the number of units or between height and width. Com- 
parisons between reasons given by 5s who were successful on the items 
in which it was possible to distinguish the compensating relationship 
between unit size and number of units but were unsuccessful on problems 
i|i which it was not are enlightening. Seven of the eight 5s who either 
(1) correctly answered at least two of the measurement problems in which 
the larger unit was distinguishable but none of the problems in which 
it was not or (2) correctly answered all three of the problems in which 
the larger unit was distinguishable and at most one of the problems in 
which it was not, gave compensation as the reason for at least one of 
their correct responses. 
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Figure 1. 953; Confidence Intervals for Items in Pert 1 
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C ■ Conservation of continuous quantity 

D - Measurcipent with visibly different units 

I » Measurement with Indistinsuishably different units 

B » Equivalence 

1 » Nonequivalence I 

2 - Nonequivalence II 
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The testt of the hypotheses are susiaarlzed id Table 2 and Table 34 

4 

Table 2 

MAHOVA*-Relatlon Contrasts foj Part A 

t ,i ^ , 

.Source 
Hultivarlate 

HIa: CE 

bib:' DB 

Hlc: IE 

H2: IE 

Degrees of freedom for error - 27 
C « 'Conservation 

D • Measurement with visibly different units 
I • Measureaent with indistinguishably different units 
E " Equivedence 

1 - Nonequivalence I 

2 " Nonequivalence II ^ 





df 


MS 




P 




4,24 




.0769 


.9887 


- C2 


1 


.0164 


.0830 


.7755 


- D2 


1 


.0164 


;1021 


' .7518 


- 12 


1 


'.0164 


.0450 


.8336 


• 11 


1 


.0164 


.0984 


.7563 







/Table 3 






HANOVA—Problem-Type and 




Lvalence — Nonequivalence X Contrasts 


Source * ' f 


df 


MS 


F 


P 


Multivariate j 5 


,23 




3P.5264 


.0001 


I - 0 y 


1 


6.7776 


67.1332 


.0001 


H5: D i» I . _ . 


1 


.4376 


3.6255 


.0677 


H4a: DE + D2 ^/CB + C2 


1 


.0164 


.1180 


.7339 


H4b: Dl - Cj/^ 


1 


.0164 


.0608 


.8072 


H3: DE +^ - Dl + D2 


1 


, 1.8074 


11.6189 


.0021 



Degrees of fieedom for eVt%>x - 27 
C » ConservatVon 

D « Mcasureoertt with visibly different units * 
I - Measurement wl,th indistinguishably different unifs 
E « ^uivalente *^ 

1 « Nonequivalence I 

2 « Nonequivalence II . 

' These results indicate that there are no significant differences 
between Equivalence and Nonequivalence II relations for any of the pro- ' 
blema tested. There is a significant difference between Nonequivalence 
I ajid the other two relations except in the case of the measurement 
problems in which the larger unit is not visuall/ identifiable. No 
Significant differences were found between the conservation and measure- 
ment problems or between the two types of measurement problems. 

These results are aummarized in the model in Table 4.^ The parameter! 
of the model are all positive and significant except for 0. 6 was included 
in the model because (1) it approaches significance and (2) this effect 
was significant in Part B (see below). Ninety-five percent confidence 
intervals for each of the parameters have^een plotted In Pig^ire 2, 
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Figure 2, Coafldcnce Intervals for Paraaeters of the Model in Part A 



.35.. 

. .30-- 

,25, 

.20.. 
,15-. 



,10-. 




CarpenUr / Performw^ee on iMjuid 0>n9ervation and Measurement Problems 



^ Table 4 

Item M«aufi for ProDiems In Part A 



Problem type 




Relation 






•Equivalence 


Nonequlv. I 


Nonequiv. IT 


Conservation 








continuous 
quantity 


p + 8* 


p + 0*+ 6 


U + 0* 


Measurement with 








distingulshably 
different units 


p + $ 


p + ©*+ 6 


^ p + e* 


Measureii^nt vith 








Indis tingulshably 
different units 




P 




*e is not significant in Part A. 


-4 





Significant differences between grades were found for overall means 
(p " .0001), but no significant effect .due €o grade level was .found for 
any of the hypotheses tested ( p^> .42). No significant differences were 
fdVind due to sex or order in which the items were administered (p > .16). 
'Part B. The results of Individual items in Part B, the reasons 
^given for responses, and the types of errors are summarized in Table 5, 



Table 5 ' . * 

Number of SubjecjWs in the Major Response Categories in Part B 



Item* 


DE 


D2 


IE 


12 


ME 


M2 


VE 


V2 




Total Correct 


22 


26 


11 


13 


47 


48 


64 


58 




Reason for correct 




















response 




















Reversibility 


0 


0 


0 


0 


.0 


0 


0 


0 




Statement of operation 


0 


0 


0, 


0 


0 


0 


0 


0 




performed 




















Addition-Subtraction 


0 


0 


0 


0 


0 


0 


0 


0 




Compensation, 


5 


10 


0 


0 


0 


0 


0 


0 




proportionality 




















Sameness of quantity 


0 


0' 


1 


0 


0 


0 


, 0 


0 




Refere'nce to previous 


14 


11 


6 


8 


45 


46 


59 


55 




state 




















No reason given or 


3 


5 


4 


5 


2 


2 


5 


3 




unclassif iable 


















* 


reason ;;iven 




















Total incorrect 


46 


42 


57 


55 


21 


20 


4 


10 




Type of error 


Taller container or 


46 


40 


57 


53 


21 


17 


4 


7 





greater number of 
units 

Wider container or 02020303 

larger unit 

D • Measurement with visibly different units 

I^Keasur^en^ with indistinguishably different units 

M ■» Measurement with the same unit into apparent inequality 

V - Measurec^t, of unequal -appearing quantities into the same unit 

E ■ E<juivalenlcfe 

2 m Nonequl valence II 
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and the oaana for Individual items surrounded by 9SX confidence intervals 
have been plotted in Figure 3. 



Figure 3. Confidence Intervals for Iteas in Part B 
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Aa in .Part A,vfrtually all of the reasons for correct responses 
fall into two categories; and except for the problems in which quantities 
were measured with distinguishably different units, virtually all the 
^correct responses were based on reference to the previous state. Two 
of the five 5s who correctly answered both of the problems in which the 
larger unit was distinguishable but neither of the problems in which it 
was not gave compensation as the reason for their response. 

Only one S missed every item. Another S completely ignored the 
number cues, even though he successfully counted- the number of units; 
consequentiy,. he missed all the problems in which quantities were 
measured with the same unit but answered correctly the items in which 
quantities were measured with different units, A third S who was in 
the more-same" protocol group responded "same" to every item. On the % 
measurement problem with indistinguishably different units, only two 
of the Ss were able to use the information from the measurement operation- 
to correctly identify the larger unit. The rest were unable to apply 
tbe inverse relationship between unit size and number of units to this 
problem and simply responded incorrectly on the basis of the unit that 
looked larger. Between 85Z and 89Z of 'the 5s gave the same response to 
corresponding Equivalence and Nonequivalence II problems. 

The analysis summarized in Table 6 indicates that there is no 
significant difference between Equivalence and Nonequivalence II relations. 

Table 6 

MANOVA — Relation Contrasts for Part B 



Source 


df 


MS 


F 


P 


Multivariate 
IE - 12 
DE - D2 
ME « M2 
VE " V2^ 


3,37 
1 
1 
1 
1 


,0000 
,2353 
.0000 
.5294 


1,6369 
,0000 

1,9335 
,0000 

4.6109 


.1970 
1.0000 

,1721 
1,0000 

.0379 


Degrees of freedom 


for error ■ 40 









D « Measurement with visibly different units 

1 - Measurement with Indistifxguishably different units 

M - Measurement with the same unit into apparent inequality 

V - Measurement of unequal -appearing quantities with the same Unit: 

E ■ Equivalence ' 

2 " Nonequivalence II 

Consideration of the univariate analysis indicates that the contrast 
between problems in which unequal -appearing quantities are measured with 
the same unit approaches significance at the ,01 level adopted in this 
study and would be significant if a .05 level had been adopted. None 
of the other contrasts even approach significance. The analysis in 
Table 7 indicates that there is a significant difference between each of 
the four types of measurement problems in Part B» 

These results are summarized in the model in Table 8. The parameters 
of the model are all positive and. significant. Ninety-five per cent 
confidence intervals for each of the parameters havd been plotted in 
Figure 4, * 
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Figure 4. Confidence Intervals for Paraaeters in Part B 
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Table 7 

MAKOVA— Problea-Type Concraacs for Pare B 



Source 



Mulcivariate 

H5: D - E 
H6: D - M 
H7: M V V 



df 


MS 


F 




3,38 




70.8403 


.0001 


1 


2.1176 


20.3702 


.0001 


1 


8.4706 


33.6859 


.0001 


I 


2.4853 


19.5404 


.0001 



Degrees of freedom for. error - 40 

D » Measurement with visibly different units 

I « Measurement with indistinguishably different units 

M - Measurement with the same unit into apparent inequality 

V « Measurement of unequal-appearing quantities with t"Ke same unit 

Table 8 



Means for Items in Part B 


Problem Type 


Relation 

Equivalence 


Nonequiv. Ii 




Measurement with 
distinguishably 
different units 


li + e 


u '+ e 




Measurement with 
indis t inguishab ly 
different units 


li 


u 




Measurement into 
different- shaped 
containers 


li + e + Y 


li + 0 + Y 




Measurement from 
different- shaped 
containers 


li+O+Y+a u 


+ e + Y + ot 





No significant differences were found due to grade, sex, or the 
order in which the items were administered. Sex and order effects 
approached significance (p « .02) foV the contrast between the two 
measurement problems in which a single unit was used, but did not even 
approach significance for any of the other contrasts (p > .13). 

A and B QompaHsona. Four items were given in both parts of the 
study. The 95% confidence intervals for corresponding items do intersect 
(Figure 5); however, compaVison of corresponding item means indicates that 

, the fact that differences between measurement problems using visibly 
different units and thos^ using indistinguishably different units are 

* significant in Part B but fail to reach significance in Part A can be 
attributed entirely to between-study differences in performance on 
the problems employing indistinguishably different units. 
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Figure 5* Confidence InttpnlB for Items Appearing 
in Bo^h Parts A and B 




D2 
A 



D2 

B 



IE 
A 



12 
A 



IE 
B 



12 
B 



D • Measurement with visibly different units 

1 " Measurement with indistinguishably different units 
E • Equivalence 

2 • Nonequivalence II 
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^Analysis of variance for contrasts bepiTeen conservation K)f con- 
tinuous quantity and measurement pro^Jeat^^ which quantities were 
measured with the same unit into ^^|i^arent inequality (i.e^ the final 
state of the conservation problems) is sumnarized in Table 9, indicating 
significant differences favoring the measurement problems. These results 
should be interpreted somewhat cautiously in that the two types of 
problems were administered in different sets of problems in the series. 

Table 9 

AKOVA — Conservation of Continuous-Quantity Measurement 
into Apparent Inequality Contrast 



Sour ce 


df 


MS 


F 


Between 


1 


11 


1A.6** 


Within Cells 


127 


.76 


**p < .01 - 



The results in Figure 5, however, indicate that for the four problems 
that were administered in both parts, performance was generally higher 
in the part containing the conservation problems; so the danger of inter- 
action with other problems favoring the measurement problems is probably '^^iST 
not too great. ' 

Furthermore, in Part A no significant difference was found between 
conservation problems and corresponding problems in which quantities are 
measured with different units. In, Part B problems in which quantities 
are measured with the same unit were found to be significantly easier 
than corresponding problems in whiih two units are employed. The com- 
bination of these results confirms that problems in which quantities are 
measured with the same unit are easier than corresponding conservation 
problems. 

Surrmcxry and Conoluaums 

m 

It appears that it is not simply the perceptual properties of the 
stimuli that, produce errors in conservation problems. There is no signi- 
ficant difference in difficulty between conservation problems and cor- 
responding measurement problems in which the distracting cues are numerical. 
The position of Piaget (1952, 1960), Bruner, Giver, and Greenfield (1966) 
and others that young children are highly dependent on perceptual pro- 
perties of events and that conservation problems occur because the inmediate 
perceptual properties of the conservation problems over»ide the logical 
properties that imply conservation, has been based on tasks in which 
distracting visual cues always appeared last. The results of the 
current investigation, however, demonstrate that misleading numerical 
cues produce the same errors as misleading visual cues. 

The failure of young children to respond primarily on the ba^ 
of visual cues is even more striking in the contrast between conservation 
problems and the problems in which quantities are measured iivui^parent 
Inequality and the contrast between the problems in which quantities are 
measured with distinguishably different units and the problems in which 
quantities are measured into apparent inequality. The problems measuring 
quantities into apparent inequality, in which correct measurement cues 
are followed by misleading perceptual cues, are significantly easier than 
either corresponding conservation problems, in which both sets of cues 
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are visual^ or corresponding problems in which quantities are measured 
with different units, where correct visual cues are followed by incorrect 
numerical cues. 

These results, which could be interpreted to imply that numerical 
modea dominate visual modes, should be regarded with some caution. 
Zimiles (1963) has suggested that conservation failures may result from 
^8 basing their judgments on the E's manipulations of the quantities being 
compared. For example, if two rows of blocks which the S has judged 
equivalent when they are arranged in one-to-one correspondence are spread 
out, the S says that the longer row has more because the act of spreading 
the blocks out implies to him that the length of the rows is the dimen- 
sion he is being asked to compare. 

In the current investigation, the experimental procedures emphasize 
the measurement cues, which means that the correct choice is emphasized 
in the problems employing a single unit of measure but the incorrect 
choice is emphasized in the problems employing different units of measure 
and the conservation problems. 

Thus, it appears that the most significant factor in determining 
which cues young children attend to is the order in which the cues 
appear. Problems in which correct cues appear last are significantly 
easier than corresponding problems in which correct cues are followed 
by misleading cues. As noted above, however, the order of the Cues was 
not the only factor that was found to affect responses. 

In general^ there does not appear to be any significant difference 
between conservation and measurement problems employing Equivalence 
relations and corresponding problems employing Nonequi valence II rela- 
tions. Nonequivalence I problems are significantly easier than corre- 
sponding problems employing Equivalence or Nonequivalenco^I relations 
except in problems in which it is not possible to identi^ the larger 
unit. These results imply that the relation between quantities being 
compared does not affect performance, and the Noneijuivalence I problems 
are easier slmp»ly because they do not require genuine conservation, since 
accurate comparisons can be made from the final states of the quantities. 

Measurement operations have some meaning for the majority of students 
in the first and second grades. By the end of the first grade, virtually 
all students recognize that quantities are equal if they measure the 
same number of units and quantity A is greater than quantity B if A 
measures more units than B. Only 3 of the 129 Ss tested did not respond 
to any questions on the basis of measurement cues; and only 2 of the 3 
definitely ignored the measurement cues. The other S simply responded 
"same" to all problems. 

This does not mean, however, that firsthand second-^rade students 
have totally correct measurement concepts or are able to accurately 
apply measurement processes. As few as 23% of the ^s tested completely 
understood the importance of using a single measurement function, and only 
6Z were able to discover the relation between measurement functions from 
the results of the measurement operations. Only 70Z of the 5s were able 
to use measurement ref ults if they were followed by conflicting visual 
cues. Only 39% of the Sa demonstrated any knowledge that variations in 
unit size affected measutement results, and as few as 40% of the Sa were 
able to apply this knowledge to problems in which quantities were 
measured with different units. This figure dropped to 23% when the 
larger unit was not visually distinguishable, and only 6% of the Sa 
were able to use the results of measurement operations to determine th^ 
larger unit when it was not visually apparent. 
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The conclusion that by the end of first grade virtually all children, 
even those in Stages I and IIA, have some concept of measurement appears 
to contradict Piaget*s (1960) conclusions that measurement concepts do 
not begin to appear xintil Stage IIB. This apparent conflict is due to 
the fact that Piaget employed less structured measurement tasks. In 
order to have any measurement cues to respond to, 5s had to measure 
themselves. In the current investigation the measurement cu^s were 
forced upon the 5s; therefore, even 5s in the earliest stages had 
number cues to guide or distract their reponses. 

The results of the two sections of this study with respect to 
the importance of recognizing the compensating relation between dimensions 
are ambiguous. Significant differences between the problems in which 
it is possible to distinguish the larger unit and those in which it is 
not were found In Part B but not in Part A. In Part A, however, about 
IX of the 5s tested did find the problems in which the larger unit was 
distinguishable easier than the problems in which it was not, and the 
pooled results indicate there exist significant differences. Considera- 
tion of this fact and examination of the confidence intervals for the 
parameter 0 indicate that probably at least 10% of the population sampled 
require that the distracting cues contain compensating relations in order 
to conserve. These conclusions should be regarded vith some caution, 
however, since the discrepancy between the results in Parts A and B 
indicates that there may be some interaction between tasks administered to 
the same 5 that affects the parameter 0. 

In general there were no significant differences due to sex, order 
of items, or protocol variations. The fact that only one 5 in the entire 
investigation consistently responded either "more" or "less" to all 
problems indicates that by the end of the first grade few children still 
respond to conservation problems on the basis of the last alternative 
offered to them. 

Thus, of the factors under consideration in this study it appears 
that centering on a single dominant dimension is the major reason for 
most conservation and measurement failures and the development of conser- 
vation and measurement concepts can be described in terms of laef^sing 
ability to decenter. >v 

t In the earliest stage children respond on the basis of a sing]A 
immediate, dominant dimension. The dimension may be either visual or\ 
numerical, depending on the problem. In the next stage children are \ 
capable of changing dimensions, but in each problem they still focus \ 
on a single dimension. In this stage some children are capable of \ 
pseudo conservation and correctly solve Nonequival«ce I tasks but \ 
not Equivalence or Nonequi valence II tasks. Children in this stage \ 
occasionally conserve by focusing on the earlier stite but are \ 
incapable of simultaneously considering the immediaOe state of the \ 
qu^tity and the state prior to the transformation^jjd deciding which ] 
set of cues provide a legitimate basis for comparison. They generally 
explain their responses by referring to the prior state and seem to 
purposely ignore the current state of the quantity. Children around 
this stage probably show the most gains in conservation training research, 
but the gains may be in a very narrow sense. It seems likely that most 
training simply serves to redirect the object of the child's centering 
without providing him with the flexibility of thought that is necessary 
for progression to later stages. ^ Thus the child may learn to conserve 
by simply centering on a different aspect of the problem but still lack 
the flexibility of thought that conservation implies. 
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Finally, children gain the flexibility to consider several conditions 
of a quantity simultaneously and can choose the condition that provides 
a rational basis for comparison; however, It Is not until a later stage 
that they are able to consider the consequences of the comparisons between 
different states and use the Information from both conditions to discover 
the correct relation between the sizes of different units based on the 
number of units two comparable quantities measure. 



* 
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Summary and Implications 



The reaearch papers that have been presented reprea'ent a concerted 
effort to inveatlgate the thinking of children in the age range 4 to 8 
years. Five of the atx papers have dealt with aspects of the training 
and acquisition of logical structures and the sixth with the acquisjLtion 
of structures involved in conservation and measurement. Accordingly, we 
must begin by briefly connaentlns on what is known of the effects of train- 
ing. Beilin (1971) has g£ven an extensive review of the broad position 
on the effects of training as it was at the end of 1970, and the position 
at the time of writing this chapter has nofr^ materially changed, "^if the 
training of conservation or of logical operations (cUssif ication and 
relational skills) is considered, training does often appear to effect 
an Improvement in performance. At least, the training appeared to work 
in the hands of its proponents. The Geneva workers would probably concur, 
although they would stress that tralitlng has no effect if some vestige of 
operatiVity is not already present (Inhelder and Sinclair, 1969). For 
both those who tend to give credence to the Plagetian conceptual frame- 
work and for those who do not, the problem is (as BeUln points out) to 
define ^rfiat is meant by true operatlvlty. if gtrong criteria are insisted 
on it is difficult to refute the Piagetlan position. But if weaker cri- 
teria are used it is easier to disconflria it. However, it would not be 
profitable to pursue this particular point here, vital as it may be. 
Rather the results of the experiments in terms of the effect of training, 
on performance on the posttests are considered. 

Even If the issue of opera tivity is not pursued, other issues that 
could influence interpretations of the experiments remain. First, it is 
not po ssibl^^r the reader to know much about the quality of the training 
lirrrT««fcular^ study. While it is true the standard procedures can be 
laid down, one cannot be sure (unless present) of the general atmosphere 
and quality of the interaction between experimenter and pupils. Second, 
there is the question of the size of the groups involved in the training 
programmes. The writer is weU aware of the difficulties in selecting 
pupils and of the work involved. But it must be pointed out that it is 
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V 

possible for fluctuation to be present in data obtained from small groups 
My experience leads me to suggest that when small groups are themselves 
randomly selected from small numbers of children, it is possible for the 
small groups to be different with respect to some relevant variables. 
In such cases, even when results are obtained at some acceptable level of 
statistical significance, they cannot necessarily be trusted too far. In 
the five papers involving training, summary information is contained in 
Table 1. The results of these studies, then, can be generalized only to 

Table 1 

4 Number of Children in the Samples 

of the Training Studies 





Paper * 


Numbers of Children 


Children Were: 


Steffe and Carey 


20 four-year-olds 
34 five-year-olds 




Owens 


23 Kindergarteners 

24 First Graders 


Randomly assigned to full 
and partial treatments 


Johnson, M. L. 


39 First Graders 
42 Second Graders 


Selected from two schools 


Lesh 


20, selected from a 
larger group used 
in pilot study 


Randomly assigned to ex- 
perimental and control 
groups 


Johnson, D. C. 


115 children of 
which 35 were 
alternates 


Randomly selected from 
two age levels and two 
intelligence levels and 



then randomly assigned 
to experimental and con- 
trol groups with ten per 
cell. 



similar samples. While it is possible that the groups were different with 
respect to some relevant variables, there is no way that this can be ascer- 
tained. A third issue is one that was raised by Smedslund (196A). He 
argues that in every concrete reasoning task there should be clear distinc- 
tion made between percept ^ goal cbjeot and inferenae pattern. The first 
resides in the stimulus situation as apprehended by the siihject; i:he goal 
object is what the child is told to attain, such as quantity or length; 
while inference pattern is formed by the set of premises and conclusion, 
e.g.^ transitivity or conservation. He argues that each factor can only 
be studied with the other two held constant — this being a necessary 
condition for the discovery of exact relations. For his study, 160 chil- 
dren were involved ranging in age from A-3 to 11-4 and evenly distributed 
over age and sex. The tasks^ were administered individually. The results 
strongly point to the fact that when the generality of concrete reasoning 
is studied over variations in percepts, goal objects, and inference pat- 
terns^ concrete reasoning has a very limited generality over the period of 



^ These included class inclusion, multiplication of classes, reversal 
of spatial order, conservation of discontinuous quantity, multiplications 
of relations, transitivity of length, conservation of length, addition and 
subtractions of one unit, transitivity of discontinuous quantity. 
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its acquisition. lodeed, in such circuiwtances, it appeared to be 
acquired in one restricted situation at a time, and only the grosser 
regularities — such as differences in average item difficulty — were 
observed. However, when the ihteractions between different Inference* 
patterns were studied, with goal objects and percepts held constant, the 
position was differe^f. Such a study is, of course, o£ great importance, 
since concrete reasoning' is assumed to be reflected in certain types of 
inference patterns. In Smedslund's investigation, the comparison between 
conservation and tr«msitivity of length approached methodological perfec- 
tion in the sense that only inference 4)attems 'varied, and goal objeqfs 
and percepts were virtually cons.tant. * In this situation, only one child 
passed the test of transitivity and failed the test of conservation. 
Smedslund assumed that this was a case of diagnostic error and that' con- 
servation of length preceded transitivity of length. 

Another issue (although not unrelated, to the third)** involves the / 
developmental J.inks between partial structured. Inheld^r (1972) quoted/ 
earlier work of the Genevans into the question of whether elementary / 
measurement of length can be helped by the application^ of Numerical ojyera- ^ 
tions. Ttieir conclusion was that interactions between numerical and/ ordi- 
nal ways of dealiiig with tfie probl^ of either judging or x:onstructing 
'lengtfis tend to produce conflict, and it was this which led the^inal ' 
resolution of the measur^ent task, since conflict was overcame otUy by 
the child 's^own efforts ,to find' "compensatory and coord Jna tld^^tion s. " 
They argued that psychologically speaking, conflicts give rise to the 
recombination of existing partial struc^res in order to reestablish the 
equilibrium which has been destroye(^^^d hence, conflicts give, rise to 
new conslruc tions, Jfhhelder argues frJm biology, where new, combinations 
^ can only take plaj^^-Mjiside what ape called reaction norme^ that new ^omr- 
binations in c^gtJltive development can only occur within nari«ovr*^ zones of 
•asslmilatiiiff^apacitie^i,. The structural levels of thought, while being ^ 
at th^Very origin of the generation 'of new combinations, at' the same 
time impose limits pn the new^ constructions that can be produced.^ , • . 

Closfely linked with the contents of the }ast paragraph is the fact 
that in scholastically backward, and particularly iji schooL^educable 
retarded children, the attainments of concrete operational thought are 
Extremely erratic from situation to situation (Lovell, 1966b). Both in 
everyday lif^e and school situations, it would appear that their experiences 
bring far fewer conflicts, and/or they have very narrow zones of assimi- 
lating capacitiefs. It is thu«. somewhat trite to , say that given training 
experiences may not b^ assimilable to children of limited ability. There 
may well be, of course, something of a "chicken-egg" problem Here. However, 
Cyens quotes the study of Skypek who found the developmental pattern of 
cardinal number conservation was likewise erratic among pupils from lower 
socioeconomic- status homes. 

These, then, arte some of nhe issues which must be borne in mind when 
considering the results of the experimental studies atnd their educational 
implications. 



The lUesearch Results and the 
Educational Implications 



r 



The paper by Steffe and Carey Is discussed first. It should be 
remembered that the measured intelligence of the children was normally, 
distributed In both age groups (although both means were well above the 
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average of 100), ai^d the distribution of social classes to which the 
children belodged wa^also a normal one. Even on the first application 
of tHe Length ^Comparison Test, many children in both age groups could 
establish relations between two curves, especially in the^case of "longer 
than." The remaining results' are sumaarlzed in Table 2, ' 

, * Table 2 

Summary Results of the StrMy by St^ffe and Carey 



Training 



(Involving the 
Interplay of 
language and 
actlonO 



Results on Posttests 



Instructional 
Sequence I. 



Instructional 
Sequences II 
and III, ' 



A significant ij^provement in tfhe number of 
correct responses, in comparljig the lengths 
of twp curves, especially in the case of the 
relations "shorter than" and "same length as," 

1, Little Improvement in the number of correct 
responses in the comparison of lengths of. 
two curves, since children came to the first 
application of the test fairly "well able to 
discriminate ampng the relation?, 

2, A significant Improvement in performance in 
respect of the- Length Conservation Test.\ 
Level I, The percent of children categorized 
at Level I Increased from 12 to 57, 

3, The percent of children categorized at both 
Levels I and II of the Length Conservation ' 
Teat increased' from 8 to 37 — a statis- 
tically significant Increase, 

A. A significant Improvement' in the ability of 
the age groups to use both reflexive and 
nonreflexlve properties. In the posttest 
some Al percent were able to use the reflex- 
ive property and 30 percent both properties, 

5.^ No four-year-olds were able to use the tran- 
sltir^e property either before or af tet the 
instructional' sequences, but the percent of 
five-year-olds able to use the transitive 
property Increased from 16 to 31, 



The variables IQ, Verbal Maturity^ Age, and Social Class had no sig- 
nificant effect on the posttest scores ln*the case of the Length Comparison 
Test, the Length Comparison Application Test, Length Conservation Test. Levels 
and II, and the test of Reflexive and Non-Reflexive properties* This argaes 
a case that the appropriate instructional actlvlcles may profitably be andertnken 
with similar populations of four- and five- year-olds^ In our present state 
of knowledge we cannot^ specify,' in advance, which chAdren will benefit \ 
from such instruction and which will not, but the results clearly suggest 
that some will. In the case of the Transitivity Test, those five-year- 
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olds who could use the transitive property had slightly higher scores 
In IQ and on the Verbal Maturity Test, but there Is no case at all for 
attempting any Instruction using similar populations with a view to im- 
proving the use of the transitive property before five years of age, and 
even at that age results are likely to be limited. The Conservation of 
Ungth Test Level II Involves a different ability, and is more difficult 
than Level I. This is clearly in line with Smedslund's argument. Here , 
goal object and inference pattern are invariant, but percept changes. 
Again on the second administration of the test of reflexive and nonre- 
flexive properties only 30 percent met the criterion, and of these only 
one child met the criterion on the Transitivity Test, although there 
were nine others who did meet the latter criterion. From this it may be 
deduced that the use of reflexive and nonreflexive properties, as measured, 
la neither a necessary nor a sufficient condition for the ability to use 
the transitive property of length relations. However, there are unavoid- 
able changes between these tasks in percepts, and inference patterns. 
Consequently, the necessary change in percepts may have^ Influenced the 
relations between the tasks, although this is not certain. 

The paper by Douglas T. Owens is concerned with five- and six-year- 
old Negro children who were disadvantaged in the sense that they came 
from low-income families. No measures of IQ were given. A rather small 
number of children were subdivided Into^ a Partial Treatment and Full 
Treatment group, with the former group receiving Instructional Units I and 
II, and^he latter Instructional Units I, II, III, and IV. Unit III was 
designed to develop the ability of children to maintain relations between 
setd when the physical matching of objects was destroyed, while Unit IV 
was to help the children u&e the transitive property of matching relations. 
Transfer was inferred /rom a^ slgnlf Icatit difference in favor of the full 
treatment group. iiy^xfirformance on someXproperty for wh^h no instruction 
was given, provid^ that there was a significant change ^n the same direc- 
tion on a related W«5p^y for which instruction was given. On the post- 
te9t, the scores on\h^ transitivity of Matching Relations test Improved ^ 
significantly and scortfe. on the tes.t of the asymmetric property of matching 
relations improved significantly (p < .01).. It. very much looks as if the 
Instructional Units III add IV Improved the performance of children on 
^ tasks which were similar JLcl the activities involved in the treatment, but 

that there was no transf/r to^the Transitivity ?ro\>lem, nor to the Tran- 
^'sitivity of Length Relations Test. Again Unit IIlN^id not result in any 
Improvement in the conservaLtitya ability of the Full Treatment Group. On 
the other hand, age was a fWtor influencing performance on .ali matching 
relations tests otjier than transitivity. But it had no effect on the ^ 
abilities of children td use length relational properties. ' 

We should not be too surprised that more children attained conser- 
vation of length relations than conservation of matching relations, and 
more children attained transitivity of length relations than transitivity 
of matching relations. In each case we have infi^ence patterns constant 
but different goal objects and percepts. The source df the difference in 
difficulty between items on\ length and items on matching lies either in 
the nature of the obje/tt, or differences in percepts. While itf 

Si^edlund's study therKjia^a tendency for conservation and transitivi^;y 
of quantity to precede, respectively, conservation and trfursitivity of 
length, there were exceptions. With this rather small sample of somewhat 
limited background experience, these particular results can be accepted 
without too much surprise. Again, studies have generally shqwtl that most 
chlldi'en use conservation of. a particular relational category before they 
use the transitive property for that category. In this study » however, 
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about one~half of those using the transitive propert^v^n a partjicular 
category failed to conserve that category. As Owens su^sSS^sV these 
results may be to some extent interpreted in terms of the treatment 
effect. But we must not forget the erratic performance of dull and/or 
disadvantaged qhlldVen. It seems that for them concrete reasoning has 
very narrow applicability for a much longer period compared with normal 
pupils, and that every situation, or nearly so, has to be tackled afresh. 
Put the other way around, there is little transfer of training. This 
erratic performance is also frequently seen in individual examinations 
using the various versions of the Binet Test of measured intelligence. 

The educational implications of this study may be read as follows. 
For samples of similar children it is likely that instruction in the 
activities indicated is likely to improve performance only oi^tjTbsely 
related tasks. Such children must, of course, be given aj&»*fl range of 
relevant experiences — the opportunity to assimilate — but teachers 
mu^t not be disappointed in their slower progress and in their greater 
specificity with respect to performance, compared with pupils from more 
advantaged homes. There seems little evidence at present that the growth 
of logical thinking as such, in this type of pupil, will be ai'ded by 
training. 

We now turn to the study of David C. Johnson. In this study the 
children were drawn from kindergarten and from first grade. Only those ^ 
children with an IQ between 80 and 120 were included in the study. Pre- 
cise details of social class are not given. The aims of the. investigation 
were (1)^ to determine 4.f specific instruction improved the ability of the 
children both to foxsa classes and establish selected equivalence and or.der 
relations, and (2) to see if transfer of training <JLook place to certain 
other selected tasks. The five posttests measured respectively: 

1. The ability to use the foglcal connectives "and," "or," and 
"not." (Test CA) 

2. Understanding of the relations "more than," "fewer than," 
"as many as," "same shape as," and "same color as." (RA) 

1 3. The ability to use two or more criteria at once. (MU) 

4. The ability to solve class inclusion problems (CI). Success 
on this demands operatory classification in Plaget's view. 

5. The ability to use the transitive property of the relations 
tested in 'the RA Test (TR) . 

From these tests five achievement and four transfer tas^^s were 
selected. For the^ sake of clarity these are listed in Table 3 for the 
benefit of, readers, as it is otherwise difficult to hold in mind the dif- 
ferences between the achievement and transfer^easures. 

In considering the results it shoyld be remembered, as was pointed 
out earlier, that for each age and IQ level there were only 10 children 
in the experimental and 10 in the control group. However, for all five 
achievement tests, the F values for Treatment and Intelligence were sig- 
nificant at tfte one percent level, although the mean score on MU^ remained 
low even in the experimental group. The F value for Age was not signifi- 
cant.' In t|>e case of the four transfer tests, the F value for Treatment 
was signlflc^int in the case of MU3, MU2, and TR, although the mean score 

18^ ■ ■ 
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Table 3 

Tests of the David C. Johnson Study 



Achievement Tests 


Content 


CAi 
CA2 
CA3 " 
RA 
MUr 


First ten Items of OA 

Last ten items of OA (novel material) 

Intersection of Jests CAj and CA2, 

As RA ' 

Last six items of MU (intCTsection rings) 


Transfer Tests 


^ MU3 
MU2 
• CI 
TK 


First six items of MU (3 x 3 matrices) 
Second six items of MU (2 x 2 matrices) 
Same as CI 
Same as TR 



in the oq)erimentai group for^MU2 remained rather low. Against this, the 
F value In respect of intelligence wiis significant in the case of MU2, CI, 
and TR. ^But age^was not a significant variable. 

^ Looking at the evidence as a whole it seems that, for similar popu- 
lationa, using the kinds of instructional activities undertaken in the 
sjudy, help can be given in forming classes using intersection, union, 
and negation, and in making "prenumber" sets of objects. Moreover, there 
was some transfer to related activities. But Johnson rightly asks whether 
there was any real Improvement in operativity. That cannot be answered 
for certain, since it depends on the criteria we decide. on to define opera- 
tivity, as was indicated earlier. As was pointed out above, the perfor- 
mance of the experimental and the control groups on MUr remained low in 
spite of the fact that the former group did significantly better than the 
latter group. Moreover*, as Johnson points out, the type of performance 
of children in the control group mitigates against interpreting it as an 
^ inability to form interesting rings. The treatment did not produce a ' 
significant Improvement in the case of the CI Test, and although intelli- 
gence was a factor in performance on this test, neither the experimental 
nor the' control group reached operatory classification. Inhelder and 
Piaget {196A, p. 164) bring evidence that graphic solutions to matrix 
items feach a maximum at age of six years, after which graphic solutions 
decline and operational solutions increase. It is, therefore, difficult 
to be sure, considering the ages of the pupils engaged in this study, 
that the improvement in the performance? of the experimental group on the' 
matrix items Implied an improvement in logical thought.. Again Un the 
case of n the transitivity test, the author suggests that improvement can 
be attributed to clarity of language rather than to the use of the tran- 
sitivity property as such. Thus, looking at the data as a whole, it is 
possible that these children acquired physical knowledge and an increase 
in figurative knowledge, but not in ipgical-mathematical knowledge, except 
perhaps for those f ive-year-ilds with high-measured IQ. Once again, it 
seems that the kinds of instruation given can be of considerable use to , 
similar samples of children. Hut feadhers must not think that it will 
necessarily bring about a growth in logical thought. 
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Johnson makes an important point when he advocates the need for a 
study of the actual relations that exist between the words "and," "or," 
and "not," and the growth of Conjunction, disjunction, and negative 
concepts, respectively. It would also have been useful in this, and 
other studies, if a principal components analysis had been carried out 
in order to establish how the test scores cluster together and hence 
make possible some estimate of the abilities underlying the various tasks. 
This might have thrown light on what abilities the 3 x 3 and 2 x 2 matrix 
questions, and the intersecting rings questions, measure in these age 
groups. 

A study concerned with the learning of classification and seriatioi^ 
is reported by Martin L. Johnson. Two groups of first- and second-grade 
children were involved." One was drawn from a Model Cities area and 
consisted of Negroes, and the other group came from a middle-class Cau- 
casian neighborhood. No measured IQs are given. ^ After the teaching of 
Unit I, pupils meeting the criterion test involving the relations '^same 
length as," "shorter than," and "longer than," were randomly assigned to 
an experimental and control ^roup. The members of the former group were 
given Instructional Unit II, which was designed for experiences in classi- 
fying objects on the basis of the equivalence relation "same length as," 
and in seriating on the basis of order relations "longer than," and 
"shorter than." The Conservation of Length Relations Test and Transitivity 



respective pretests used as covariates, whereas the Seriation and Classi- 
fication Tests were used as'posttests only. 

Both grade and treatment significantly affected performance on the 
Seriation Test. In Item 1 of the Classification Test, both experimental 
and control groups did equally well, but in Item 2, where children had 
to discover the criteria for objects already classified, there was a 
slight relationship between treatment and improved p-erformance (.05 < p 
< .10) where school and grade had no effect. Indeed, 75 percent of the 
subjects failed to achieve the criteria for classification. In the case 
o£ Item 3 (requiring the formation of a class with one element) neither 
schoo-l, grade, nor treatment was significantly related to performance, 
although more Grade 2 than Grade 1 pupils gave complete solutions. However, 
the fact that school and grade, but not treatment, affected posttest per- 
formance on the Conservation of Length Relations Test was, perhaps, some- 
what surprising, and we shall come back to this point in a moment. Again, 
only school, and not treatment, affected the posttest performance of the 
Transitivity of Length Relations Test. 

A number of issues are Immediately raised by the results. First, 
the abilities involved in seriating sticks and strings are clearly related, 
but the seriation of the former is easier than the seriation of the latter. 
This is an example of percept and materials changing, with goal object 
and inference- pattern remaining constant. There is also a marked relation 
between the ability to insert a stick into an existing series of sticks 
with and without a baseline. And while the ability to seriate a set of 
"linear" objects can clearly be improved with training (the ability al«o 
improves with grade) in the case of both ethnic groups, we remain uncer- 
tain whether th^ level of logical thinking or the operativity of the 
pupils increased, or whether some rule was learned which enabled them to 
seriate more easily. The fact that no significant relation was found 
between transitivity of "longer than" and "shorter than" and the ability 
to seriate using the relations, might suggest that the training helped 
pupils to use an algorithm. On the other hand, it could be that more 
pupils had become operational in the Piagetian sense, but that the ability 
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t9 seriate does not imply transitivity. Only a more precise study of the 
relationship between seriation and transitivity, keeping goal objects and 
percepts as constant as possible, will throw light on the latter problem. 

If, however, the training did not Improve operativity, then some of 
the other results are more understandable. For example, treatment did 
not affect performance on Items 2 and 3 of the Classification Test, on the 
Conservation of Length Relations Test,. and on the Transitivity of Length 
Relations Test. Such results would be in keeping with the view that 
operativity was not increased by the treatment, as would the fact that 
performance on Items 1 and 2 of the Classification Test was only slightly 
related to the transitivity performance of "same length as," and perfor- 
mance on Item 3 not at all. On balance, it seems likely that the level 
of logical thinking Was not increased, but grade did effect performance 
on some tests. * # 

The study of R. A. Lesh conc^j^s the interdependence of classifica- 
tion, seriation, and number concepts. Three parallel sequences of tasks 

(indicated by CI, C2 C6: SI S6: Nl N6) were devised 

to exhibit a relatively invariant sequential mastery, so that there would 
be only a small chance that a child could respond to the (n + l)th ^ask 
before he could respond to the n^^ i^sk. The ta§ks were tried out by 
having them administered individually to each of 160 children aged 5 years 
4 months to 6 years 7 months, living In a typical small tojfc. This was in 
the nature of a pilot experiment leading up to a training Wudy in which . 
an answer was sought to the question of whether significant transfer of 
learning is possible between tasks wliich are characterized by isomorphic 
operational structures. In this case, the attempt was made to bring 
about the elaboration of number concepts through teaching seriation and 
classification concepts. But, in the training study, an answer to another 
question was sought; namely, would such training transfer to two tasks 
involving only spatial transformations which were roughly equivalent in 
difficulty to tasks N5 and N6 ? 

The two spatial tasks chosen were Piaget's "three mountains* tasks 
(T6) and Piaget's tasks dealing with horizontal axes relative to the 
water level In an inclined bottle. We are not tpld how these particular 
tasks were made equivalent in difficulty to tasks N5 and N6, nor the 
exact details of materials and procedures used in these experiments. 
Experience shows that there are subtle changes in pupils' performance on 
these two tasks, depending on the precise task, on the materials used, and on 
the wording used in questioning (Lovell, 1972). Children are often at 
different stages on the two tasks, and, indeed, the level of performance 
may differ within task because of changes in experimental procedure. 
For the training study, another 20 children were chosen, aged 5 
years 3 months to 6 years >2 months. These had correctly responded to" 
tasks SI, N2, and CI, but had failed on tasks S3; N3, C3, and, from the • 
experience gained in the pilot study, were most unlikely to respond 
correctly to tasks N5 and N6, The pupils were divided "into an experi- 
mental and control group , with each individual in one group matched for 
sex and scores on certain other tests with an individual in the other 
group. Moreover, the primary purpose of the training was to get the pupils 
to coordinate schemes of actions which would lead to the groupings of 
seriation, multiple seriation, classification, and multiple classification; 
these, in turn, hopefully leading to increased decentration and analytic 
thinking. 

The training successfully carried over to the number tasks but not 
to the spatial tasks, in the sense that,^e experimental group outperformed 
the control group on the former tasks, ^reas none of the experimental 
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group responded correctly to tasks T6 and T7. It would appear, as the 
author says, that training can enable some pupils to internalize schemes 
of actions which can be generalized to new situations involving the same 
schemes; in other pupils the transfer will be limited or nonexistent. 
The difficulty is that we do not know whether or not those in the experi- 
mental group who w^e able to pass tests N5 and N6 after the training were 
at some level of "transition" stage at the beginning. Basically we need 
to know more about the schemes available to children at the beginning of 
the training period than we are told in *thie and in all the other studies 
reported. But the author seems aware of the need to know more about the 
schemes at the outset. Indeed, he makes the point that the evidence is 
in favor of Piaget's distinction between three basic tjrpes of logical- 
mathematical operations being a useful one, and points out that children 
who' spontaneously mastered all facts in the classification and seriation 
tasks of the pilot study outperformed the 10 children in the experimental 
group on number tasks. The schemes of the former were obviously different 
in some way from those of the latter v Lesh further points out that while 
the number concept involves only classification and seriation operations, 
the ct)nservation of number also involves transformations. Clearly the 
schemes of some children in the experimental group permitted the handling 
of the relevant spatial transformation in the number field, while the 
schemes of other children did not. Such transformation had not been part 
of the training program. Yet, none of the pupils in the experimental 
group had schemes appropriate for the successful completion of tasks T6 
and T7. ' Now, it is true thar the scheme is a generalizable aspect of 
coordinating actions that can be applied to analogous situations, while 
schemes are coordinated among themselves in higher order structures* 
Moreover, tasks T6 and T7 depend for their successful completion on 
schemes and structures that enable them to handle aspects of projective 
and Euclidean space, respectively. Piaget Is clear that the elaboration 
of logical-mathematical structures depends on maturation, social inter- 
change, education and culture (cross cultural studies confirm this), and 
above all, on self-^^egulation. It would seem, then, that the structures 
Involved for the successful completion on tasks T6 and T7 requirt- differ- 
ent experiences from those required for N5 and N6 : not that experience 
is a sufficient condition for the elaboration of structures, but that it 
is a necessary one. The discrepancy between performance on N5 and N6 on 
the one hand and T6 and T7 on the other, is not unexpected with this age 
group. The intra-individual variability in performing tasks characterized 
by a single operational structure is also likely to depend in part on 
experience and familiarity with materials, but to be sure we need to know 
much more about information processing in children than we knpw at present. 

The author points to the rather narrow base of the training progtam 
and suggests that those pupils who spontaneously solved the classification 
and seriation tasks have better developed schemes than members of the 
experimental group, since the former did better than the latter on the 
number tests. This, he argues, is a case for more widely based teaching 
programs than many mathematics educators have admitted to hitherto. With 
this point the writer would heartily agree. We require widely based but 
directed programs, involving both action and language in small "group work. 
There seems little doubt that one can accelerate the performance of 
children on a particular task or on ones closely related to it, but the 
extent of transfer depends on the nature of the scheme available at 
the beginning of the teaching and on the width of zone of the pupil's 
assimilating capacity. 
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So far we have considered five studies, 
programs are briefly summarized In Table 4. 



The effects of the training 



Table 4 

Summary of the Training Programs 



Group 



Nature of Training 



Effects Qf Training 



1. Pour- and flve- 
year-olds. Normal 
sprea4 of IQ and 
social background. 



2. Five- and six- 
year-olds. Dis- 
advantaged Negro 
chlldren..^^ 



3; Kindergarten and 
first-grade chil- 
dren with 
measured IQ 
80-120. No 
precise details 
of social 
background. 



4. First and 
second grade 
children^ 
Negroes and 
middle^class 
Caucasian 
pupils. No 
IQ*s given. 

5. Aged 5:3 to 
6:2. Drawn 
from small 
Indiana com- 
munity. A 
spread of 
ability. 



To establish length 
relations between two 
curves, to use reflex- 
ive and nonreflexlve 
properties and to con- 
serve length relations. 



To establish length 
relations, to conserve 
matching relations', 
and to use the transi- 
tive property of 
matching relations. 

To form classes, 
intersection and 
union of classes, 
complement of 
classes, relations 
between classes and 
between class 
elements. 



To classify on fa^sls 
of equivalence rela- ^ 
• tlon "same length as,'* 
and seriate on basis 
of order relations 
"longer than," "shorter 
than." ^ 



To classify and 
seriate. 



Improved ability to com- 
pare the lengths of two 
curves, in conservation 
of length relations, in 
use of reflexive and non- 
reflexive properties. 
Limited Improvement in 
use of transitive proper- 
ty by 5-year-olds. 

Improved performance on 
transitivity of matching 
relations — a task 
similar to activities 
Involved in treatment. 
No transfer to other 
tasks. 

Improved performance on 
all five direct achieve- 
ment tests and on three 
of the transfer tests, 
although not on the test 
of Class Inclusion. Some 
doubt remains as to 
whether there is any 
Improvement in regard to 
operatlvlty. 

Improved performance on 
Serlatlon Test. No im- 
provement on Classifica- 
tion Test, Conservation 
of Length Relations Test 
or Transitivity Test. 



Improved performance on 
number tests but' not on 
tasks involving spatial 
transformations . 
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In sunnnary form, the overall picture can be quickly grasped. Suit- 
able teaching programs aimed at improving children's understanding of 
certain mathematical ideas can profitably be undertaken with kindergar- 
ten, grade 1, and grade 2 children, providing such children are not slow 
learners and do not come from disadvantaged homes. With such popula- 
tions, some children's performance will Improve more than would have 
been the case without directed^ experiences, and in some instances, there 
may be some transfer of training. But it remains uncertain whether there 
will be any real improvement in operativity as the result of narrowly 
based experiences — further, there remains the problem of the criteria 
used to define operativity. In the writer* s view, the kinds of training 
included in these experiments could be incorporated into teaching pro- 
grams in which small groups of children work through the various directed 
activities. It is, of course, important that children are not unduly 
pressed when the schemes available to them are far from those required 
for the tasks. If this is indeed the case, they are likely to assimilate 
the ideas with distortion, turn away in distaste, or have a tenuous grasp 
of the ideas in question. Readers will also have noticed that here and 
^here in the papers, age, grade, and intelligence significantly affect the 
posttest results. This surely suggests that a longer period of varied 
experiences and b.etter developed schemes, or earlier developed schemes 
in the case of higher intelligence, play a marked role in understanding 
mathematical ideas. 

As against this, the one study reported among disadvantaged chil- 
dren suggests that teachers must n^t be disappointed when there is improve- 
ment in performance only on tasks very close to those that have been 
taught. Teachers must be prepared for limited Improvement and limited 
transfer effect. In the case of school-educable retarded children, a 
number of studies have shown (Lovel'l, 1971a) that the intercorrelation 
coefficients calculated for performance on tasks administered individually 
on Piagetlan lines are much lower than in the case of normal children. 
The schemes available to a child of chronological age and mental age 
seven years on a Binet type scale, must be different i n way s we do not 
understand from one of chronological age ten and ment^i'age seven. The 
fact that there is so much less transfer in dull and disadvantaged chil- 
dren does not imply that the kinds of teaching activities that these 
papers have discussed should be denied them. But teachers have to move 
carefully to maintain motivation and interest, be more sensitive to the 
capacity of such children to assimilate their experiences, and be ready 
to defer such activities for a few months. At the same time, our exper- 
ience suggests th^t such children need more direction, sensibly applied 
in the teaching, than do abler and more advantaged children. ^ 

. We muat, of course, bear in mind chat the posttests were given 
immediately after the training t>ei^iod ended. None of the studies reported 
giving a posttest, say, six months later. It is not possible to conjec- 
ture what the findings would have been on the latter occasion. This is 
a reason for long term follow-up studies of children, for which the writer 
argues a case later. v 
Three other points must be made. 

1. In Almy's^ (1970) study, which involved a large number of second- 
grade children, It was found that performance was irregular across Piaget- 
type tasks. The results obtained in the present studies arp consonant 
with the view that, even at 7-8 years of age, intellectual structures are 
still in a formative stage. 



Lovell I Summary and implications 



2. These studies have thrown no light on the question of the ana- 
lytic set— oronthe awareness on the part of the child that certain logi 
cal relations inhere within the situation. This demands a certain suspi 
ciousness on the part the child when faced with a task. We cannot 
tell from these studies whether the child is unable to elaborate the 
logical structures as necessary, or whether he can but fails to in the 
sense that he is not "switched on" to the implications of the situation. 

3. It might appear from these studies that training in these type 
of activities was good in itself, for so often performance in closely 
related tasks improved although there was little transfer to other tasks 
This may well be the case, but we cannot be sure. Ybung children appear 
to elaborate logical structures out of their interaction with their 
general environment, as they play and as they experiment with the world 
about them. It could be that direct activities, however skillfully and 
humanely applied to hold the interest of children, could nevertheless 
have a deleterious effect in the long run in the sense that we do not 
know how well such directed activities can be incorporated into the on- 
going structures without, so to speak, any damage. 

The sixth study, that of T. P. Carpenter, did not involve training. 
Rather, he was looking at the performance of 75 Grade 1 and 5A Grade 2 
children on tasks involving the conservation and measurement of liquids. 
More specifically. Carpenter attempted to determine if young children 
responded differently to visual and numerical cues or simply to the 
last cue available. At the same time, the study was designed to find 
the role of equivalence and order relations in conservation and measure- 
ment problems. In order to reduce the number of tasks given to any one 
child, the three conservation problems, and both sets pf problems (Nos. 
2 and 3) in which quantities were measured with two different units, were 
administered to 61 of the children; the three relations being tested for 
all three sets of problems (Part A). The remaining 68 children were 
given all the measurement problems (Nos. 2, 3, A, 5) with Equivalence 
and Nonequivalence II relations (Part B) . We have no precise details 
of the social background of the children other than that they were drawn 
from a predominantly rural community in Wisconsin. 

Some interesting data emerge. In Part A, 25 of the 61 children 
were correct on the Equivalence conservation item with a 95 percent prob- 
ability that between 27 percent and 56 percent of the population would 
respond correctly to this item. These figures give readers some idea of 
the frequency of correct response to what has been the mpst usual type of 
conservation problem. But in the case of correct answers to all the 
tasks in Part A the reasons adduced fell almost completely under two main 
Headings: (1) reference to the previous state, or (2) a compensating 
relationship between height and width, or between the number of units and 
unit size. Moreover, the evidence indicates that there are no signifi- 
cant differences either between the conservation and measurement problems 
or between the two types of measurement problems given. Furthermore, 
there are no significant differences in performance between Equivalence 
and Nonequivalence II relations for^ any of the problems given. 

In Part B it is important to note the following three points: (1) 
the great difficulty in measurement with indistinguishably different units 
(2) how much easier the tasks were which Involved measurement of unequal- 
appearing intervals with the same unit, and (3) the ease of the items 
involving measurement with the same unit with apparent inequality. Indeed 
there is a significant difference between each of the four types of 
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measurement problems In Part B with respect to performance. Furthermore, 
there is no significant difference in respect of difficulty betwe 
Equivalence and Nonequivalence II relations, although in the case 
uncqual^appearing quantities aje measured with the same unit, the 
ence in difficulty is significant at the p - .05 but not at the p = . 
level. Nearly all the reasons for the correct responses were based on 
reference to the previous state. The author argues with somfe reason that 
from a consideration of the perfoxnoance on the four items given in both 
Part A and Part B, when quantities are measured with the same unit they 
are easier than corresponding conservation problems. 

This study indicated that there is no difference in difficulty* 
between conservation problems and corresponding measurement problems in 
which the distracting cues are numerical; and that misleading numerical 
cues can produce the same errors as misleading visual ones. The fact 
that these children found the tasks in which quantities were measured 
with tj^e sam^ unit into inequality so easy is good evidence that they do 
not respond only, or even primarily, on the basis of visual cues. Car- 
penter argues that the most significant factor in determining which cues 
young children, attend to is the order in which the cues appear. The 
present writer would like to see more evidence for this, although to be 
fair to the author, he does clearly point out, as he must, that the order 
of cues is not the only factor found to affect responses. 

The evidence also suggests that relations between quantities being 
compared does not affect performance, since there is no significant dif- 
ference in performance between conservation and measurement problems em~ 
ploying Equivalence relations and corresponding problems employing Non- 
equivalence II relations — here we have different percepts but the same 
goal object (quantity) and inference patjtern (comparison of quantities). 
And apart from the situation in which it is Impossible to identify the 
larger unit, Nonequivalence I problems are less difficult than the corre- 
sponding problems employing Equivalence and Nonequivalence II relations, 
since the correct relation between quantities could be found from the 
distracting cues by focusing on the appropriate dimension; e.g., focusing 
on the size rather than the number of units. 

Carpenter points out that by the end of the first grade almost all 
children recognize the quantities are equal if they measure the same 
number of units, and quantity A is greatei^than quantity B if A measures 
more units than B. The writer's experience generally confirms these ages 
or grades, except for very dull children. It is, of course, true as the 
author Asserts, that children in grades 1 and. 2 do not have well-developed 
concepts of measurement nor are they able to measure accurately in all 
instances. In a more structured situation,^ such as Carpenter employed, 
the measurement cues were forced on the pupils, whereas Piaget employed 
less structured tasks in which children had to measure themselves in 
order to have any measurement cues to respond to. Thus, the beginning of 
understanding with respect to measurement came earlier in this study than 
in Piaget's experiments. The present writer has pointed out elsewhere 
(Lovell, 1971a) that the structure of a problem affects its difficulty for 
children. This is as true at the level of formal operational thought as 
at the age of onset of concrete operational thougl^. Moreover, this 
point does indicate that some kinds of well -structured problems can be 
introduced to Grade 1 children, and indeed in kindergarten, in the form of 
play with water and sand. 

• The author concludes that the major reason for most conservation 
and measurement failures lies in centering on a single dominant dimension, 
and the development of concepts of conservation and measurement can be 
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thought of in terms of the increasing ability to decentre. He proposes 
that children pass through four stages, and these can usefully be compared 
with four steps proposed by Inhelder (1972), which were determined through 
learning experiments involving conservation and class inclusion. Unfor- 
tunately we do not know how consistent, in respect of a stage, a child 
was across all the tasks Carpenter undertook, any more than we know how 
consistent a child was in passing or failing a task he undertook. However, 
his proposals were: 

1. The child responds on the basis of a single dominant dimension, 
which can be either visual or numerical depending on the task set, 

2. The child is capable of changing from one dimension to another, 
but within any dne task he tends to remain focused on one dimension, 
sometimes, conservation results from the child keeping the earlier state 
in mind, but he is unable to consider both the earlier state prior to the 
transformation and the present state at one and the same time, and decid- 
ing which set of cues provides the right basis for comparison. Children 
at this stage seem to ignore the present state and refer only to the 
former state ("they were the same before"). The author suggests that it 
±s children at this transition stage who gain most from training in con- 
servation, but such gains are on a narrow front and without a basis for 
movement to a later stage and hence to an improvement in operativity. 
Certainly the Geneva school would claim that training is ineffective 
except for those at a transition stage. 

3. The schemes now permit the child to consider a number of condi- 
tions of a quantity, simultaneously, and choose the one that provides a 
rational basis for a comparison. 

4. The child can now use the infOiTmation from the prior and present 
state and find the correct relation between the sizes of different units 
based on the number of units which the two comparable quantities measure. 

Inhelder 's paper gives details of proposed stages found in learning 
experiments involving conservation and class inclusion: 

1. Two different systems of evaluation (e.g., number of sticks and 
lengths of sticks) could be elicited, but neither was sufficiently developed 
to permit their integration. The two separate systems were activated 
successively, and the child did not feel there was any contradiction. 

2. In place of the two evaluative schemes being evoked successively, 
both seemed to be present almost simultaneously. But the pupil could not 
conceive of a new solution which could take both schemes into account. 
However, he is conscious of contradictions. 

^ An attempt is now made at integrating the two evaluative schemes, 
but it>U inadequate. There are compromise solutions in the form of par- 
tial comp^^j^ations . 

4. The dMferent schemes can now be integrated. Thus in respect 
of two lines of ^qual, length composed of matches of different lengths the 
reply might be "You have more matches but they are shorter.". A ^cheme no 
longer operates a post hoc correction on another but rather there is a 
reciprocal adjustment. 
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Inhelder states that in all the processes that have come to light 
in the training experiments carried out at Geneva, development takes 
place in a similar. Way except in one group of problems. In those involv- 
ing logical operations in the strict sense of the word (e.g., class 
inclusion), the regulatory mechanisms found at stage (2) which yield the 
awareness of contradictions are not followed by the compromise solutions 
of stage (3) but by complete logical compensatio^is which later result in 
correct solutions (4)^. 

The suggestions of Carpenter, also of the Geneva school, have been 
mentioned since the importance o^f studying the growth .of partial structures 
is raised in the next section. / i 

J 

Some Suggestions for Further Research 



The studies that have been presented have been carefully designed 
and skillfully executed, and the suggestions which follow are in no sense 
to be taken as a reflection on them, but rather they should be regarded 
as lines for research in the future. The research reported has been 
^concerned with the period of four to seven or e4.ght years of age — a 
period in which Piaget characterized the child's thinking as a semi-logic, 
or a one-way mapping, and the suggestions made here necessarily relate to 
the same period and the years that immediately follow. Unfortunately, 
psychology has not yet provided a valid theory of cognitive development 
which is presented in detailed process terms. Piaget has given us great 
insights and his developmental theory of intellectual growth provides a 
useful conceptual framework in which the teacher can consider the ideas 
he wishes his pupils to develop, although it still leaves large gaps in 
our knowledge, jiowever, his theory is constantly developing as new prob- 
lems are raised, new methods developed to deal with these, and existing 
models adjusted or refined to account for these findings. The following 
broad research areas are suggested. 

1. Many studies have enumerated the items which a child passes or 
fails. Ais certainly has its place either in training, or in the fre- 
quent monitoring of children in a longitudinal study. But perhaps at 
this moment of time more emphasis should be placed on carefully recording 
the precise nature of the response both in respect of action and verbali- 
zation. We need far more knowledge about the exact stage of development 
of the relevant schemes of a child at the beginning of the training. It 
would appear from the Geneva evidence that children at the lowest operative 
levels get little from the training. But when items are arcored on a pass 
or fail basis we do not see the detailed base line, or detailed develop- 
ment of the schemes which lead to a correct solution to the problem. Such 
information is greatly needed. 

Again when training programs employ two or more procedures (e.g., 
numerical [number of matches] and ordinal [length of matches] ways of 
dealing with problems of constructing or judging lengths) we need to see 
the interaction between schemes at various points or steps. At some point 
conflict ensues, and "in the view of the Geneva school it is conflict that 
triggers the reciprocal assimilation between schemes which provides the 
final resolution of the problem. Note carefully, however, that the dif- 
ferent schemes which are assimilated and integrated may not all be at 
the same developmental level. Much research Is required here as, we know 
little about the effect on each other of the various activities in which 
the child engages. 
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Such studies are likely to throw light on the nature of the schemes 
(In respect of mathematical Ideas) available to normal as compared with 
dull and disadvantaged pupils. It would also be likely to shed light on 
the imoortant problem of transfer. In short, such studies are likely to 
throw light on^rocesses that impel the pupil forward. The classical 
Plagetlan strlictWal model must be supplemented. We need more Information 
on the growcij oi schemes underpinning mathematical Ideas and the way In 
whlch^t^^come Integrated vlth other schemes. 

In keeping with what has just been said, readers are reminded again 
of the views of Smedslund regarding the Importance of studying the growth 
of Inference patterns holding constant percept <as far as possible) and 
goal object ,and alsa of the point made by Pinard and Laurendeau (1969) 
that until we know more than we do now, the structure d^emerrhle criterion 
should be investigated to see to what extent the different Plagetlan 
groupings are achieved in synchrony on tasks related to the same conceptual 
content and same material. Hamel and van der Veer (1972) attempted to 
carry out the suggestion of Pinard and Laurendeau involving Multiple 
Classification and Multiple Serlation tasks. Using their method of 
scoring, the correlation between performance on these tasks was around 
+0.6 even when measured intelligence has been partlalled out. The 
authors are .well aware that some children may solve this kind of problem 
by means other than using operational schemes — as we sawearlier. 
However, they also make two points. First, the amount of information 
affects problem*«olving behavior at the stage of concrete operational 
thought. Second, there is a need for a longitudinal study of individual 
children a? they move from the preoperational to the concrete operational 
stage of thought, to see to what extent different operatory schemes 
develop in synchrony, and how performance Is affected by irrelevant v^r^ 
iables. The views of Hamel and van der Veer strongly support the general 
views just proposed by the writer. 

2. In connection with what has been just said it seems to the 
writer that an informat;ion processing model of spme of the tasks that 
have been attempted in these papers could be of importance. It is true 
that at the University de Montreal work In this fJ«ld has been in progress 
for some time, although the results are not widely known yet. In order to 
encourage readers who have easy access to a computer, a brief sketch of 
a JLlttle of the Montreal work is given. (See Baylor et al. 1973.) In, say, 
weight serlation and length serlation tasks, a video-tape record is made 
of the child solving, or attempting to solve, the problem given. The 
actions and words of the child are then transcribed onto a protocol. 
The protocol is carefully analyzed, in respect of both the task environ- 
ment and of the subject's Intellectual structures as revealed by his 
behaviors. The pupil behavior on the task is then simulated by writing 
a set of rules or program which can be interpreted by a digital computer. 
When the program Is executed a close reproduction of the child's behaviour 
is obtained. It can also generate further protocols on new but similar 
problems. 

Baylor gives an example which related to the weight serlation task. 
The child is presented with seven white two-inch cubes and a sensitive 
balance. The former all looked alike but were identified by different 
letter names. Their weights varied from 100.2 gms to 106.5 gms so that 
the pupil was forced to use the balance to judge the relative weights of 
the cubes. He was not allowed to put more than fwo cubes on the scale 
at any one time. Examples are given of the recognizable strategies found 
In the task and programs are given for the various "stages',' of strategies 
^employed, namely; 
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1. A juxtaposition of pairs without any coordination between pairs 

2. The child tries to coordinate {lis suj^cessive weighings of pairs; 

3. Successive weighings are coordinated. 

The derivation of predictions from the model forms the basis for further 
experimental studies. Data from the latter may, of course, demand modi- 
fications in thp model; In the way one could come to a number of recyclings 
through t&e series. For example, if a pupil at stage (3) was presented 
vlth two extra cubes and asked to intercalate these into the series, 
would he behave as the model predicts? If he does not, then why not? 
The model would have to be appropriately amended in this case. 

At the time of writing, Baylor et ai had a program which would sim- 
ulate behavior over both a task which involved the seriation of sticks 
(taking only two at a time) and the weight seriation task, for a program 
must ever be made more general. At the same time these writers point 
out that there are certain aspects of Piagetian theory that have, not yet 
found adequate nontrivial representations in the information processing 
models (e.g., such competences as the onset of reversible, asymmetric 
operations, and the ability to envisage, say, a cube as weighing more 
than its neighbor to the right and at the same time weighing less than 
its neighbor to the left). Thus, at present, an information-processing 
model and a Piagetian model must remain complementary, although the 
former m^y, as the result of future research, give operational defini- 
tions to the Piagetian insights that cannot be represented at present. 

At the moment a small amount of work has been carried out in England 
involving infonaation processing in respect of the class inclusion prob- 
lem and the conservation of quatrtity, but details of the work are not 
yet available. In the writer's view this is a potentially useful research 
area as it may well throw great light on the nature of the partial struc- 
tures; that is, schemes in , the process of development", and of the inter- 
action between schemes' when a complete solution is developing. It may 
also throw light on the partial structures of able and less able children, 
and on the question of transfer. 

3. More research is required into the growth of schemes leading to 
success in the class inclusion problem. Piaget believes that successful 
performance in this problem demands operatory classification, while 
Inhelder (1972) points out that the experience at Geneva suggests that 
training in the class inclusion^ problem has positive effects on perfor- 
mance on the conservation problems. In D. C. Johnson's study, children 
were given experience in forming classes, in forming intersections and 
unions, and in fonping the complement of a class. The Class Inclusion 
test administered as a posttest involved the following factors j presence 
of. an extraneous object, three or more subsets present, equal numbers in 
a set and its elements, mingled items, items not visually present, addi- 
tion or subtraction of an item after an initial comparison. Now it is 
true tihat wHjenever a class and its complement are specified, the idea 
of inclusion is implicit. But apparently t;he training was of little 
avail when it came to the CI items. Further detailed studies involving 
the growth of schemes relating to the CI problem, taking into account 
variables such as Johnson used, are likely to be of value. They would 
also throw further light on the growth of schemes in relation to the 
amoimt of relevant and irrelevant l^i;if ormation provided in the problems. 
And it might develop that greater transfer to other tasks such as conser- 
vation aigjit Ue found, as Inhelder suggests. 
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Bcllin reviews the relevant evidence concerning training studies 
in class inclusion. After reviewing the evidence provided by Kohnstama 
and the counter-evidence of the Geneva school, together with other 
studies, he concludes that training can lead to the successful conclusion 
of this logical ability. Whether operative achievement fron instruction 
and training results is still unresolved, since conceptual and operational 
definition of operativity have yet ^to be made. This n^d not detract the 
mathematics educator. He wishes to know whether the "pay off" in respect 
of transfer to other skills is greater if the emphasis is put more on 
class inclusion. 



A, While the present papers involve fundamental logical structures 
vital to mathematics, which are elaborated with greater or lesser under- 
standing i*h the move from semi-logic to concrete logical thought, we 
should not be content with these alone. We need to establish, in a whole 
range of abilities from very able to school-educable retarded, more 
knowledge as to the stages through which pupils pass in elaborating the 
concepts involved in, say, the numeration system or in the properties of 
the natural number system. And we need far more information in respect 
of the growth of spatial and geometrical concepts and how these develop 
in comparison with numerical ones. Again, we need mgre information on 
whether topological concepts develop prior tp Euclidean and projective 
concepts in the child's representation of space, Lovell (1959), Lunzer 
(1960a), and Martin (1973) have doubted this. But the evidence of Laurendau 
and Pinard (1970) must also be considered. The outcome of this argument 
is important for it woiild give guidance in respect of the order in which 
spatial ideas should be introduced to young children. 

5, .Research is needed along the lines argued by Steffe (1973). 

. In his paper he has attempted to outline some possible relations between - 
the cognitive systems ot the child and the mathema'tical systems of finite 
cardinal and ordinal number. Moreover, he argues that it seems likely 
that some mathematical structures may be more parsimonious models of cog- 
nitive operations than the genetic structures proposed by Piaget, For 
example, he reasons a case for suggesting that, on the basis of informa- 
tion which we have at present, the structures of connected, asymmetrical, 
transitive relations is more parsimonious as a logical model of seriation 
than is Piaget's Grouping V (Addition of Asymmetrical Relations). But • / 

^ more research is needed to establish if this is the case, / 
Again, since logical identity (essentially an equivalence relation) 
is an integral part of the Piagetian grouping structures, a great deal/ 
more knowledge needs to be established concerning its development, and 
of the relation between its development and the growth o£ seriation/^nd 
classification behaviors. Moreover, although logical i^dentity, seC equiv- 
alence, and set similarity are all equivalence relations, they may have 
different roles in the child's elaboration of the concepts of cardinal 
and ordinal number. Here, too, research is needed, and Steffe lists a 
number of problems to be investigated holding in mind Piaget's Grouping 
I (Primary Addition of Classes), 

6. Some of the basic research which we have suggested will require 
time both to execute and implement. Meanwhile children have to be educated. 
Thus, I also believe That a longitudinal study of children is important 
in whicb the style of teaching is kept constant over a period of years 
even though the same teachers do not reqjain with the pupils throughout 
the period. This involves great problems. For example, even if the style 
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of teaching remains constant over a niiber of years, the vigour and enthu- 
siasm of individual teachers may not. In oy view we need to compare the 
perfonoance and understanding of pupils towards the end of the elementary 
school, vhose teaching can be characterized since kindergarten and Grade 1 
as carefully directed activities of the kinds indicated in these papers, 
with pupils who have been taught on ii)ore traditional lines. This is a 
formidable task. For one thing, the directed activities to induct an ^ 
understanding of mathematical ideas would have to be done in a manner to 
hold the interest of pupils since children in the elementary school look 
upon mathematics as a tool with which to solve real-life problems, and 
not as a purely intellectual exercise. Againrthe ability to compute 
quickly and accurat?ely is a skill that all pupils need. Bluntly, our 
research to date has been too short- termed. In respect of the present 
studies, for example, it is unlikely that we shall ever know what happened 
to the mathematical understanding of these people in later school life. 
Do any improvements brought about by such directed activities enable the 
pupil to elaborate the concept of time any more easily, or {lave a surer 
grasp of the properties of the natural number system in the sixth grade? 
The design and execution of such a study would present formidable prob- 
lems, but until it is tackled we shall not have accurate data on the long- 
term effects of a consistent style of teaching mathematics over a number 
of years. 

The writer is, of course, well aware of th*e results of the Alray 
(1970) study, in which.a large number of children who had had prescribed 
mathematics and scien.ce programs since kindergarten (AAAS, GCMP^ and SCIS) 
were compared with pupils whose mathematics and science activities were 
planned by the teacher. In tlJe second grade both groups of children did 
about as well on Piaget-derived tasks; so there wasW indication of su- 
perior logical thought in either group. However, two* points need to be 
made in respect of the Almy siludy. First, we cannot be sure how well the 
presribed programs were implemented; that is, of the quality of^ the teach- 
ing. Attention was drawn to this danger in the opening paragraphs of 
this chapter. In any study the writer had in mind the quality and style 
of teaching would be controlled as far as possible. If this were not 
possible from kindergarten to grade 6^ it might be possible from kinder- 
garten to grades 3 or A. Second* the follow-up study of Almy was in the 
second grade; the writer has in mind a much longer study. It Is, of 
course, unlikely that we should ever be able* to -niaintain a style of teach- 
ing across all areas of school life» and we have no idea what effect on the 
growth of logical thinking the mathematics programs alone would have. 

While mathematics educators must necessarily believe in the partic- 
ular programs they advocate, we shall not know the long term effects of 
such programs until a well-designed experiment is undertaken. Beilin, 
in his extensive review of the literature in the training and acquisition 
of logical structiires, argues that since the child can construct a concep- 
tual system out of many materials and techniques, even those nat intended 
by the researcher, the basic pattern of organizations is internal. That 
is to say, the growth of the logical operational system is under the 
control of a genetic mechanism and permits the growth of intellectual 
structures through interactions of environmental inputs. Put simply, we 
want to know what the long-term effects are of particular environmental 
inputs on the growth of logical thought and the grasp of mathematical 
ideas. And can young pupils assimilate particular inputs, as in the case 
of directed activities in mathematics, without any ill effects? 
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